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pw= pYi

|]N |R} Qxt=vQ@ QO |vox@D
xtOkt 1�1

:O} Q}o@ Q_vQO =Q Q} R 1LP |xr-=Ut

Min z(x) = cx

s: t: Ax = b

x � 0 (1�1)

|=Q@ |=x}=B B Qo = " rank(A) = m < n w m�n |x@DQt R= CU= |U} QD=t A u; QO xm
|U=U= ?=wH QO u; |U=U= |=yQ}eDt |t=tD Qo = &Ov} wo 2uox@DQ}e =Q x}=B u}= 'OW=@ 1�1
x}=B "OvW=@ QiY Q}e B�1b Q=OQ@ |=yxir-wt |t=tD Qo = \ki w Qo = |va} &OvW=@ QiY hr=Nt
Ov} wo 3 �x}rw=� uox@DQ}e ,qt=m =Q jwi LP "CU= uox@D x}=B OW=@v uox@DQ}e xm 1�1 R= |=

"OW=@ uox@DQ}e u; x}=B Qy Qo = \ki w Qo =

1) Linear Programming 2) Nondegenerate 3) Totally Nandegenerate

1
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2 |]N |R} Qxt=vQ@ QO |vox@D 1 pYi

?=wH Qy Qo = \ki w Qo = &CU= uox@DQ}e ,qt=m 1�1 LP |xr-=Ut "x}[k 1�1�1
"OW=@ xDW=O QiYQ}e |xirwt m pk=OL Ax = b

l} B w OW=@ xDW=O QiY Q}e |xir-wt m pk=OL Ax = b ?=wH Qy O}vm ZQi "u=yQ@
O=OaD ZQi j@] w CU= jwi xr-=Ut |vOW ?=wH l} (B�1b; 0) 'OW=@ u; |=Q@ |U=U= x}=B
'OW=@|t QiY ?=wH u}= |xir-wt n �m uwJ "CU}v QDtm m R= u; QiYQ}e |=yxir-wt
uox@DQ}e x}=B l} B |va} "OvW=@|t QiY hr=Nt B�1b | xir-wt m |t=tD ,=Q=J=v TB
xr-=Ut xm CU= |vat u=O@ u}= w OW=@|t uox@DQ}e u; x}=B Qy TB Ow@ x=wNrO B uwJ "CU=

"OW=@|t uox@DQ}e ,qt=m
Ax = b?=wH Qy xm s}vm|tC@=F 'OW=@|t uox@DQ}e,qt=m xr-=Ut xm s}vm ZQiTmar=@

"OQ=O QiY hr=Nt |xirwt m pk=OL
xm OwW|tv OQ=w |rrN pqODU= C}rm x@ "OW=@ Ax = b ?=wH l} x0 s}vm ZQi

:CU= Q} R CQwYx@ x0 s}vm ZQi

x0 = (x01; : : : ; x0
r ; 0; : : : ; 0)

s}vm ZQi w
D = fa1; : : : ; arg

|va} CQwYu}=Q}e QO " m = r w CU= |U=U= ?=wH l} x0 'OW=@ |]N pkDUt D Qo =
|U=U= �x xm O}UQ �x Ovv=t |U=U= ?=wH l} x@ u=wD|t x0 R= OW=@v |]N pkDUt D Qo =
hr=Nt |=yxir-wt O=OaD |va} 'CU=m Q@=Q@ ZQi j@] xm �x QiY hr=Nt xir-wt O=OaDw CU=
"s}vm C@=F s}DU=wN|t xm Ow@ |R}J u=ty u}= w CU}v QDtm m R= Cr=L Qy QO x0 QiY
xJ |vox@D Cr=L QO xm 'OwW |UQQ@ |Q@H Q_v R= jwi x}[k |=wDLt xm u}= R= p@k

:s} Qw;|t |r=Ft =OD@= "OQ=O |D}a[w xJ A |=y uwDU x@ C@Uv b "ODi=|t |k=iD=

     irmgn.ir



xtOkt 1�1 3

hPL Q} R p=Ft QO OQ=Ov |vox@D =@ x]@=Q QO |Wkv OwYkt `@=D uwJ "p=Ft 2�1�1
"CU= xO}OQo

A =
h
a1; a2; a3; a4

i
=

26641 0 0 1
0 1 0 0
0 0 1 �1

3775 b =

0BB@�1
1
0

1CCA

-

6

	
�

*

-

6

/

x1

x2

x3

b

a2

a4

a3

a1

�1�1� pmW
xr-=Ut wQ u}= R= CWwv a2 w a1 |]N ?}mQD CQwYx@ u=wD|t =Q b "m = 3 p=Ft u}= QO
xm CU= K[=w "Ow@ Oy=wN uox@D 'OW=@ a2 w a1 pt=W xm |=x}=B Qy "OQ=O uox@D p=t}=QB
|m} x@ jraDt b |va} "OW=@ xDW=O Q=Qk C=YDNt C=LiY R= |m} QO Qo = CU= uox@D xr-=Ut

:|=y=[i Q} R R=

Lfa1g Lfa2g Lfa3g : : : Lfa3; a4g

|x}[k u=}@ s}vm|t u=}@ u}vJ 1�1�1x}[k |=wDLt x@ xHwD =@ |rmCr=L QO =Q?r]t "OW=@
?}mQD CQwYx@ u=wDv =Q b Qo = \ki w Qo = CU= uox@DQ}e ,qt=m 1�1 xm CU= u}= 1�1�1
'OW=@ (m � 1) |w=Ut =} QDtm =yu; |=[a= O=OaD xm A |=yuwDU R= |=xawtHt |]N
|=y uwDU |xr}Uw x@ xOW O}rwD |=y=[iQ} R R= l} I}y QO b Qo = \ki w Qo = |va} &CWwv
l}I}y QO b Qo = Qo}O CQ=@a x@ "OQ}ov Q=Qk OW=@ m� 1 |w=Ut =} QDtm =yu; O=OaD xm A
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4 |]N |R} Qxt=vQ@ QO |vox@D 1 pYi

:|=y=[iQ} R R=

Lfa1g; Lfa2g; : : : ; Lfa1; a2g
Lfa1; a2; a3g; : : : ; Lfa1; : : : ; am�1g; : : : : : :

Qo}O u=}@ x@ "OQ}ov Q=Qk
b 62 LfBg

u; QO xm
� 6= B � fa1; : : : ; ang

w
CardB � m� 1

=[iQ} R u}= QFm =OL |w=Ut A = [aij ]m�n |=Q@ =y=[i Q} R u}= O=OaD xmu}= x@ xHwD =@
:=@ CU= Q@=Q@

Cmn :
m�1X
r=1

Crn = k

|Q=t; swyit x@ TB "OW=@|t QiY k1 OQ}o Q=Qk =[iQ} R u}= R= |m} QO b xm u}= p=tDL= TB
w ?r=H |vox@D EL@ |Qw�D Q_v R= =t= 'OW=@|t QiY OW=@ uox@D LP l} xm u}= p=tDL=

"OW=@|t Q_vOQwt
A |vwDU |=yQ=OQ@ =@ |Q=OQ@ Q_v R= b xm Ow@ |Dr=L QO |vox@D =@ x]@=Q QO jwi EL@
u; w O=O Q=Qk xHwD OQwt u=wD|t R}v Qo}O Q_vt R= =Q |vox@D xr-=Ut "OW=@ xDW=O |a[w xJ
"\=kv u}= Q@ Q=t |=yxLiYQ@= C}a[w w |vOW x}L=v |U-=Q \=kv |UQQ@ R= CU= CQ=@a

"O} Q}o@ Q_vQO =Q Q} R p=Ft ?r]t K}[wD |=Q@
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xtOkt 1�1 5

Q} R Ow}k xr}Uw x@ LP l} |vOW x}L=v |va} S x}L=v O}vm ZQi "p=Ft 3�1�1
:OW=@ xOW h} QaD

S = f(x1; x2; x3) j x1 + x2 + x3 = 1 ; x1 = 1 ; xj � 0 j = 1; 2; 3g

�
x1

-

6
x3

x20t
A(1; 0; 0)

B(0; 1; 0)

C(0; 0; 1)

x1 = 1

�2�1� pmW
"O} Q}o@ Q_vQO =Q CU= xO}OQo XNWt QwW=y xr}Uw x@ xm |vOW x}L=v R= A(1; 0; 0) x]kv

:CQwYx@ xLiYQ@= Q=yJ x]kv u}= R=
x1 +x2 +x3 = 1

x2 = 0
x3 = 0

x1 = 1
OvQPo|t x]kv u}= R= |]N pkDUt |=y xLiYQ@= R= |}=D 3 xDUO 4 Qo}O CQ=@a x@ "OvQPo|t
CU= |vat u=O@ u}= w "OW=@|t A x]kv Q_=vDt x}=B 4 |va} "�O}�=tv XNWt =Q xDUO 4 u}=�
"OW=@ |m} R= V}@ u; Q_=vDt |=yx}=B O=OaD Qo = CU= uox@D LP xr-=Ut QO x0 |U-=Q x]kv xm
=Hv}= QO �CU= xOW xO=O K}[wD ,q@k ?r]t u}= OW=@|tv jO=Y xQ=wty ?r]t Tma xD@r=�
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6 |]N |R} Qxt=vQ@ QO |vox@D 1 pYi

,q}P "OvOQo|t |vox@D Ea=@ O�=R |=yO}k CQ=@a x@ "CU= O�=R x1 = 1 O}k xm OwW|t xO}O
QO =yO}k uOw@ Q@ p}rO |vox@D |va} OW=@|tv CUQO xQ=wty ?r]t Tma xm s}vm|t u=}@

"O} Q}o@ Q_v =Q �3�1� pmW K}[wD |=Q@ "CU}v |vOW x}L=v

B

CD
E

I

HG

F

A

�1�3� pmW
l}I}y |rw CU= uox@D A x]kv "OQPo|t xLiYQ@= Q=yJ A |U-=Q x]kv R= �1�3� pmW QO

"OvW=@|tv O�=R x]kv u}= Q@ Q=t |=yxLiYQ@= R=
R}v |Qo}O Q_vt R= "Ow@ O�=R |=yO}k Q_vx]kv R= uox@D |U-=Q \=kv |UQQ@ jwi EL@
|=yCyH QO CmQL u=mt= R= CU= CQ=@a u; w 'Owtv |UQQ@ =Q |vox@D |xr-=Ut u=wD|t

:O} Q}o@ Q_v QO =Q Q} R pwOH ?r]t K}[wD |=Q@ "Q_vOQwt |U-=Q x]kv Q@ Q=t |vOW |U-=Q
x1 x2 x3 x4 x5 x6 RHS

x1 1 0 0 �2 2 1 5
x2 0 1 0 3 �2 �3 0
x3 0 0 1 0 4 �1 4

x]kv Q_=vDt jwi pwOH
x0 = (5; 0; 4; 0; 0; 0)

"CU= uox@D |U-=Q x]kv l} xm OW=@|t

dj =

 �B�1aj
ej

!
j = 4; 5; 6
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xtOkt 1�1 7

|vOW |U-=Q |=yCyH 'd6 w d5|U=Q |=yCyH wQu}= R= "OvW=@|t |U-=Q |=yCyH
x}L=v QO w OQm CmQL � > 0 xR=Ov= =@ u=wD|t =yu; O=ODt= QO x0 x]kv R= |va} "OvDUy
OQm CmQL |DQwYx@ u=wD|tv u=wva I}y x@ d4 O=ODt= QO x0 x]kv R= =t= "Ov=t |k=@ |vOW

xm CU= u; R}v Qt= u}= Cra w Ov=t |k=@ |vOW x}L=v QO xm

�4 = min
�5

2 ;
0
3
�

= 0

pwOH Q_=vDt |U-=Q x]kv x0 w Q} R CQwYx@ S s}vm ZQi Qo = Qo}O CQ=@a x@ "OW=@|t
"OvQ=O 1�4 pmW CQwYx@ |UOvy C}a[w d6 w d5 w d4 'OW=@

r
?

I

	

x0

d4d5

d6

S

|vOWx}L=v

�4�1� pmW
|=yQ_vt R= =Q |vox@D xr-=Ut xm p=L "CU= uox@D |U-=Q x]kv 'x0 |x]kv �1�4� pmW
|DqmWt xJ Ea=@ Ov=wD|t LP QO |vox@D OwHw s}v=O@ s}y=wN|t s}Owtv |UQQ@ hrDNt
s}vm |UQQ@ =Q jwi ?r]t xmu}= R= p@k "Owtv hQ]Q@ u=wD|t xvwoJ =Q CqmWt u}=w OOQo

"OW=@|t?Q=kDt sD} Q=or= |vox@DQ}e Cr=L QO TmrBt}U sD} Q=or= xm s}vm|t C@=F
pL =Q xr=Ut pL=Qt R= |y=vDt O=OaD QO xm CU= ?Q=kDt |tD} Q=or= xm s} wW|t Qw;O=}

1"O}=tv

XNWt xm CU= u; LP pL R= Qw_vt &CU}v xv}y@ ?=wH uOQw; CUOx@ |vatx@ ,=DQwQ[ xr=Ut pL �1
"|vOWv =} CU= OwOLt=v =} OQ=O |y=vDt xv}y@ xr=Ut 'Ovm
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8 |]N |R} Qxt=vQ@ QO |vox@D 1 pYi

&pL=Qt R= |y=vDt O=OaD QO =Q uox@DQ}e LP 'TmrBt}U sD} Q=or= "x}[k 4�1�1
"CU= ?Q=kDt TmrBt}U sD} Q=or= "OW=@ uox@DQ}e LP Qo = Qo}O CQ=@a x@ "Ovm|t pL

'OwYkt `@=D TmrBt}U sD} Q=or= R= xrLQt Qy QO OW xDio pw= ?=Dm QO xm|Qw]u=ty "u=yQ@
:OQ=O Q} R pmW x@ |DQwY

z = z0 �X
j2R

(zj � Cj)xj

xr-=Ut w xOvwWOQ=w Q}eDt xk Qo = s}vm ZQi "OW=@|t |U=U=Q}e |=yQ}eDt T}Ov= R u; QO xm
:s} Q=O OW=@ uox@DQ}e

zNew = z0 � (zk � Ck)�k > 0

"zNew < z0 =}
Q}O=kt Q_=vDt xm : : : w s}W=@ xDiQ B2 x}=B x@ xOwtv ẁQW 'B1 x}=B R= s}vm ZQi Qo =

s} Q=O TB 'OvW=@|t z1; z2; : : :

z1 > z2 > � � � > zr > � � � > zh > : : :

QO 'OOQovQ@ u; x@ Qo}O Ovm Qw@a Bh x}=B R= sD} Q=or= Qo = xm OOQo|t Ea=@ Qt= u}= "OvW=@|t
s} Q=O |iQ] R= 'OOQoQ@ Bh x}=B x@ Qo = r 6= h Ovv=t |=xrLQt QO CQwYu}=Q}e

zr = CBhB
�1
h b = zh

s} Q=O |iQ] R= w
zr < zh

|y=vvDt |vOW |U=U= |=yx}=B O=OaD uwJ "CU}v umtt Qt= u}= |wk E}rFD pY= j@] xm
pL=Qt R= |y=vDt O=OaD QO 'OW=@ uox@DQ}e xr-=Ut xm |Dr=L QO TmrBt}U sD} Q=or= TB CU=

"O}=tv|t pL =Q xr-=Ut
w ODi}@ QwOx@ CU= umtt sD} Q=or= |vox@D Cr=L QO xm s}yO|t u=Wv p=Ft l} =@ p=L

"OUQv u=}=B x@ x=oI}y
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xtOkt 1�1 9

O=DU=1p}@u}DQ=t QDmO O=DU=\UwD xr-=Utu}=� O} Q}o@ Q_vQO =Q Q} R xr-=Ut "p=Ft 5�1�1
"�OW |L=Q] u=DUrov= |Dv]rU Gr=m O}ki

Minz = �34x4 +20x5 �12x6 +6x7
s: t: x1 +14x4 �8x5 �x6 +9x7 = 0

x2 +12x4 �12x5 �12x6 +3x7 = 0
x3 +x6 = 1

:R= CU= CQ=@a xr-=Ut |xv}y@ ?=wH

x1 =
3
4 x4 = x6 = 1 x2 = x3 = x5 = x7 = 0 Z� = �5

4

Q}eDt |=Q@ st}v|t xOa=k w xOvwWOQ=w Q}eDt ?=NDv= |=Q@ n} RDv=O |xOa=k uOQ@ Q=m@ =@
pw=OH �CUmW =Q u; u=wD|t x=wNrOx@ ODi}@ j=iD= |=xQo xm |Dr=L QO� xOvwWGQ=N

:Ow@ Oy=wN Q} R |=yCQwYx@

z x1 x2 x3 x4 x5 x6 x7 RHS

z 1 0 0 0 3
4 �20 1

2 �6 0
x1 0 1 0 0 1

4 �8 �1 9 0
x2 0 0 1 0 1

2 �12 � 1
2 3 0

x3 0 0 0 1 0 0 1 0 1

z x1 x2 x3 x4 x5 x6 x7 RHS

z 1 �3 0 0 0 4 7
2 �33 0

x4 0 4 0 0 1 �32 �4 36 0
x2 0 �2 1 0 0 4 3

2 �15 0
x3 0 0 0 1 0 0 1 0 1

O.R sra u=oDUHQ@ R=w Q=oOv=t xQyJ w= "Ow@ uOvr x=oWv=O QO xDUHQ@ O=DU= Martin BealQwUiwQB �1
"OW=@|t u=W}= syt |=yQ=m R= swO xHQO xr-=Ut pL "Ow@ u=yH d@=wv R= w
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z x1 x2 x3 x4 x5 x6 x7 RHS

z 1 �1 �1 0 0 0 2 �18 0
x4 0 �12 8 0 1 0 8 �84 0
x5 0 � 1

2
1
4 0 0 1 3

8 � 15
4 0

x3 0 0 0 1 0 0 1 0 1

z x1 x2 x3 x4 x5 x6 x7 RHS

z 1 2 �3 0 � 1
4 0 0 3 0

x6 0 � 3
2 1 0 1

8 0 1 � 21
2 0

x5 0 1
16 � 1

8 0 � 3
64 1 0 3

16 0
x3 0 3

2 �1 1 � 1
8 0 0 21

2 1

z x1 x2 x3 x4 x5 x6 x7 RHS

z 1 1 �1 0 1
2 �16 0 0 0

x6 0 2 �6 0 � 5
2 56 1 0 0

x7 0 1
3 � 2

3 0 � 1
4

16
3 0 1 0

x3 0 �2 6 1 5
2 �56 0 0 1

z x1 x2 x3 x4 x5 x6 x7 RHS

z 1 0 2 0 7
4 �44 � 1

2 0 0
x1 0 1 �3 0 � 5

4 28 1
2 0 0

x7 0 0 1
3 0 1

6 �4 � 1
6 1 0

x3 0 0 0 1 0 0 1 0 1

z x1 x2 x3 x4 x5 x6 x7 RHS

z 1 0 0 0 3
4 �20 1

2 �6 0
x1 0 1 0 0 1

4 �8 �1 9 0
x2 0 0 1 0 1

2 �12 � 1
2 3 0

x3 0 0 0 1 0 0 1 0 1

x]kv Q_=vDt =ypwOH |t=tD w 'OW=@|t ẁQW pwOH u=ty |QN; pwOH xm OOQo|t x_Lqt
C=}rta |xr=@vO "OvQ=O |Dw=iDt |=yx}=B \ki xm OvW=@|t x0 = (0; 0; 1; 0; 0; 0; 0)
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u; QO xm B7 ' B6'B5 'B4 ' B3'B2 'B1 |=yx}=B xr}Uwx@ QmPr=jwi |QwLt

B7 = B1 = [a1 a2 a3]

|=xH}Dv x@ xm u; uwO@ OvR|t QwO xkrL u}= QO C=}rta OwW Q=QmD pta Qo = "CU= xOW O}rwD
sD} Q=or= ?Q=kD Q@ |v}t[D |vox@D Cr=L QO xm OOQo|t x_Lqt "�OUQ@ xv}y@ ?=wH x@� OUQ@
|=y=[iQ} R QO b uDiQo Q=Qk |vox@D Cra 'OW xDio xm |Qw] u=ty w "OW=@|tv TmrBt}U
m�1 R= =yxawtHt u}= p=v}OQ=m xm OW=@|t A |=yuwDU R= |=xawtHt xr}Uwx@ xOWO}rwD

"OW=@|t |w=Ut =} QDtm
=Q pta u}= "OW=@|t QmPr=jwi |=y=[iQ} R R= b uOwtv GQ=N |vox@D Cr=L R= |�=yQ
|D}a[w x@ OwN |vwvm C}a[w R= =Q b Q=OQ@ |QYDNt uO=O u=mD |va} &Ov} wo 1uOwtv ?wW;

:OwW|t xO=O Q=Qk Q} R Q=OQ@ b |=Hx@ Qw_vt u}= |=Q@ "OwW GQ=N Q_vOQwt |=[i R= xm

b(") = b+ ("; "2; : : : ; "m)t (2�1)

"" s=r u=wD |va} "r = "� "� : : : " w CU= |mJwm Q=}U@ C@Ft OOa " u; QO xm

'"1 > 0 Ovv=t |D@Ft OOa "OQ=O OwHw b 2 Rm Q=OQ@ Qy |=Q@ "x}[k 6�1�1
"OW=@|t uox@DQ}e 3�1 xr-=Ut &0 < " < "1 |Dkw xm|Qw]x@

Min z(x)

s: t: Ax = b(")

x � 0 (3�1)

=Q Br ,qFt =yx}=B u}= R= |m} OvW=@ 3�1 |=yx}=B |t=tD BL; : : : ; B1 O}vm ZQi "u=yQ@
w B�1

r = [�rij ] TB CU= OQivtQ}e B uwJ "O} Q}o@ Q_vQO

(�ri1 ; : : : ; �
r
im) 6= 0 r = 1; : : : ;m

1) Perturbation
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:TB �b = B�1
r b O}vm ZQi

B�1
r b(") =

2666664
�br1 + �r11"+ � � �+ �r1m"m
�b2 + �r21"+ � � �+ �r2m"m
...

...
�bm + �rm1"+ � � �+ �rmm"m

3777775
|xrtHr=Q}Fm (r = 1; : : : ; L) w (i = 1; : : : ;m) r w i Qy |=Q@

�bri + �ri1� + �ri2�
2 + � � �+ �rim�

m

O}vm ZQi OQ=O xW} Q m QFm =OL wQ u}= R= "OW=@|t � ?ULQ@ QiYQ}e |xrtHr=Q}Fm l}
:R= OvW=@ CQ=@a QmPr=jwi |xrtHr=Q}Fm |=yxW} Q

�r;i;1; �r;i;2; : : : ; �r;i;k

:x=ou; 'OW=@v jwi |=y� R= l} I}y |w=Ut " Qo =
�bri + �ri1"+ �ri2"

2 + � � �+ �rim"
m 6= 0

� "OW=@ OvDUy � ?ULQ@ xm xrtHr=Q}Fm m u}= |=yxW} Q |t=tD |xawtHt � O}vm ZQi
=OD@= w[a |=Q=O xawtHt u}= u}=Q@=v@ Card(�) � Lm2xm CU= |y=vDt |xawtHt l}
#xvwoJ� OOQo ?=NDv= "1 > 0 Ovv=t |OOa xm OQ=O OwHw u=mt= u}= w OW=@|t =yDv= w[a w
?=NDv= =@ "OW=@v [0; "1] xR=@ x@ jraDt � |xawtHt |=[a= R=l}I}y xm �O}yO K}[wD ,qt=m
R= 'OvW=@|t QiYQ}e 3�1 |xr-=Ut |U=U= |=yQ}eDt |t=tD xm CU= K[=w '" 2 (0; "1]

s}DW=O =Hu}O@ =D pYi pw= R= xm |�=yEL@ "Ow@ Oy=wN uox@DQ}e QmPr=jwi |xr-=Ut wQ u}=
"Ow@ �x}rw=� p=t}=QB |xr-=Ut |vox@D x@ `H=Q

1p;wO |vox@DQ}e 2�1
xOv }; pwY i QO |D} r;wO = @ x] @=Q QO� Ov } w o uox@ DQ }e p;wO ,qt= m =Q 1�1 |x r-=Ut
|Q ]U Q=OQ @ w 2 Rm Q y |=Q @ Q o = \k i w Q o = �Ow t v s } y=wN C@LY pYi t
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xDW=O QiY hr=Nt |xirwt n�m pk=OL [c1 � wa1; : : : ; cn � wan] = c� wA
w A u; QO xm � wA+ �c = c x=oDUO R= (w; �c) ?=wH Qy xm CU= |vat u=O@ u}= w &OW=@
EL@ QO "OvW=@ QiY hr=Nt =y�cj R= n�m pk=OL �OvW=@|t =yQ}eDt �c w w w =yxO=O c
'OW=@|t p=t}=QB |vox@D x@ Q_v xQ=wty 'O}; u=}t x@ |vox@D R= C@LY Ckw Qy 'pYi u}=
XNWt ẁ[wt CQ=@a j=}U R= =} w QmP p;wO |vox@D =@ x]@=Q QO K} QY Qw]x@ ?r]t Qot

"OOQo

2Qw=Ht |=yx}=B 3�1
OQivtQ}e `@ Qt T} QD=t l} 1�1 x}=B Qy "OW=@ 1�1 |vOW |=y?=wH xawtHt S s}vm ZQi
=yu; Q_=vDt |=yQ=OQ@ Qo = 's}�wo Qw=Ht =Q B2 w B1 |vOW x}=B wO "OW=@|t m |x@DQt R=
TmrBt}U sD} Q=or= pL=Qt QO u}=Q@=v@ "OvW=@ lQDWt |U=U= Q}eDtm�1 pt=W xB2 w xB1

"OvW=@|t Qw=Ht u; |r=wDt xrLQt wO QO xOt; CUO x@ x}=B wO
u}= xvwtv "OvW=@ |U-=Q |x]kvl} Q_=vDt |r=wDt x}=B wOCU= umtt xm s}W=@ xDW=O xHwD
(i = 1; : : : ; 5) Ow@Bi+1 Qw=HtBi xm OvOw@B6 'B5 ': : : 'B3 'B2 'B1 |=yx}=B?r]t

"OvOw@ x0 = (0; 0; 1; 0; 0; 0; 0) |x]kv Q_=vDt =yu; |oty w

3S |DQw=Ht |U-=Q \=kv 4�1
ZQi "OW=@|t |vOW |=yx}=B R= |[a@ Q_=vDt xm OW=@|t BFS l} S |U-=Q |x]kv Qy
B̂ Q_=vDt x̂ w ~B Q_=vDt ~x s}vm ZQi w OvW=@ S R= R}=tDt |U-=Q |x]kv wO x̂ w ~x s}vm

:s}} wo Qw=Ht =Q ~x w x̂ |U-=Q \=kv "OW=@
=} OvW=@ Qw=Ht |=yx}=B ~B w B̂ "hr=

Bk; : : : ; Br+1; Br; : : : ; B2; B1; B̂ Ovv=t |vOW Qw=Ht |=yx}=B R= xr=@vO l} "?
|=yx}=B w xOw@ Qw=Ht xr=@vO u}= QO |r=wDt GwR Qy xm|Qw]x@ OW=@ xDW=O OwHw ' ~B w
QO h} QaD u}= "OvW=@ ~x Q_=vDt ~B w Bt : : : ; Br+1 |=yx}=B w x̂ Q_=vDt Br; : : : ; B1; B̂
1) Dual Nondegenracy 2) Adjacent Bases 3) Adjacent Extrem Point
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14 |]N |R} Qxt=vQ@ QO |vox@D 1 pYi

Ow@ xO=U u; R= |Q@H xYNWt X=wN \=@vDU= xm O}OQo u=}@ |Qo}O CQwYx@ pw= ?=Dm
"OvDUy pO=at h} QaD QO O}vm C@=F �158 w 157 '156 C=LiY pw= ?=Dm swO pYi�

1|DQw=Ht |=yx}=B |=yQ}Ut 5�1
|=Q@ R}=tDt |x}=B wO B̂ w ~B w S |U-=Q | x]kv l} ~x O}vm ZQi "x}[k 7�5�1
Bt; : : : ; B1 ' ~B Ovv=t =yx}=B R= |=xr=@vO "OvDUy ~x 'BFS Q_=vDt wO Qy xm &OvW=@ 1�1
x̂ Q_=vDt =yx}=B |t=tDw OvDUy Qw=Ht xr=@vO u}= QO |r=wDt x}=B wO Qy xm OQ=O OwHw B̂ w

"OvW=@|t
O}vm ZQi "u=yQ@

~B = [a1; : : : ; ar; ar+1; : : : ; am]

Qo =
B̂ = [a1; : : : ; ar; aj1 ; : : : ; ajk ] k + r = m

�#=QJ� r < m TB &OvDUy R}=tDt B̂ w ~B xm CU= u}= Q@ ZQi uwJ
,=k}kO =Q Cra #=QJ� OW=@|t ~x = ( ~x1; : : : ; ~xr; 0; : : : ; 0) CQwYx@ O}vm xHwD
Qy <=R=x@ 0 6= ~xi xm CU}v |vat u}O@ jwi V}=tv xD@r= "�O} Qw=}@ Pe=m |wQ w O}yO K}[wD

�#=QJ� i = 1; : : : ; r
:TB OW=@|t x}=B l} [a1; : : : ; ar; : : : ; am] uwJ "s}vm|t ?=NDv= =Q aj1
aj1 = �1a1 + � � �+ �rar + �r+1ar+1 + � � �+ �mam

CQwYu}= QO xJ CU}v QiY (j = r + 1; : : : ;m) �j = 0 Qy jwi V}=tv QO
aj1 = �1a1 + � � �+ �rar

Ovv=wD|tv =y� xty R}v =Hu}= QO Qo = w �#CW=O s}y=wN CQwYu}= QO |rmWt xJ� Ow@ Oy=wN
�j 6= 0 w r + 1 � j � m xm CUy |=j TB aj1 6= 0 =Q} R OvW=@ QiY

1) Adjacent Basic Paths
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|x}[k j@] TB �r+1 6= 0 s}vm ZQi Qo = OwW|tv OQ=w |rrN pqODU= C}rm x@
w CU= 1�1 |=Q@ |vOW x}=B l} B1 = [a1; a2; : : : ; ar; aj1 ; ar+2; : : : ; am] 4�1�1
Qw=Ht |r=wDt x}=B wO Qy xm O};|t CUOx@ Bk; : : : ; Br VwQ xt=O= =@ "OW=@|t ~B Qw=Ht
VwQ QO�"CU= C@=F smL w OvW=@|t ~x Q_=vDt =yu; |oty w OvW=@|t |vOWw OvDUy

"�=yx}=B uOw@ |vOW xr-=Ut XwYN@ 'O}vm jtaD |QOk pqODU=

x=ou; �1�1 xr-=Ut |=Q@� OvW=@ |vOW |=yx}=B R= GwR l} B̂ w ~B Qo = "x}[k 8�5�1
"OvQw=Ht |r=wDt x}=B wO Qy xm|Qw]x@ 'OvOwHwt B̂; Bt; : : : ; B1; ~B Ovv=t =yx}=B R= |=xr=@vO
x}[k R= smL 'x̂ = ~x Qo = "OvW=@ B̂ w ~B Q_=vDt |=yBFS 'x̂ w ~x s}vm ZQi "u=yQ@

"OwW|t xH}Dv 7�5�1P
djxj = z(x) `@=D ~x 6= x̂ Qo =

u; QO xm

dj =

8>><>>:1 Qo = x̂j = 0
0 Qo = x̂j 6= 0

Qy <=R=x@ w �#=QJ� Z(x̂) = 0 xm CU= |@=wH =yvD u}= w "OW=@|t S &BFS l} x̂ uwJ
"OW=@|t QmPr=jwi |xr-=Ut xv}y@ ?=wH =yvD x̂ wQ u}= R= Z(x) 6= 0 w Z(x) � 0 ' x 2 S
QO Z(x) uOwtv st}v|t |=Q@ TmrBt}U sD} Q=or= uOQ@ Q=mx@ =@ w ~B x}=B R= ẁQW =@
uDW=O ^wLrt =@ "OUQ@ B̂ x@ ~B R= =D O}=tv|t |] =Q Qw=Ht |=yx}=B sD} Q=or= 'S |x}L=v
uox@DQ}e 1�1 Qo = "Owtv u=}@ u}vJ |Ov@`tH QO u=wD|t |r@k G}=Dv w QmPr=jwi |=}=[k
BFS l} ~x Qo = "OyO|t CUOx@ =Q |D@Ft � xQ=wty st}v|t |xOa=k CQwY u}= QO 'OW=@
n�m CUQO wQ u}= R= "Ow@ Oy=wN u; Q_=vDt x}=B l} \ki �uox@DQ}e� Cr=L u}= QO OW=@

"OQPo|t x̂ |x]kv R= S p=}
u; OW=@ u; Oa@ =@ Q@=Q@ =yu; Q@ Q=t |=yp=} O=OaD |U-=Q x]kv Qy QO xm |yHwOvJ Qy
l} S 'OW=@ uox@DQ}e 1�1 Qo = wQu}=R= "Ov} wo|t 1xO=U ?OLt |yHwOvJ =Q |yHwOvJ
1) Simple Convex Polyhedron
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|yHw OvJ =Q u; 'OW=@ OwOLt |yHwOvJ xm|Dr=LQO "Ow@ Oy=wN xO=U ?OLt |yHwOvJ
"s}t=v|t 1OwOLt ?OLt

CUQO CU= umtt �CU= S |U-=Q x]kv x̂� uox@DQ}e x̂ Qo = w OW=@ uox@D 1�1 Qo =
u; Q_=vDt x}=B u}OvJ 'OW=@ uox@D BFS l} x̂ Qo = 'p=LQyx@ "OQPo@ u; R= S p=} n�m
Oy=wN x̂ Q@ Q=t S |=yp=} R= |O=OaD uOt; OwHw x@ QHvt =yx}=B u}= R= s=Om Qy Ow@ Oy=wN
|=yx}=B |t=tD |DU}=@ 'x̂ Q@ Q=t S |=yp=} |t=tD uOQw; CUOx@ |=Q@ Cr=L u}= QO"OW
|xOa=k QO xm |�=y� |t=tD |=Q@ Q_=vDt TmrBt}U pwOH Qy QO w OQw; CUOx@ =Q x̂ Q_=vDt
w �OvW=@ OwOLt=v =} OwOLt CU= umtt =yp=} u}=� Owtv O}rwD p=} OvW=@|t C@Ft st}v|t
Cw=iDt 'Qo}O |U-=Q x]kv l} x@ |U-=Q x]kv l} R= 'Qw=Ht |U-=Q \=kv O=OaD Cr=L u}= QO

" s}vm|t u=}@ =Q p}P x}[k QmPr=jwi ?r=]t |Ov@`tH QO "Ow@ Oy=wN

pL TmrBt}U VwQ =@ =Q u; w OW=@ uox@DQ}e 1�1 O}vm ZQi "x}[k 9�5�1
:CU= jO=Y Q} R ?r=]t "�s}= xOwtv ẁQW |vOW |U=U= ?=wH l} R= xm � s}�=tv|t

"CU= C@Ft st}v|t xOa=k QO xrLQt Qy QO � Q=Okt �1
"OOQo|t XNWt OQi x@ QYLvt Qw]x@ xOvwWGQ=N Q}eDt �2

"Ovm|t =O}B Vy=m xrLQt Qy QO OwYkt `@=D Q=Okt �3
QwO |va} OW Oy=wNv Qy=_ |Oa@ pL=Qt QO x=oI}y 'xrLQt l} QO xOW lQD |=x}=B �4

"O=Di= Oy=wNv j=iD=
"O}=tv|t pL =Q xr-=Ut pL=Qt R= |y=vDt O=OaD QO sD} Q=or= �5

"u=yQ@
Qy QO � Q=Okt TB 'OvW=@|t C@Ft |U=U= |=yQ}eDt |t=tD Q=Okt xm u}= x@ xHwD =@ �1
�CU= C}=yv|@ � Q=Okt ' �aj � 0 xm|Dr=L QO� Ow@ Oy=wN C@Ft TmrBt}U xrLQt
1) Polytope
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:TmrBt}U VwQ R= xrLQt l} QO s}vm ZQi �2

� = Min
� �bi

�aij > 0
�

=
�br
�arj

=
�bs
�asj

Qo = xm OwW|t xO}O |oO=U x@ "OvDUy =O}Ov=m x}=B R= uOW GQ=N |=Q@ Q}eDt wO |va}
hqN u}= w �O}�=tv C=@F= #=QJ� s} Q=O |vox@D |Oa@ pwOH QO &ODi}@ j=iD= ?r]t u}=

"CU= xr-=Ut |vox@DQ}e ZQi
"CU= xOW C=@F= ,q@k R}v 5 w 4 "CU= xOW C=@F= ,q@k �3

xOW ?wW; |xr-=Ut 6�1
Q} R CQwYx@ uO=Di= QwOx@ R= |Q}owrH |=Q@ |rm |SD=QDU= "OW=@ uox@D 1�1 O}vm ZQi
xHwD =@ 'O};|t CUOx@ xOW ?wW; |xr-=Ut l} w s}yO|t Q=Qk =Q b(") 'b |=Hx@ "OW=@|t
0 < " < "1 Qy |=Q@ xm|Qw]x@ 'CU= OwHwt "1 Ovv=t |OOa s}v=O|t CWPo xJu=O@
=@ u=wD|t =Q 3�1 lJwm Q=}U@ |rw C@Ft |=y" |t=tD |=Q@ u}=Q@=v@ "CU= uox@DQ}e 3�1
lJwm Q=}U@ OOa " xm |v=tR =D "Owtv pL ODi}@ QwOx@ xmu; uwO@ 'TmrBt}U VwQ uOQ@ Q=mx@
xOvU@ Qt= u}ty x@ \ki s} wW p�=k u; |=Q@ X=N Q=Okt xm OQ=Ov |DQwQ[ 'OOQo ^wLrt
TmrBt}U pL=Qt QO CU= umtt xm CU= |UO}tWQ=Q}e lJwm Q=}U@ OOa " xm s}vm|t

"OQ}o Q=Qk xU}=kt OQwt

uOw@ |vOW 7�1
B x=ou; �lJwm Q=}U@ " |=Q@� OW=@ 3�1 |=Q@ |vOW x}=B B Qo = "x}[k 10�7�1

"OW=@|t R}v 1�1 |=Q@ |vOW x}=B
:CQwYu}=QO �b = B�1b w B�1 = [�ij ] s}vm ZQi "u=yQ@

B�1b(") = (�b1+�11"+� � �+�1m"m; : : : ;�bm+�m1"+�m2"2+� � �+�mn"m)
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:lJwm Q=}U@ " |=Q@ x=ov; �bi < 0 w i Ovv=t |OOa Qy |=Q@ Qo =
�bi + �i1"+ �i2"2 + � � �+ �im"m < 0

1�1 |=Q@ |vOW x}=B TB "OW=@|t Zk=vD QO 3�1 |=Q@ B uOw@ |vOW ZQi =@ u}= QO xm
|=x}=B �lJwm |i=m xR=Ov= x@ " uDW=O ^wLrt =@� OOQo|t pLTmrBt}U sD} Q=or= =@ OW=@|t
"�uox@DQ}e Cr=L QO� OW Oy=wNv Q=QmD |Oa@ pL=Qt QO RoQy 'OOQo|t Qy=_ xrLQt l} QO xm
uOw@ OwOLt=vQ=}at =} Ovm|t jOY |ov}y@ \QW QO =} |}=yv x}=B x=ou; 'OW=@ |vOW 3�1 Qo =
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xm s}vm|t =O}B =Q |}=yQ=OQ@ =OD@= '=yQ=OQ@ R= xawtHt l} st}v|t wm} Rmr uOwtv =O}B |=Q@
pw= |xirwt xm =yQ=OQ@ |x}k@ w OW=@ =yQ=OQ@ x}k@ pw= |=yxir-wt st}v|t =yu; pw= |xirwt
s} wQ|t |}=yQ=OQ@ swO |=yxir-wt d=QU "s}vm|t hPL xawtHt R= OW=@|tv st}v|t =yu;
swO xir-wt xm s}vm|t ?=NDv= =yQ=OQ@ u; 'xOW ?=NDv= w xOw@ st}v|t =yu; pw= |xirwt xm
xOW ?=NDv= |xawtHt R= CU}v st}v|t =yu; swO xir-wt xm =Q |}=yQ=OQ@ x}k@ w st}v|t =yu;
|xawtHt QO Q=OQ@ l} =yvD xm xrLQt Qy QO 's}yO|t xt=O= =Q VwQ u}ty w s}}=tv|t hPL
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(i = 1; : : : ;m) (�bi; �i1; �im) � 0 's}W=@ xDW=O
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:Ctqa 'OW=@ lJwm Q=}U@ C@Ft " Qo =
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:O};|t CUOx@
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IxB + B�1NxN = B�1b
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=
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;
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�ark

=
�sj
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�rj
�sj

=
�ark
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u}= xm Ow@ Oy=wN OQivt B�1 |va} "OvW=@|t ?U=vDt B�1 = [�ij ] Q]U wO wQu}=R=
syrt u; u}}aD w CU= |OQix@ QYLvt Q=OQ@ D st}v|t wm} Rmr Q=OQ@ TB "CU= Zk=vD
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xQ=wty 'OQ}o CQwY jwi xOa=k j@] xOvwWGQ=N Q}eDt Q=OQ@ Qo = xm s}vm|t C@=F p=L
|=Q@ |vOW x}=B B Qo = Qo}O CQ=@ax@ Ov=t|t |k=@ |vOW 3�1 |=Q@ Q_=vDt pwOH B x}=B
T} QD=t |=yQ]U OOQo pY=L |QwLt pta R= TB x}=B B̂ w OW=@ |QwLt pta R= p@k 3�1
wO Qw_vt u}= |=Q@ "Ow@ Oy=wN C@Ft wm} Rmr OW=@|t m(m + 1)[(B̂�1b; B̂�1)] xm
swO pwOH Q_=vDt B̂ w |QwLt pta R= p@k B Q_=vDt |rw= pwOH "s} Q}o|t Q_vQO pwOH
uwDU R= uOwtv Q_vhQY =@� pw= uwDU m xm s}vm|t ZQi w OW=@ |QwLt pta R= TB
CQwYx@ CU= |QwLt pta R= p@k pwOH xm x}rw= pwOH "OW=@ B�1 V}=tv �Z Q_=vDt

"OW=@|t Q} R

�|QwLt pta R= p@k pwOH�B x}=B Q_=vDt pwOH
z x1 : : : xj : : : xm xm+1 : : : xk : : : xn RHS

Z 1z1 � c1 : : : zj � cj : : : zm � cm zm+1 � cm+1 : : : zk � ck : : : zn � cn �z

xB1 0 �11 : : : �1j : : : �1m �a1m+1 : : : �a1k : : : �a1n �b1
...

...
...

...
...

...

xBi 0 �i1 : : : �ij : : : �im �ai m+1 : : : �aik : : : �ain �bi
...

...
...

...
...

...
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     irmgn.ir



24 |]N |R} Qxt=vQ@ QO |vox@D 1 pYi

|QwLt pta R= TB �B Q_=vDt pwOH
z x1 : : : xj : : : xm xm+1xk xn RHS

z z1 � c1 zj � cj zm � cm : : : 0 : : : �z � �br
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�ark
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�ark
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�ark
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�ark
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�ark

�amk
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�ark

;
�r1
�ark

;
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�ark
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�ark

�aik; �i1 � �r1
�ark

�aik: : : : ; �im � �rm
�ark

�aik
�

i 6= r (b)
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�ark
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K}[wD =Q ?r]t ,=k}kO #=QJ� di > 0 TB �aik � 0 Qo = Cr=Lu}= QO i 62 I0 "hr=
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�ark

<
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�aik
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�ark )�aik wQu}= R=
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Cr=L u}= QO xm 0 = �bi � ( �br
�ark )�aik w �aik > 0 CQwYu}= QO w i 2 I0 "?

'I1 h} QaD j@] ' i =2 I1 Qo = i =2 I1 =} i 2 I1 ODi=|t j=iD= =RHt CQwY wO R}v
"0 < d |va} �i1 � ( �r1�ark ): �aik > 0

:s} Q=O i 2 I1 Qo =
�i1 � �r1

�ark
:�aik = 0

QO QFm =OL w Ovm|t =O}B xt=O= OvwQ u}= "s}yO|t Q=Qk |UQQ@ OQwt =Q i =2 I2 =} i 2 I2 p=L
:T} QD=t |=yQ]U xm s}UQ|t xH}Dv u}= x@ sOk m+ 1

[B̂�1b; B̂�1]

"OW=@|t C@Ft wm} Rmr
xR=Ov= x@ " Qo = OOQo|t ẁQW 1�1 |=Q@ B |vOW |x}=B l} =@ TmrBt}U pwOH xH}Dv
xmu}= Q@ \wQWt 'Ow@ Oy=wN |vOW |x}=Bl} R}v 1�1 xr-=Ut |=Q@ BOOQo ?=NDv=lJwm|i=m
CQwYI0; I1; : : : |=yxawtHt p}mWD QO xm OW=@ |�=ysOk j@] xOvwWGQ=N Q}eDt ?=NDv=
|xawtHt QO st}v|t wm} Rmr Q=OQ@ T}Ov= xOvwWGQ=N Q}eDt T}Ov= Qo}O CQ=@ax@ "CiQo
,=O}m = u; j}ta lQO CU= syt Q=}U@ jwi ?r]t� "O};|t CUO x@ QYLvt Qw]x@ xm OW=@D

"�OOQo|t x}YwD

OwYkt `@=D Q=Okt QO Q}}eD 8�1
w OW=@ " x=wNrO w lJwm Q=}U@ Q=Okt |=Q@ 3�1 |=Q@ |vOW x}=B l} B s}vm ZQi
pwOH QO |U=U= |=yQ}eDt ?} Q[ cB w �b = B�1b s}yO|t Q=Qk "B�1 = [�ij ]

`@=D Q=Okt w B |x}=B Q_=vDt 3�1 BFS ' �z = cB�b w w = cBB�1 Qo = "OW=@ Q_vOQwt
:O};|t CUOx@ Q} R |x]@=Q R= z0 OwYkt

|U=U= Q=OQ@ xB =
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...
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|U=U=Q}e |=yQ}eDt Q=OQ@ xN = 0

w
�z0 = �z + "w1 + "2w2 + � � �+ "mwm (�)

s}vm ZQi w (�ck = ck � zk) �ck u; |@Uv OwU xm OW=@ xOvwWOQ=w xk Q}eDt O}vm ZQi
:CQwYu}= QO OwW xDiQo Q_vQO xr xOvwW GQ=N Q}eDt

z1 = �z0 + �ck(�br + "�r1 + � � �+ "m�rm)=�ark

= z0 + �ck:
�br
�ark
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�r1
�ark

+ � � �+ "m
�rm
�ark

)

: s} Q=O 's}yO|t Q=Qk Q=Okt (�) R= �z0 |=Hx@

z1 =
�

�z + �ck
�br
�ark
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+

mX
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�
wt + �ck

�rt
�ark

�
TB CU= C@Ft w lJwm Q=}U@ |OOa " w �#=QJ� 0 < (�br; �r1; : : : ; �rm) Q=OQ@

"z < �z0 |va} �ck < 0 =Q} R �ck(�br + "�r1 + � � �+ "m�r)=�ark < 0
|x}=B |va} OW=@|t |rwRv |r=wDt |=yx}=B |=Q@ ,=O}m = `@=D 3�1 xr-=Ut QO Qo}O CQ=@a x@
|=yx}=B O=OaD uwJ w OW Oy=wNv Q=QmD |Oa@ pL=Qt R= l}I}y QO xrLQt l} QO xOvwWOQ=w

"O}=tv|t pL =Q xr-=Ut pL=Qt R= |y=vDt O=OaD QO TmrBt}U sD} Q=or= |y=vDt xr-=Ut
QmPr=jwi VwQ uOQ@ Q=mx@ =@ =Q TmrBt}U sD} Q=or= |}=Qoty |Qo}O VwQ x@ p=L

Q=OQ@ "s}}=tv|t C=@F= uox@D p�=Ut |=Q@
(cBB�1b; cBB�1a1 � c1; : : : ; cBB�1am � cm)

OOQo|t ẁQW OQ=Ov=DU= |vwv=m CQwY R= xr-=Ut xmu}= x@ xHwD =@ O} Q}o@ Q_vQO =Q

(j = 1; : : : ;m) CBB�1ej � 0 = CBB�1aj � cj
pw= uwDU m+ 1 |=Q@ (CBB�1b; CBB�1I) CQwYx@ xrLQt QO |@Uv OwU Q]U TB

"Ow@ Oy=wN
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:O} Q}o@ Q_vQO 'Qw_vt u}= |=Q@ "OW=@|t |rwRv wm} Rmr Q=OQ@ u}= s}vm|t C@=F
(CBB�1b; CBB�1)| {z }
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|QwLt pta R= Oa@

=
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�ark
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�QmPr=jwi |xOa=k uOQ@ Q=mx@ =@� ODi=|t QwO x@ B1 = Bt; : : : ; B2; B1 Ovv=t |=xr=@vO
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(CBjB
�1
j b; CBjB

�1
j )� (CBj+1B

�1
j+1b; cBj+1B

�1
j+1) > 0

:|va} "t� 1; : : : ; 1 = j |=Q@
(CB1B

�11 b; CB1B
�11 )� (CB2B

�12 b; CB2B
�12 ) > 0

(CB2B
�12 b; CB2B

�12 )� (CB3B
�13 b; CB3B

�13 ) > 0
...

(CBt�1B
�1
t�1b; CBt�1B

�1
t�1)� (CBtB

�1
t b; CBtB

�1
t ) > 0

: s} Q=O uOwtv `tH =@ Bt = B1 xm u}= x@ xHwD =@
(CB1B

�11 b; CB1B
�11 )� (CB1B

�1b; CBB�1) > 0

sD} Q=or= TB CU= |y=vDt =yx}=B O=OaD uwJ w ODi=|tv QwOx@ sD} Q=or= TB "CU= Zk=vD xm
,q}P xYqN Qw]x@ CWPo q=@ QO xm xJu; "O}=tv|t pL pL=Qt R= |y=vDt O=OaD QO =Q xr-=Ut

"CU= xOW xOQw;
[B�1b;B�1]T} QD=t|=yQ]U Qo =\ki w Qo = 'CU=|vOW3�1|=Q@B Ovv=t x}=Bl} �1

"OW=@ |vOW wm} Rmr B |va} 'OW=@ C@Ft st} Rm =t wm} Rmr
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'OW C=@F= p}YiD x@ xm|Qw]u=ty w O}=tv|t ẁQW |vOW wm} Rmr x}=B l} R= sD} Q=or= �2
"Ow@ Ovy=wN |vOW wm} Rmr Q_vOQwt |xOa=k uOQ@ Q=mx@ =@ xOt; CUOx@ |=yx}=B |t=tD
QmP |rwtat sD} Q=or= QO xm CU= u=ty xOvwWOQ=w uwDU ?=NDv= w sD} Q=or= sDN Q=}at �3

:Qo = CU= xOvwWOQ=w xk |va} "O}OQo
zk � ck = Maxfzj � cj > 0 j j 2 RCU= |U=U=Q}e |=yQ}eDt T}Ov=Rg

"(zj � cj) � 0 'j Qy <=R=x@ xm OOQo|t sDN |Dkw xr-=Ut w
Qw]x@ xOvwWOQ=w Q}eDt QmPr=jwi xOa=k uOQ@ Q=mx@ =@ w 'xOvwWOQ=w uwDU ?=NDv= =@ �4

"OW=@|t 1 st}v|t wm} Rmr x@ hwQat xOa=k u}= "OOQo|t XNWt OQix@ QYLvt
x}=B wQu}= R= "O}=tv pwRv O}m = wm} Rmr CQwYx@ |QwLt R= (�z; w1; : : : ; wm) Q=OQ@ �5

"OOQo|tv Q=QmD Qo}O |xrLQt I}y QO xrLQt l} QO xOW Qy=_
Qy |=Q@ |}=yv pwOH 'OOQo|t sDN 'xOa=k u}= uOQ@ Q=mx@ =@ TmrBt}U sD} Q=or= |Dkw �6

"Ow@ Oy=wN 3�1 |}=yv pwOH '" = 0 xrtH R= x=wNrO lJwm Q=}U@ " Q=Okt
CUOx@ jwi xOa=k p=ta= =@ TmrBt}U sD} Q=or= uOQ@ Q=mx@ =@ xm 3�1 |=Q@ |}=yv |x}=B �7

"CU= |}=yv pwOH R}v 1�1 |=Q@ 'O};|t
QmP uox@D p�=Ut pL QO TmrBt}U sD} Q=or= uO=Di= QwOx@ R= |Q}owrH |=Q@ xm q=@ sD} Q=or=
xOvwWGQ=N Q}eDt ?=NDv= QO =Q wm} Rmr |xOa=k Qo = |va}CU= hwQat wm} Rmr |xOa=k x@ 'OW
|=Q@ R}v Qo}O |xOa=k "ODi=|tv QwOx@ uox@D xr-=Ut pL QO TmrBt}U sD} Q=or= 's} Q@@ Q=mx@
,q}P 'C=}�RH QO xm CU= hwQat Ovr@ xOa=k x@ xm CU= xOW `=O@= uO=Di= QwO x@ R= |Q}owrH

"Owtv s}y=wN QmP R}v =Q xOa=k u}=

1Ovr@ xOa=k 9�1
'CU}v uox@D xr-=Ut |Dkw TmrBt}U sD} Q=or= |xr}Uw x@ |]N |R} Qxt=vQ@ xr-=Ut pL QO
|=x}=B 'I}y xm Ow@ Oy=wN u; sRrDUt Qt= u}= "O}=tv|t pwRv ,=O}m = xrLQt Qy QO OwYkt `@=D
1) Lexico Minimum Ratio Rule
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"O}=tv|t u}t[D =Q sD} Q=or= ?Q=kD w OOQov Q=QmD QmPr=jwi sD} Q=or= uOQ@ Q=mx@ pqN QO
'O}=tv|t u�t]t sD} Q=or= uOw@ ?Q=kDt R= =Q 'wm} Rmr xOa=k uOQ@ Q=mx@ 'Qo}O |iQ] R=
C@=F CU= umtt |vox@D Cr=L QO CBB�1 xm|r=L QO 'OyO|t u=Wv xm CQwYu}=x@
Ovr@ |xOa=k "CU= |rwRv wm} Rmr CN=wvm} Qw]x@ (cBB�1b; cBB�1) Q=OQ@ |rw Ov=t@
CQwY x@ ,qFt 'OvOQo}t ?DQt |DQwYx@ =yQ}eDt =OD@= xOa=k u}= QO "OW=@|t xO=U Q=}U@
OwW|t ?=NDv= uOW OQ=w |=Q@ 'Q}eDt u; |U=U=Q}e |=yQ}eDt u}@ R=TBU x1; x2; : : : ; xn
'OW=@|t C}Y=N u}= |=Q=O xm CU= |Q}eDt T}Ov= u} QDlJwm j w zj � cj > 0 xm
|=Q=O xm OOQo|t ?=NDv= |Q}eDt u; Ovvm lQD =Q x}=B Ovv=wD|t xm |�=yQ}eDt |t=tD u}@ R= ,=v}a

"O} Q}o@ Q_v QO =Q Q} R pwOH K}[wD |=Q@ "OW=@ T}Ov= u} QDmJwm

z x1 x2 x3 x4 x5 x6 x7 RHS

z 1 0 0 0 3
4 �20 1

2 �6 0
x1 0 1 0 0 1

4 �8 �1 9 0
x2 0 0 1 0 1

2 �12 � 1
2 3 0

x3 0 0 0 1 0 0 1 0 1

?=NDv= xOvwWOQ=w Q}eDt u=wva x@ x4 OvwW OQ=w Ovv=wD|t wO Qy x6 w x4 pwOH u}= QO
u=wva x@ x1 'OvwW GQ=N x}=B R= Ovv=wD|t xm OvDUy |}=yQ}eDt wO Qy x2 w x1 "OOQo|t
jwi |xOa=k Qo = 'O}=tv |UQQ@ xm CU= xOvv=wN |xOyax@ "OOQo|t ?=NDv= xOvwWGQ=N Q}eDt

"�OW QmP ,q@k xm OW=@|t p@ QwUiQB xr-=Ut�ODi=|tv QwOx@ xr-=Ut OwQ Q=mx@
Qo ='uox@D |QwLt C=}rta R= xDWQ l} QO "OQ=O =Q Q} R |DN=wvm} |=t}U Ovr@ xOa=k
T}Ov= =@ |Qo}O Q}eDt Qot Ovm lQD =Q x}=B Ov=wD|tv xq 'x=ov; 'OwW x}=B OQ=w xq Ovv=t |Q}eDt
?r]t u}= Qo = "OOQo x}=B OQ=w Ow@ |U=U=Q}e Q}eDt 'x}=B x@ q uOW OQ=w u=tR xm q R= QDq=@
GQ=N |DU}=@ OwW OQ=w xm |Q}eDt Qy QwO l} QO =Q} R "ODi=|tv j=iD= RoQy QwO 'ODi}@ j=iD=
w OOQo|t OQ=w sy xm T}Ov= u} QDq=@ =@ Q}eDt l} OwHw =@ xm CU= |vat u=O@ u}= w OOQo

�#=QJ� "OQ=O q=@ |}=wvm} =t}U =@ Zk=vD u}= w Ovm|t lQD =Q x}=B sy
1) Blande's Rule
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xq Ovv=t |Q}eDt O} Q}o@ Q_vQO 'CU= Q=QkQ@ |}=wvm} |=t}U u}=xmu}= uO=O u=Wv |=Q@
T}Ov= xm OvW=@ |}=yQ}eDt |=yT}Ov= |=yxawtHt J2 w J1 O}vm ZQi "OOQo|t x}=B OQ=w xm
OQ=Ov=DU= CQwYx@ |]N |R} Qxt=vQ@ xr-=Ut Qy OvW=@|t QDW}@ q R= w QDtm q R= ?}DQDx@ =yu;

:OW=@|t u}vJ |vwv=m
Min

X
j2J1

�cjxj + cqxq +
X
j2J2

�cjxj

s: t: �AxN + xB = �b (4�1)

xN ; xB � 0

<=R=x@ �cj = cj � zj w OvW=@|t |U=U=Q}e |=yQ}eDt xN w |U=U= |=yQ}eDt xB u; QO xm
Qy <=R=x@ w �cq < 0 s} Q=O 'OOQo|t x}=B OQ=w Ovr@ |xOa=k j@] xq uwJ O}vm xHwD "j Qy

"�cj � 0 ' j 2 J1
u; QO xm xDiQo CQwY uox@D |QwLt C=}rta R= |=xr=@vO xm 'hrN x@ s}vm ZQi p=L
|Q}eDt u; QO xm s}=xO}UQ |QwLt pta l} x@ w CU= xOv=t|k=@ |U=U=Q}e 'j 2 J2 'xj
x}rw= CQwY 4�1 O}vm ZQi "OOQo|t GQ=N x}=B R= xq Q}eDt w OOQo|t x}=B OQ=w xp Ovv=t
C@Uv =Q Ct}k ?�=Q[ w =yx}=B w aj =Q =yQ}eDt |=yuwDU |va} OW=@|t xr-=Ut |rY= w
xq w xOvwWOQ=w Q}eDt xp xm OW=@ |=x}=B B1 O}vm ZQi "s}vm|t h} QaD V}=tv u}= x@
|va} 'OvW=@|t uox@D |QwLt C=}rta '|QwLt C=}rta xm O}vm xHwD�CU= xOvwWGQ=N Q}eDt
wQu}= R= "OW=@|t |U=U= |=yQ}eDt ?�=Q[ Q=OQ@ �cB1 w �CU= QiY st}v|t xOa=k QO �
OQ=w xm |Q}eDt =Q} R �cp � 0 uwJ "CU= xOvwW OQ=w Q}eDt xp uwJ �CB1B

�11 ap � �cp

u} QDlJwm w u}rw= �cq wCU= QDtmq R= =yu;T}Ov=|va} OW=@ J1 R=CU= xOW ZQi OwW|t
TB OW=@|t �cj � 0 |=Q=O q R= QDtm T}Ov= =@ =yQ}eDt |t=tD w �cq < 0 xm CU= |U}Ov=

:CQwYu}= QO �ap = B�11 ap O}vm ZQi �CB1B
�11 ap > 0

(�cB1 ; �cB2 ; : : : ; �cBm)

0BB@�a1p
...

�amp

1CCA > 0
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s} Q=O w ��cq < 0 w CU= |QwLt w[a =Q} R� �apq > 0 xm O}vm xHwD
�C1
B1�a1p + � � �+ �Cq�apq + : : : �CBm�amp > 0 (�)

:Ovv=t u; QO |=xrtH |DU}=@ TB �cq�apq < 0 jwi |w=Ut=v AJ CtU QO

CBr�arp > 0

" �CBr > 0 w
|}=yu; 'pw= |xDUO "OvW=@|t xDUO wO 'Q_v OQwt pwOH QO |U=U= |=yQ}eDt O}vm xHwD
|xDUO w xOw@ |ivt=v =yu; Q_=vDt �cj xm OvOW OQ=w uox@D |QwLt C=}rta pqN QO xm OvDUy
C@Ft |DU}=@ �CBr 6= 0 TB "Ow@ QiY =yu; Q_=vDt �cj w OvOw@ x}=B QO xm OvOw@ |�=yu; swO
TB �CU= QDtm q R= xBr T}Ov= w OQ=Ov |ivt �cj 'q QDtm T}Ov= =@ |Q}eDt I}y� OW=@

:OW=@|t Q} R CQwYx@ pwOH w �arp > 0
xp RHS

�bi1

xBr �arp 0
...

...

xq �aqp 0
...

�brm

XBr 'Ovr@ |xOa=k j@] |DU}=@ TB 0 = � = Min
n 0

�arp ;
0
aqp ; : : :

o xm u}= x@ xHwD =@
"CU= s=tD u=yQ@ w CU= Zk=vD u}= w OW|t GQ=N

jwi Oa=wk |Q}oQ=m@ =@ x]@=Q QO OvJ |D=mv 10�1
'OvW=@|t uox@D 'OvOQo|t xrwtQi LP CQwYx@ xm |oOvR C=}ak=w R= p�=Ut QDW}@ xJ Qo =
QwOx@ R= |Q}owrH CyH u=wD|t =Q Ovr@ |xOa=k w wm} Rmr xOa=k |va} 'QmPr=jwi Oa=wk w
pL CyH xm |Q=HD |QDw}Bt=m |=yOm ?re=QO |rw 'CiQo Q=mx@ =yu; =@ x]@=Q QO uO=Di=
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sD} Q=or= uOQ@ Q=mx@ |=Q@ |QDw}Bt=m |=yOm Qw_vt� Ov=xOW xDWwv |]N |R} Qxt=vQ@ p�=Ut
|rY= p}rO wO "Ov=xO}OQov ^wLrt =yOm u}= QO QmPr=jwi Oa=wk p=ta= �OW=@|t TmrBt}U
u=Qo |D=@U=Lt Q_v R= =} =yu; |Q}oQ=mx@ xm CU= u; pw= p}rO "OQ=O OwHw Q=m u}= |=Q@
|UmrBt}U Q}Ut Q_v R='OQ=O u}}=B |};Q=m |D=@U=Lt Q_v R= =} 'wm} Rmr xOa=k Ovv=t 'OW=@|t
|t=kQ= |=yQDw}Bt=m QO O=Oa= uOwtv OQo Q]=N@ swO p}rO "Ovr@ xOa=k Ovv=t 'OOQo|t O}rwD xm
QO =yu; |ak=w Q=Okt R= 'xOW RwQx@ CU=Q CtU Q}O=kt xm CU= CQwYu}O@ EL@ "OW=@|t
QO |va}� OW=@|t uOwtv ?wW; ẁv l} OwN x@ OwN ?r]t u}= w xO}OQo QwO uOW OQo QF=
x]@=Q QO |D=@U=Lt |OH pmWt wQu}=R= "�wm} Rmr |xOa=k uOQ@ Q=mx@ |vt[ Qw]x@ Ck}kL
p�=Ut QO &CU= |QwQ[ xDmv u}= QmP "O}=tv|t O}�=D =Q Qt= u}= R}v |oOvR |k}kL p�=Ut =@
""" w pkvw ptL p�=Ut x]@=Q QO ?r]t u}=� OvQ=O |=xm@W Q=DN=U xm |]N |R} Qxt=vQ@
TmrBt}U sD} Q=or= |Q}oQ=mx@ =@ x]@=Q QO QmPr=jwi p�=Ut R= l}I}y "�OW Oy=wN xar=]t
R= |Q}owrH CyH QmPr=jwi Oa=wk |Q}oQ=mx@ w OQ=Ov OwHw =yu; pL |=Q@ 1xOW |Q=mCUO

"OOQo `k=w R}v QtF QtFt Ov=wD|t uO=Di= QwOx@
xJ Qo = "CU= 2uOQm Q}o |xr-=Ut 'OW=@|t u; QmP x@ sRq =H u}= QO xm |Qo}O ?r]t
u=mt= ,qt=m ẁ[wt u}= 'OQ@ Q=mx@ uO=Di= QwOx@ R= |Q}owrH CyH u=wD|t =Q QmPr=jwi Oa=wk
R=�|y=vDt xJ Qo =� |vqw] xr=@vO l} uox@D |U-=Q x]kv l} QO TmrBt}U sD} Q=or= xm OQ=O
'OvDUy |Y=N Q=DN=U |=Q=O xm |r�=Ut =@ x]@=Q QO Qt= u}= xm &OyO s=Hv= =Q |QwLt C=}rta
Q}o '=Q xO}OB u}= "OvW=@|t |}=tv CQwYx@ n w m ?ULQ@ uox@D |QwLt C=}rta O=OaD
nQR@ xr-=Ut xR=Ov= |Dkw xm OwW|t xDiQo Q=mx@ CyH u}= R= uOQmQ}o Cer "s}t=v|t uOQm
uox@D |U-=Q x]kv u}= R= =D Ovm|t hQY �|y=vDt xJQo =� |O=} R Q=}U@ Ckw sD} Q=or='OwW
x]@=Q QO |W}Ov= xQ=J xr-=Ut 'uO=Di= QwOx@ R= |Q}owrH Oa=wk uOQ@ Q=mx@ Q@ xwqa "OwW GQ=N
x@ Ovt xkqa O=Qi= u}= "OW=@|t xHwD OQwt sra u}= |=yu}U} Qw�D x=oO}O R= R}v uOQm Q}o=@
CQwY uox@D |QwLt C=}rta O=OaD xm OvW=@|t pmWt u}= `iQ =@ x]@=Q QO |WwQ |Q}oQ=mx@

�"n w m ?ULQ@ |=xrtHr= Q}Fm � OOQo OwOLt |=xrtHr=Q}Fm |xr}Uw x@ q=@ R= xDiQo
1) Modi�ed Simplex 2) Modi�ed Simplex
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"OOQo|t pL 1 xrLQt s=vx@ |xr-=Ut QO 'uOQm Q}o xO}OB R= |Q}owrH T=U=
|U=U=Q}e Q}eDt Qy u; QO xm uox@D |QwLt C=}rta R= |=xr=@vO R= CU= CQ=@a xrLQt
I}y w OwW GQ=N uox@D |U-=Q x]kv u; R= sD} Q=or= =D OOQo|t OQ=w OW=@ uOW OQ=w p@=k xm

"OQ=Ov =Q C}Y=N u}= u; ZLt xr=@vOQ} R
O=OaD sy xm OvDUy Ovtxkqa uOQmQ}o pmWt `iQ u=W}Ov= xQ=J w sD} Q=or= u=L=Q]
QO pL=Qt O=OaD sy w �Ovt=v|t xrLQt pw] =Q u; xm � xrLQt l} QO uox@D |QwLt C=}rta
\QW u}rw= "OwW OwOLt |=xrtHr=Q}Fm |xr}Uw x@ |va} 'OOQo lJwm uox@D |QwLt C=}rta
"OQ}o|t CQwY |DL=Qx@ xrLQt pw] uOwtv x=Dwm R= CU= CQ=@a xm QmPr=jwi \QW wO R=
LRC xm 'OW=@|t 2LRC =yu; R= |m} xm xOW xDiQo Q=mx@ |Y=N |=yVwQ x]@=Q u}= QO

:OW=@|t Q} R KQWx@
QO Qo = "x1; x2; : : : ; xn CQwYx@ s} Q=O =yQ}eDt R= 3 |QwO CU}r l} O}vm ZQi
|va}� OwW OQ=w Oy=wN|t xm |Oa@ Q}eDt OW=@ xOvwWOQ=w xk '|QwLt C=}rta R= |=xrLQt

CU}r Q}eDt u}rw= �zj � g > 0

fxk+1; xk+2; : : : ; xn; x1; : : : ; xng

QDW}@ n R= xrLQt pw] CQwYu}O@ xm CU= K[=w "�xn+1 � x1 u; QO xm � Ow@ Oy=wN
uox@D |QwLt C=}rta QO xrLQt pw] QO OwW OQ=w xDUv=wD|t xm |Q}eDt Qy =Q} R 'OW Oy=wNv
QO =Q} R "OW=@|t C@Ft |rta |Wt\N l} VwQ u}= Ca}@] x@ xHwD =@ "CU= xOW OQ=w
|Wt\N l} Ovr@ VwQ xm O}W=@ xDW=O xHwD "s} wQ|t wrH sOk l} |QwLt C=}rta Qy
QN; `@=vt x@ Ovv=wD|t u=Ovtxkqa xm xOW x�=Q= |}=yp=Ft OQwt u}= QO� OW=@|tv C@Ft |rta
Q}eDt ?=NDv= QO n} RDv=O VwQ x=Qty x@ wm} Rmr VwQ =}; xm xr-=Ut u}= "�Ov}=tv xaH=Qt ?=Dm
"Ovm@ Ov=wD|tv |Q=m 'xv =} O}=tv|t |Q}owrH uOwtv Q}o R= zj � cj u} QDC@Ft =@ xOvwWOQ=w
R= VwQ u}= |=xm@W Q=DN=U =@ |]N |R} Qxt=vQ@ p�=Ut |=Q@ xm CU= xOW C@=F ?r]t u}=

"O}=tv|t |Q}owrH uOQmQ}o
1) Stage 2) Last Recently Conidered 3) Circular
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|Q=m xrtHr=Q}Fm CQwYx@ pL=Qt O=OaD uOwtv Q=Ou=Qm CyH |WwQ uOwtv =O}B |xr-=Ut
`=O@= |WwQ u}vJ uwvm =D |rm Cr=L QO |]N |R} Qxt=vQ@ p�=Ut |=Q@ "pmWt T@ CU=
p@=k wm} Rmr VwQ l} |=xm@W Q=DN=U =@ p�=Ut |=Q@ |Oa@ pwYi QO p=LQyx@ CU= xOWv
xDiQo Q=mx@ C@Ft |rta |Wt \N l} x=Qty x@ Qo = xm 'CU= OwHwt ?wN Q=}U@ G}=Dv =@ =QH=

"OyO|t x�=Q= |@ wN Q=}U@ xH}Dv 'OwW

O}=R Ow}k 11�1
u}= u=}=B QO &OOQo|t |voy@D Ea=@ OQ=wt QFm = QO xm O}=R O}k X}NWD C}ty= x@ xHwD =@
u}= O=it x@ xHwD "s}yO|t Q=Qk xar=]t OQwt |QDW}@ jta =@ w CkO x@ =Q ?r]t u}= 'pYi

"OOQo|t x}YwD u; j}ta lQO w OW=@|t C=} QwQ[ R= VwQ

:s} Q}o|t Q_vQO =Q Q} R |xr-=Ut 1"O}=R |w=UD Ow}k 13�11�1

Min z = cx+ ty

s: t: Ax+Dy = b

Gx+ Fy � h
x � 0
y O=R; (5�1)

|]N ?}mQD CQwYx@ =Q u; u=wD@ Qo = 'Ov} wo O}=R |w=UD O}k l} =Q 5�1 QO |w=UD O}k l}
"CWwv |w=UD Ow}k |x}k@ R=

1) Redundant Equality Constraints
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:Q} R Ow}k QO "p=Ft 14�11�1

x1 + 2x2 + x3 + x4 = 10
2x1 + 3x2 � 2x3 � 4x4 = 15
3x1 + 5x2 � x3 � 3x4 = 25

�#l}t=Om � OW=@|t O}=R O}k l}
Ow}k CU=Q CtU C@=F Q}O=kt QO Q}}eD Qy xm OwW|t xO}O |oO=U x@ |rm Cr=L QO
CU=Q CtU O=Oa= R= l} Qy Q}}eD jwi p=Ft QO ,qFt "O}=tv|t Q=oR=U=v =Q x=oDUO O}=R |w=UD

�#=QJ� OOQo|t x=oDUO |Q=oR=U=v Ea=@

Qo = 'CU= O}=R |w=Ut=v O}k ' 5�1 QO O}k l} 1"|w=Ut=v O}=R Ow}k 15�11�1
|=Q=O 'A O}vm ZQi 5�1 QO "Ovmv Q}}eD u; hPL =@ x=oDUO |vOW |=y?=wH |xawtHt

:CWwv Q} R CQwYx@ u=wD|t =Q 5�1 |=yO}k "OvW=@ Q]U m2 |=Q=O G w Q]U m1

aix+ diy =bi i = 1; : : : ;m1

gix+ f iy �hi i = 1; : : : ;m2

"OvW=@|t F s=i Q]U f i w G s=i Q]U gi 'D s=i Q]U di 'A s=i Q]U ai u; QO xm
|=yO}k R= l} Qy� "s} Q}o|t Q_vQO =Q g0x+ f 0y � hi O}k ,qFt |w=Ut=v Ow}k R= |m}

�CiQo Q_vQO u=wD|t Qw_vt u}= |=Q@ =Q |w=Ut=v
1) Redundant Inequality Constraints
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:s}vm|t pL =Q Q} R |xr-=Ut

Min gix+ f iy

s: t: aix+ diy = bi i = 1; : : : ;m1

gix+ f iy � hi i = 2; : : : ;m2

x � 0
y O=R; (6�1)

"OW=@ ĥ1 OwYkt `@=D |xv}y@ Q=Okt s}vm ZQi
"CU= O}=R gix+ f iy � h1 O}k CQwYu}= QO '(i = 2; : : : ;m2) ĥ1 � h1 Qo =

l} OwHw xm O=O u=Wv u=wD|t xvwoJ xr-=Ut l} pL =@ �syt�"u} QtD 16�11�1
"O} Qw=}@ Pe=m |wQ =Q xr-=Ut pL CkO x@ "OOQo|t x=oDUO |Q=oR=U=v Ea=@ O}k

|wQ CkO x@ =Q g0x+ f 0y � h1 O}k uOw@ O}=R |Q@H pqODU= "u} QtD 17�11�1
�6�1 |xr-=Ut QO� "O} Qw=}@ Pe=m

x@ #OvOQo|t hPL xr-=Ut R= O}=R |=yO}k pw= R=i u=}=B QO =QJ "u} QtD 18�11�1
"O}U} wv@ C=}�RH QO =Q ?r]t CkO

:O} Q}o@ Q_vQO =Q Q} R x=oDUO "p=Ft 19�11�1
x1 � 6

x2 � 2
2x1 +x2 � 11

"CU= xOW xO=O u=Wv Q} R pmW QO |vOWx}L=v
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-

6

x2 = 2
x1

x2
x1 = 6

|vOWx}L=v

x1 + x2 = 11

�5�1� pmW

pw= |=yO}k R= l}I}y �Q_vOQwt x=oDUO QO� CU= O}=R swU |w=Ut=v O}k xm CU= K[=w
xOW xO=O u=Wv �5�1� pmW QO x=oDUO |vOW |=y?=wH |xawtHt "OvDU}v O}=R swO =}
O}k 'OOQo p}O@D �CU= |D@Ft OOa "� 14 + " x@ swU O}k QO CU=Q CtU C@=F Qo = "CU=

"Ow@ Oy=wNv O}=R R}v swU

|=yO}k w O}=R |w=UD |=yO}kC@=FCU=QCtU Q}}eD|U=U= jQi "u} QtD 20�11�1
"O}vR@ p=Ft OvJ s=Om Qy R= w O} Qw=}@ Pe=m |wQ CkO x@ =Q O}=R |w=Ut=v

|w=Ut=v =Q 5�1 R= |w=Ut=v O}k l} 1�Q=t� Pi=v |w=Ut=v |=yO}k 21�11�1
^wLrt =@ ' 5�1 |vOW |=y?=wH |xawtHt Qo = 'Ov} wo x=oDUO u; QO �nvD � Q=t� Pi=v
Qo = CU= Pi=v glx + f ly � hl O}k wQu}= R= "Ovmv Q}}eD |w=UD O}k u=wva x@ u; uDW=O
glx+ f ly � hl |=Hx@ glx+ f ly = hl uO=O Q=Qk =@ 5�1 |vOW |=y?=wH |xawtHt
OwYkt `@=D |xv}y@ Q=Okt ĥl u; QO xm ĥl = hl xm ODi=|t j=iD= |v=tR ?r]t u}= "Ovmv Q}}eD
1) Binding Inequality Constraints
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:CU= Q} R |xr-=Ut

Max glx+ f ly

s: t:

8>>>>>><>>>>>>:
gix+ f iy � hi i = l; : : : ;m2

i 6= l

aix+ diy = bi i = 1; : : : ;m1

x � 0 ; O=R; y

"s}�=tv|t uWwQ p=Ft l} =@ =Q jwi ?r]t

:O} Q}o@ Q_vQO =Q Q} R x=oDUO "p=Ft 22�11�1
x1 � 6

x2 � 2
�2x1 �x2 � 6

'x=oDUO u}= |vOW |=y?=wH xawtHt "CU= Pi=v x=oDUO u}= QO |w=Ut=v |=yO}k R= l} Qy
CtU Qo = "CU= xOW xO=O u=Wv �5�1� pmW QO xm OW=@|t f(6; 2)g xOQivt |xawtHt
|w=Ut=v |=yO}k �CU= |D@Ft OOa Qy " u; QO xm � Ovm Q}}eD �14� " x@ �14 R= CU=Q

"Ow@ Ovy=wNv Pi=v x=oDUO u}= QO Pi=v

-

6

r

x1 = 6

x2 = 2
x1

x2

�2x1 � x2 = �14

	

-

6

�6�1� pmW
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l} p}O@D pqN QO |w=UD |=yO}k uOw@ O}=R 1"O}=R |=yO}k hPL 23�11�1
R=}vOQwt |Qo}OVWwm I}y w OQ}o|t CQwY|DL=Qx@ u;|vwv=m CQwYx@ CqO=at R= x=oDUO
Q=}U@ xU}=kt QO |w=Ut=v |=yO}k uOw@ Pi=v =} uOw@ O}=R X}NWD Qo}O hQ] R= "CU}v
?=PH Q=}U@ |[=} Q Q_vx]kv R= "OQ=O hrDNt |=yLP xv=o =OH pL x@ R=}v w CU= pmWt
Qw]u}ty w s}�=tv hPL x=oDUO R= =Q =yu; w X}NWD =Q x=oDUO l} QO O}=R |=yO}k CU=
|=yO}k CQwYu}O@ xm &OwW xO=O Q=Qk |w=UD |=yO}k '=yu; |=Hx@ xm Q=t |=yO}k X}NWD
=} uOw@ O}=R X}NWD pta QO |rw OW=@|t xO=U Q=}U@ xr-=Ut Qy=_ "CW=O s}y=wN |QDtm

"CU}v xiQYx@ pta QO xm O@r]|t |v=w=Qi VWwm O}k uOw@ Q=t
"O}�=tv xaH=Qt �� x@ OQwt u}= QO QDW}@ xar=]t w |UQQ@ |=Q@

?=wH uOQw; CUOx@ |=Q@ =yvD xv |]N |R} Qxt=vQ@ |xr-=Ut l} '|rta |=yOQ@ Q=m QO
CU=Q CtU Q}O=kt |Dkw =Q xv}y@ ?=wH C=Q}}eD |UQQ@ xmr@ 'OQ}o|t Q=Qk xO=iDU= OQwt xv}y@

"OyO|t Q=Qk |UQQ@ OQwt &Ovm|t Q}}eD
Q=}U@ C=aq]= CU=Q CtU C@=F Q=OQ@ =@ x]@=Q QO C}U=UL p}rLD w |=x}W=L p}rLD
Q}}eD ẁv Qy "CU= OvtOwU Q=}U@ |R} Qxt=vQ@ =@ x]@=Q QO xm 'OyO|t CUOx@ |O=YDk= O}it
C=aq]= u}=Q@=v@ "OOQo|t x=oDUO |Q=oR=U=v Ea=@ O}=R |=yO}k CU=Q CtU Q}O=kt QO
|@r=]t Q=t 'O}=R |=yO}k hPL xJ w ^iL xJ CQwY Qy QO "OOQo|tv O}=a |OvtOwU
=Q Q} R |xO=U xr-=Ut ẁ[wt |rm u=}@ R= p@k "OQ}o Q=Qk xar=]t OQwt CkO x@ |DU}=@ xm OQ=O

:O} Q}o@ Q_vQO

(P ) : Max x1 + x2

s: t: x1 + x2 = 1
x1; x2 � 0

1) Elimination of Redundant Constraints
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:Ow@ Oy=wN Q} R CQwYx@ xr-=Ut p;wO

(D) : Min w

s: t: w � 1
w � 1

:CU= xOW xO=O u=Wv xv}y@ |=y?=wH w |vOW x}L=v Q} R pmW QO

- -

6p
p-
B(1; 0)

A(0; 1)

x1

x2

u

p s0 1
C

u

--
u

p;wO u; hPL =@ wQu}= R= 'CU= O}=R |m} w � 1 w w � 1 |=yO}k R= p;wO |xr-=Ut QO
:O};|tQO Q} R CQwYx@

Min w

(D) : s: t: w � 1
w O=R;

:R= Ow@ Oy=wN CQ=@a CQwYx@ xr-=Ut u}= p;wO xm
Max x1

(P 0) : s: t: x1 = 1
x1 � 0

- -p s r s0 01 x1 1 w

"CU= xr-=Ut xv}y@ ?=wH 'x]kv u}ty xm OW=@|t x1 = 1 \ki P 0 |xr-=Ut QO |vOW x}L=v
=@ xmu}= R= Ow@ |=xvwtv p=Ft u}= "OQ=Ov xv=oOvJ ?=wH Qo}O p=t}=QB p;wO O}=R O}k hPL =@ |va}
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'OW=@v |rY= xr-=Ut pO=at u; p;wO =} pY=L xr-=Ut 'CU= umtt Q=t =} O}=R |=yO}k hPL
�#OOQo|t Qy=_ =Hm ?r]t u}= DEA QO� OvQ=O u=Um} xv}y@ |=y?=wH xJQo

|oDU@ xr-=Ut wO u}= uOw@ pO=at s} Q}o|t Q_vQO =Q P2 w P1 xr-=Ut wO "�syt |r}N�xHwD
"s} Q}PB@ uOw@ pO=at u=wva x@ =Q Q} R h} QaD Qo = "s} Qw;|t xm OQ=O |i} QaD x@

xv}y@ |=y?=wH |xawtHt xm|DQwY QO s}�wo pO=at =Q P2 w P1 |xr-=Ut wO "h} QaD
"OvW=@ |w=Ut xr-=Ut wO u}=

"s} Qw=}@ xr-=Ut wO uOw@ pO=at |=Q@ =Q Q} R h} QaD CU= umtt =}
|vOW |=y?=wH |xawtHt xm|DQwY QO 'Ov} wo pO=at =Q P2 w P1 |xr-=Ut wO h} QaD
'xr=Ut wO pw= h} QaD =@ p@k p=Ft QO "OvW=@ |w=Ut wO u; xv}y@ |=y?=wH |xawtHt w

"OvW=@|tv pO=at xr-=Ut wO 'swO h} QaD =@ xm|DQwY QO 'OvDUy pO=at
|=[Dkt x@ Pi=v =} O}=R |w=Ut=v O}k l} QO CU=Q CtU C@=F Q=OQ@ |Dkw p=LQyx@
|xr-=Ut l} QO |w=Ut=v O}k Qy "Ov=t@ |k=@ Q=oR=U x=oDUO CU= umtt 'Ovm|t Q}}eD Q=m
|x}rw= O=wt Q=Okt |xOvyOu=Wv O}k u}= CU=Q CtU w x}rw= O=wt uR=wD '|]N |R} Qxt=vQ@
O}k u}= Qo = 'OW=@ O}=R |w=Ut=v O}k Qo = |DL "OW=@|t CU=wNQO OQwt pwYLt =} OQwt
'Ow@ Oy=wNv QU}t pt=m |O=YDk= C=aq]= ?Um CQwY u}= QO 'OOQo hPL pOt R= O}=R
|rY= xr-=Ut� OW=@|t |rY= |xr-=Ut xv}y@ ?=wH u=ty 'xOt; CUOx@ xv}y@ ?=wH xJQo =
uOwtv xrwtQi QO �CU= xO}OQov hPL xm CU= Pi=v =} O}=R |=yO}k |=Q=O xm CU= |xr-=Ut
|vOW |=y?=wH |xawtHt '|R=UpOt x}rw= pL=Qt QO 'LP u=wva x@ |rta |xr-=Ut l}
u=wva x@ u; xm CU= u; Q@ |aU xmr@ OW=@|tv X}NWD p@=k |UOvy <|}W l} u=wva x@
pk=OL =@ |Q@H X=wN u}= xm s}�=tv u=}@ OOQo|t XNWt |Q@H X=wN =@ xm xawtHt l}
OW=@|t q=m |=[=kD =} q=m l} x[Qa xOvyOu=Wv LP l} QO |O}k Qy "OOQo|t u=}@ Ow}k
R}J xty w OW xDN=U pOt xm u}= R= Oa@ "�OwW|t xOQ@ Q=mx@ sa= |vat x@ q=m =Hu}= QO�
|[a@ CU= umtt �OW u}}aD =yO}k w O}OQo XNWt OwYkt `@=D |va}� OW `tH syQwO
QO |D=aq]= uDiQ u}@ R= Ea=@ O}=R Ow}k u}= hPL "OW=@ O}=R pOt QO |w=Ut=v Ow}k u}= R=
w Owtv OQwNQ@ xr-=Ut u}= =@ \=}DL= =@ Q=}U@ |DU}=@ wQu}= R= "OW=@ C}U=UL u}}aD =@ x]@=Q
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"OW=@|t pOt R= O}=R |w=Ut=v |=yO}k uOQmv hPL x=Q u} QDy@

pw= pYi C=v} QtD 12�1
O} Q}o@ Q_vQO =Q Q} R xr-=Ut �1

Max z = 3x1 +4x2
s: t: 2x1 +x2 � 8

�x1 +2x2 � 6
x1 +x2 � 6

x1; x2 � 0

?=wH l} xv}y@ |x]kv xm O}vm |UQQ@ w O}�=tv pL |t}UQD j} Q] x@ =Q xr-=Ut "hr=
"OW=@|t uox@D |vOW |U=U=

"O}�=tv pL TmrBt}U VwQ =@ =Q xr-=Ut "?
R= =Q =yO}k u}= w O}�=tv u}at OOQo|t |vox@D Ea=@ xm =Q |�=yO}k 'hr= CtUk R= "G
w OwQ|t u}@ R= |vox@D xm O}vm xHwD w O}vm pL =Q xr-=Ut ,=OOHt w O}vm hPL xr-=Ut

"O};|t CUO x@ |r@k xv}y@ ?=wH u=ty
|}=yO}k hPL =@ u=wD|t =Q uox@D |U-=Q x]kv xm CU= CUQO xQ=wty ?r]t u}==}; "O

"O}=tv Q}}eD |vOW x}L=v xm u}= uwO@ 'Owtv uox@DQ}e
"OW=@|tv umtt pYi ?r=]t j}ta lQO uwO@ p�=Ut u}= j}kO pL xm O}�=tv xHwD
st}v|t ẁv R= |]N |R} Qxt=vQ@ |xr-=Ut |=Q@ |U-=Q xv}y@ ?=wH l} O}vm ZQi �2
|U-=Q |x]kv u}= xm OQ=O OwHw Qt= u}= u=mt= =}; '|vox@D Cr=L QO "s} Q=O uOwtv
Q}eDt l} pk=OL |=Q@ zj � cj > 0 xm OW=@ |vOW |U=U= ?=wH l} Q_=vDt
|U=U= ?=wH l} xm OQ=O OwHw |v}t[D =}; ODi}@ j=iD= ?r]t u}= Qo = |U=U=Q}e
|=Q@ zj � cj � 0 w OW=@ |U-=Q x]kv u=ty Q_=vDt xm OW=@ OwHwt |Qo}O |vOW
|OOa p=Ft l} =@ =Q ?r]t #xv =QJ w |Q; =QJ #OwW Q=QkQ@ |U=U=Q}e |=yQ}eDt|t=tD
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"O}yO K}[wD

"O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �3
Min (cx; cY )

s: t: A(x; Y ) = (b; I)

(x; Y ) � 0
l} xm x Q=OQ@ R= OvDQ=@a =yQ}eDt w c 2 Rn wm�n |x@DQt R=A = [aij ] u; QO xm
w CU= |Q]U Q=OQ@ l} OwYkt `@=D n�m T} QD=t l} Y w CU= |}=D n Q=OQ@
(cx1; cY1) < (cx2; cY2) |va} 'OQ}o|t CQwY wm} Rmr swyit x@ uOwtv st}v|t

:Qo = \ki w Qo =
(cx1; cY1)� (cx2; cY2) > 0

"OW=@|t wm} Rmr swyit x@ uOw@ |ivt=v x@ O}kt (x; y) T} QD=t R= Q]U Qy
O}yO u=Wv "hr=

x =

 
B�1b

0
!

; Y =

 
B�1
0
!

xmu}= Q@\wQWt CU= xr-=Ut |=Q@ |vOW ?=wH l}
(B�1b;B�1) > 0

CQwYx@ |=xr=@vO 'wm} Rmr xOa=k =@ TmrBt}U VwQ xm O}yO u=Wv "?
(x1; Y1); (x2; Y2); : : :

u; QO xm
(cxj�1; cYj�1)� (cxj ; cYj) > 0 j Qy <=R=x@

"Ovm|t O}rwD
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44 |]N |R} Qxt=vQ@ QO |vox@D 1 pYi

:O} Q}o@ Q_vQO =Q Q} R |]N |R} Qxt=vQ@ |xr-=Ut �4

Min z(x) = cx

s: t: Ax = b

x � 0

|=yQ}eDt R=|m}\ki xm OW=@C}Y=N u}= =@|vOW|U=U= Q=OQ@l} xB1 s}vm ZQi
|=yxir-wt R= |m} \ki w xB1 = B�11 b � 0 |va}� OW=@|t QiY Q@=Q@ |U=U=
Q=Qk uox@D |=yx}=B R= QwO l} QO Ov=wD|tv xB1 O}vm C@=F "�OW=@|t QiY Q@=Q@ B�11 b

�jwi xr-=Ut |=Q@ xD@r=� OQ}o
:O} Q}o@ Q_vQO =Q Q} R LP �5

xB x1 x2 x3 x4 x5 x6 x7 �z b

x1 1 0 0 0 3
5 � 32

5
24
5 0 0

x2 0 1 0 0 1
5 - 9

5
3
5 0 0

x3 0 0 1 0 2
5 � 8

5
1
5 0 0

x4 0 0 0 0 0 1 0 0 1
0 0 0 0 0 � 2

5 � 2
5

9
5 1 0

VwQ =@ xr-=Ut u}= pL QO "xj � 0 j = 1; : : : ; 7 "OOQo|t st}v|t z
Qy QO (x1; x2; x3; x4) = xB |vOW |U=U= Q=OQ@ l} R= ẁQW =@ ' TmrBt}U

:OOQo|t ?=NDv= Q} R |xOa=k j@] xOvwWOQ=w Q}eDt xrLQt

s = Min fj j �cj < 0g

:OOQo|t =O}Ov=m GwQN |=Q@ Q} R CQwYx@ xOvwWGQ=N Q}eDt w

r = Minfi j OOQo GQ=N Ov=wD|t st}v|t xOa=k j@] s=i Q]U Q}eDtg
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x@ =@ xm O}�=tv|UQQ@ w OQ}PB|t CQwY uO=Di= QwO xm O}yO u=Wv Oa=wk u}= uOQ@ Q=mx@ =@
K.T.Marshal R= xr-=Ut� OOQo|t |Q}owrH uO=Di= QwOx@ R= wm} Rmr xOa=k uOQ@ Q=m

"�OW=@|t
: O} Q}o@ Q_vQO =Q Q} R Lp �6

xB x1 x2 x3 x4 x5 x6 x7 �z b

x1 1 0 0 0 1
3 � 32

9
2
9 0 0

x2 0 1 0 0 1
6 � 13

9
5
18 0 0

x3 0 0 1 0 2
3 � 16

9
1
9 0 0

x4 0 0 0 1 0 0 0 0 1
0 0 0 0 0 �7 �4 15 1 0

CyH TmrBt}U sD} Q=or= Qo = xj � 0 j = 1; 2; : : : ; 7 OOQo|t st}v|t z
:=@ jwi |xr-=Ut pL

xB = (x1; x2; x3; x4)

QwO x@ xm O}yO u=Wv "OW QmP 5 xr-=Ut QO xm |Oa=wk uOQ@ Q=mx@ =@ 'OwW xOQ@ Q=mx@
OwOLt=v u}�=B R= |vOW x}L=v QO OwYkt `@=D xm u}= seQ}ra 'OQ}PB|t CQwY uO=Di=

"OW=@|t
"OW=@|t J.W. Suurballe R= xr-=Ut

"O} Q}o@ Q_vQO =Q Q} R |]N |R} Qxt=vQ@ |xr-=Ut �7
Min z(x) = c(x)

s: t: Ax = b

x � 0
Q} R |x@U=Lt QO |OQix@ QYLvt st}v|t xmu; \QWx@ |vox@D OwHw =@ O}yO u=Wv

Min1�i�m

� �bi
�aik

j �aik > 0
�
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46 |]N |R} Qxt=vQ@ QO |vox@D 1 pYi

uO=Di= QwOx@ 'OW=@|t xOvwWOQ=w Q}eDt xk w �ak = B�1ak w �b = B�1b u; QO xm
"CiQo Oy=wNv CQwY

"O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �8
Min z(x) = c(x)

s: t: Ax = b

x � 0
w m� n |x@DQt R= CU= |U} QD=t A u; QO xm

rank(A) = m < n

CU=Q Qo = "OW=@|t dwQO =} CU=Q O}�wo@ w O}v=wN@ CkO x@ =Q Q} R C=Q=@a R= l} Qy
"O} Qw=}@ Zkv p=Ft CQwYu}=Q}e QO 'O}�=tv C=@F= CU=

Q}eDt x@ jraDt uwDU x=ov; 'OW=@ s=r Q]U '|QwLt Q]U '|QwLt xrLQt l} QO �1
"Ow@ Oy=wN pwOH s=r uwDU 'R}v xOvwW OQ=w

|vOW ?=wH l} R= ẁQW =@ �TmrBt}U p;wO� p;wO TmrBt}U sD} Q=or= QO �2
"OQ=Ov OwHw z(x) uOw@ OwOLt=v |=Q@ |Q=}at I}y 'p;wO

|k=@ |ivt=v xQ=wty p=t}=QB |=yQ}eDt 'TmrBt}U p=t}=QB =@ �1� xr-=Ut pL QO �3
|ivt=v p;wO |=yQ}eDt xQ=wty p;wO TmrBt}U =@ �1� pL QO ,=v}a 'Ovv=t|t

"Ovv=t|t |k=@
OwYkt `@=D Q=Okt 'OOQo|t pL TmrBt}U p=wO sD} Q=or= =@ �1� xr-=Ut |Dkw �4

"�s} wQ|t |Oa@ xrLQt x@ xrLQt l} R= |Dkw� Ovm|t pwRv CN=wvm} Qw]x@
Q}eDt l} |Dkw 'OOQo|t pL TmrBt}U p;wO sD} Q=or= =@ �1� xr-=Ut |Dkw �5

"Ov=t|t |k=@ |ivt=v |Oa@ pL=Qt |t=tD QO �xrLQt l} QO� OW |ivt=v
Q=Okt xrLQt Qy QO 'OOQo|t pL TmrBt}U p;wO sD} Qwor =@ �1� |xr-=Ut |Dkw �6

"OW=@|t |Oa@ pL=Qt |=Q@ |v}�=B u=Qm l} OwYkt `@=D
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j=iD= TmrBt}U p=t}=QB sD} Q=or= =@ xr-=Ut pL QO \ki uox@D QO uO=Di= QwOx@ �7
j=iD= Ov=wD|tv uO=Di= QwOx@ TmrBt}U p;wO sD} Q=or= =@ xr-=Ut pL QO "ODi=|t

"ODi}@
xOwRi= xr-=Ut x@ |avYD Q}eDt TmrBt}U p=t}=QB QO x}rw= ?=wH uOwtv =O}B |=Q@ �8
|avYD |w=Ut=v TmrBt}U p;wO QO x}rw= ?=wH uOQw; CUOx@ |=Q@ w OOQo|t

"OwW|t xi=[= xr-=Ut x@
R= OwYkt `@=D uwJ 'c1 < c2 < � � � < cn 'Lp xr-=Ut l} QO O}vm ZQi �9
u}= '|vOW |U=U= ?=wH (x1; : : : ; xm) Qo = TB 'OW=@|t uOwtv st}v|t ẁv

"OW=@|t xv}y@ ?=wH l} ?=wH
"OW=@|t |vOW u; Q_=vDt p;wO CQwY u}= QO 'c � 0 Q=OQ@ �1� xr-=Ut QO Qo = �10
m CUQO xm |vOW ?=wH Qy 'OW=@v uox@D �1� w rank(A) = m(1) QO Qo = �11

"OW=@|t BFS l} 'OW=@ xDW=O C@Ft |xirwt
"O};|tv V}B xr-=Ut uOw@ OwOLt=v Cr=L CkwJ}y pw= R=i QO Lp l} pL QO �12
|vOWv xr-=Ut |DU}=@ 'O}; V}B uOw@ OwOLt=v Cr=L pw= R=i QOLp l} QO Qo = �13

"OW=@
=Q x}=B |avYD |=yQ}eDt |t=tD |vOW xr-=Ut |=Q@ pw= R=i QO 'Lp l} pL QO �14

"Ovvm|t lQD
p=} l} |wQ Ov=wD|tv C@Ft Q}eDt QDW}@ =} m + 2 =@ �1� |vOW ?=wH I}y �15

"OQ}o Q=Qk
O} Q}o@ Q_vQO =Q Q} R xr-=Ut �9

Min z(x) = c(x)

s: t: Ax = b

x � 0 (�)
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|w=Ut B�1b � 0 |=yxir-wt R= |m} \ki xm CU= |vOW x}=B l} B O}vm ZQi
"OW=@ =yx}=B R= |m} Ov=wD|tv xr-=Ut uO=Di= QwO l} QO B Qo = O}vm C@=F OW=@|t QiY

A = [aij ]m�n u; QO xm O} Q}o@ Q_vQO =Q (�) |xr-=Ut �10

Rank(A) = m < n

O}�=tv C=@F= uOw@ CU=Q CQwY QO "O}vm XNWt =Q Q} R C=Q=@a uOw@ dwQO =} CU=Q
"O}vR@ Zkv p=Ft xQ=Ro uOw@ dwQO CQwY QO w

"OW=@ uox@D OwHwt |xv}y@ |DU}=@ 'OW=@ xDW=O xv=oOvJ |xv}y@ (�) xr-=Ut Qo = �1
|t=tD |DU}=@ CQwY u}= QO OW=@ (�) xv}y@ |vOW x}L=v |rN=O x]kv l} Qo = �2

"OW=@ xv}y@ |vOW x}L=v \=kv
OwOLt x}L=v 'OW=@ xDW=O ?=wH d 6= 0 w d � 0 w Ad = 0 x=oDUO Qo = �3

"OQ=O |y=vDt=v |xv}y@ xr-=Ut OW=@ xDW=O ?=wH Qo = w CU=
u; QO xm x � 0 ' Ax = b CqO=at x=oDUO �4

Rank(A) = n� 1 ; x 2 Rn

|U-=Q x]kv wO CUQO |vOW \=kv |xawtHt "CU= ?=wH |=Q=O x=oDUO w
"OQ=O

QO w OW=@|t QDW}@ |vOW x}L=v Oa@ R= xQ=wty BFS l} Q@ Q=t |=yp=} O=OaD �5
"OvQ@=Q@ sy=@ |vox@D Cr=L

x=oDUO x=ov; 'OW=@ xDW=O QiYQ}e ?=wH l} x � 0 w Ax = 0 x=oDUO Qo = �6
"CU= |vOW xQ=wty x � 0 'Ax = b
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1|]N |R} Qxt=vQ@ QO |D}r;wO
pL u=tRsy Qo}O |]N |R} Qxt=vQ@ l} u; Q_=vDt 'OOQo|t pL xm |]N |R} Qxt=vQ@ Qy
u=wD|t =Q u; "O}=tv|t jOY syt Q=}U@ X=wN R= |[a@ QO '|]N |R} Qxt=vQ@ u}= "OwW|t
C=aq]= xr-=Ut u}= |=yQ}eDt "OQ@ Q=m@ |rY= |xr-=Ut |=Q@ ?=wH uOQw; CUOx@ |=Q@

"OyO|t CUOx@ |rY= |xr-=Ut |xv}y@ ?=wH =@ x]@=Q QO |OvtWRQ= xO=ar=jwi

2p;wO |xr-=Ut uOwtv xrwtQi 1�2
p;wO xm OQ=O OwHw |Qo}O |]N |R} Qxt=vQ@ xr-=Ut l} |]N |R} Qxt=vQ@ |xr-=Ut Qy Q_=vDt
|xr-=Ut =@ x]@=Q QO |tyt Q=}U@ X=wN pt=W p;wO |R} Qxt=vQ@ "OwW|t xO}t=v xr-=Ut u;
"OW=@|t Q=OQwNQ@ |Y=NC}ty= R= u; |=yOQ@ Q=m |t=tD QO xm OQ=O |rY= |]N |R} Qxt=vQ@
OQ=Ov=DU= sQi w |D}r;wO |vwv=m sQi &OQ=O OwHw �u; h} QaD QO� |D}r;wO R= syt CQwY wO
w |vwv=m |=yCQwY =@ x]@=Q QO CQwY wO u}= "OvW=@|t pO=at ,qt=m sQi wO u}= "|D}r;wO

"OvwW|t h} QaD |]N |R} Qxt=vQ@ xr-=Ut OQ=Ov=DU= |=yCQwY
1) Duality in Linear Programming 2) Formulation of Dual problem

51
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52 |]N |R} Qxt=vQ@ QO |D}r;wO 2 pYi

|D}r;wO |vwv=m sQi 2�2
:O} Q}o@ Q_vQO OW=@|t |vwv=m CQwYx@ xm =Q Q} R |]N |R} Qxt=vQ@ |xr-=Ut

P : Min z(x) = cx

s: t: Ax � b (1�2)

x � 0
"OwW|t h} QaD u}vJ jwi xr-=Ut p;wO

D Max W = wb

wA � c (2�2)

w � 0
"OQ=O OwHw p=t}=QB Q}eDt l} p;wO O}k Qy |=Q@ w p;wO Q}eDt l} O}k Qy |=Q@ xm O}vm xHwD

"Owtv s}y=wN C@LY QDW}@ ,=Oa@ ẁ[wt u}= =@ x]@=Q u}= QO

:O} Q}o@ Q_vQO =Q Q} R �p=t}=QB� |]N |R} Qxt=vQ@ |xr-=Ut "p=Ft 1�2�2
P : Min z = 6x1 + 8x2

s: t: 3x1 + x2 � 4
5x1 + 2x2 � 7
x1; x2 � 0

"Ow@ Oy=wN u}vJ jwi xr-=Ut p;wO
D : Max w = 4w1 + 7w2

s: t: 3w1 + 5w2 � 6
w1 + 2w2 � 8
w1; w2 � 0
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=Q wO u; OwYkt `@=D xv}y@ Q=Okt "O}�=tv pL |t}UQD CQwYx@ =Q xr-=Ut wO u}= "x}YwD
"O=O Oy=wN j}ta Vv}@ |D}r;wO |Oa@ s}y=it =@ x]@=Q QO =tW x@ ?r]t u}= "O}vm xU}=kt

"s} Qw=}@ QO |vwv=m CQwYx@ =Q P xr-=Ut xm CU= syt Q=}U@ |D}r;wO |vwv=m sQi h} QaD QO
swt} Rm =t ẁv R= Qo = w�CQwYx@ Ow}k |t=tD |DU}=@ OW=@ uOwtv st}v|t ẁv R= |=xr-=Ut Qo =
|ivt=v C}OwOLt x@ O}kt =yQ}eDt |t=tD w OvwW p}O@D |DU}=@ � CQwYx@ O}k |t=tD OW=@

"OvW=@ uOw@

1|D}r;wO OQ=Ov=DU= sQi 3�2
:O} Q}o@ Q_vQO Q} R CQwYx@ =Q P xr-=Ut "OW=@|t u}vJ |D}r;wO R= |Qo}O pO=at h} QaD

P : Min z = cx

s: t: Ax = b (3�2)

x � 0

"OwW|t h} QaD u}vJ u; p;wO

D Max W = wb

wA � c (4�2)

O=R; w

:O} Q}o@ Q_vQO Q} R CQwYx@ =Q p=t}=QB |xr-=Ut "p=Ft 2�3�2
Min 6x1 +8x2
s: t: 3x1 +x2 �x3 = 4

5x1 +2x2 �x4 = 7
x1; x2; x3; x4 � 0

1) Standard Form of Duality
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54 |]N |R} Qxt=vQ@ QO |D}r;wO 2 pYi

:CU= Q} R CQwYx@ xr-=Ut u}= p;wO

Max z = 4w1 +7w2
s: t: 3w1 +5w2 � 6

w1 +2w2 � 8
�w1 � 0

�w2 � 0
OvDUy O=R; w2 w w1

Qo = 'Qo}O CQ=@a x@ "CU= Q@Dat R}v |Qo}O xm s}vm|t x_Lqt jwi h} Q=aD R= |m} pw@k =@
"OOQo|t pY=L u; R= |Qo}O s}vm pw@k |rY= h} QaD CQwYx@ =Q |m}

s}y=wN|t "s}=xOwtv pw@kh} QaD u=wva x@ =Q OQ=Ov=DU=CQwY xm O}vm ZQi 'p=Ft u=wva x@
"OOQo|t xH}Dv u; |vwv=m CQwY xm s}vm C@=F

P Min z = cx

s: t: Ax� Ixs = b

x; xs � 0

:Ow@ Oy=wN u}vJ xr-=Ut u}= p;wO h} QaD x@ xHwD =@

D Max W = wb

wA � C
�wI � 0

O=R; w

"Ow@ Oy=wN |vwv=m CQwYx@ xr-=Ut u}=Q@=v@ w � 0 |vat x@ �wI � 0 =t=

"CU= p=t}=QB p;wO p;wO "x}[k 3�3�2
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:O} Q}o@ Q_vQO =Q Q} R |]N |R} Qxt=vQ@ xr-=Ut

Max Z = wb

s: t: wA � c
w � 0

:s} Q=O ?U=vt Cq}O@D uOQ@ Q=mx@ =@

Min (�bt)wt
s: t: (�At)wt � (�ct)

wt � 0

:CU= u}vJ QmPr=jwi |xr-=Ut p;wO

Max xt(�ct)
s: t: xt(�At) � (�bt)

xt � 0

:xr-=Ut u=ty xr-=Ut u}= =t=

Min Z = cx

s: t: Ax � b
x � 0

"s} Q@@ Q=mx@ Tma CQwYx@ CU= umtt xm =Q h} Q=aD xm OyO|t u=Wv x}[k u}= "OW=@|t
CQ=@a x@ "OvW=@|t |@Uv s}vm|t ?=NDv= xm |aHQt =@ x]@=Q QO �p;wO� w �p=t}=QB� |=yCer
p;wO =Q |Qo}O w p=t}=QB u=wD|t =Q s=Om Qy jwi CQwYx@ |R} Qxt=vQ@ p�=Ut GwR l} QO Qo}O

"OQw; ?=UL x@
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1|D}r;wO \rDNt QwY 4�2
R= =} '|w=Ut =} QDmJwm ẁv R= |}=yO}k pt=W |]N |R} Qxt=vQ@ p�=Ut R= |Q=}U@ 'pta QO
O=R; =} �� 0�=} �� 0� ẁv R= |}=yQ}eDt u}vJty w |w=Ut =} QDoQR@ ẁv R= =} |w=UD ẁv
=Q} R 'OQw;|tv V}B |rmWt I}y jwi |=yCQwYx@ |}=yCr=L OwHw |Qw�D QO "OvW=@|t
x@ |R=}v xv=DN@WwN "Owtv p}O@D Q_v OQwt |=yCQwYx@ =Q =yu; ?U=vt Cq}O@D =@ u=wD|t
=@ ,=t}kDUt =yVwQ u}= xm s}vm|t QmP ,q}P xm |WwQ =@ u=wD|t w OQ=Ov OwHw |Dq}O@D u}vJ

"CWwv =Q xr-=Ut p;wO 'OOQo|t xH}Dv h} QaD R= xO=iDU=
:O} Q}o@ Q_vQO =Q Q} R |]N |R} Qxt=vQ@ |xr-=Ut

P : Min z = c1x1 +c2x2 +c3x3
s: t: A11x1 +A12x2 +A13x3 � b1

A21x1 +A22x2 +A23x3 � b2
A31x1 +A32x2 +A33x3 = b3

x1 � 0 x2 � 0 "OW=@ O=R; x3 w
x2 = �x02 |=Hx@ "Owtv p}O@D |vwv=m CQwYx@ =Q QmPr=jwi |xr-=Ut u=wD|t Q} R Cq}O@D =@
Q=Qk |w=Ut=v wO swU O}k |=H x@ w s}vm|t ?Q[ ��1� QO =Q swO O}k 'x3 = x03 � x003 w

:CW=O s}y=wN "s}yO|t

Min z = c1x1 �c2x02 +c3x03 �c3x003
s: t: A11x1 �A12x02 +A13x03 �A13x003 � b1

�A21x1 +A22x02 �A23x03 +A23x003 � �b2
A31x1 �A32x02 +A33x03 �A33x003 � b3
�A31x1 +A32x02 �A33x03 +A33x003 � �b3
x1 � 0 ; x02 � 0 ; x03 � 0 ; x003 � 0

1) Mixed Forms of Duality
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:R=Ow@ Oy=wN CQ=@a jwi xr-=Ut p;wO "s}yO|t u=Wv w003 w w03'w02 'w1 x@ =Q p;wO |=yQ}eDt
Max w1b1 �w02b2 +w3b3 �w003b3
s: t: w1A11 �w02A12 +w03A31 �w003A31 � c1

�w1A12 +w02A22 �w03A32 +w003A32 � �c2
w1A13 �w02A23 +w03A33 �w003A33 � c3
�w1A13 +w02A23 �w03A33 +w003A33 � �c3

w1 � 0 ; w02 � 0 ; w03 � 0 ; w003 � 0

xm O};|tQO Q} R CQwYx@ QmPr=jwi |xr-=Ut w3 = w03 �w003 w w2 = �w02 uO=O Q=Qk =@
:OW=@|t |rY= xr-=Ut p;wO

D : Max W = w1b1 + w2b2 + w3b3

s: t: w1A11 + w2A21 + w3A31 � c1
w1A12 + w2A22 + w3A32 � c2
w1A13 + w2A23 + w3A33 = c3

w1 � 0 w2 � 0 O=R; w3

uwO@ =Q u; p;wO OW=@ xm CQwY Qy x@ xr-=Ut u=wD|t Q} R pwOH R= xO=iDU= =@ |Ov@`tH QO
:CWwv p}O@D

uOwtv swt}v|t ẁv R= xr-=Ut uOwtv swt} Rm =t ẁv R= xr-=Ut
� 0  ! �

=yQ}
eDt

� 0  ! � =yO}
k

O=R;  ! =

�  ! � 0

=yO}
k

�  ! � 0 =yQ}
eDt

=  ! O=R;
�1�1� pwOH
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"O} Q}o@ Q_vQO =Q Q} R |]N |R} Qxt=vQ@ |xr-=Ut "p=Ft 4�4�2

Max z = 8x1 + 3x2 � 2x3

s: t: x1 � 6x2 + x3 � 2
5x1 + 7x2 � 2x3 = �4
x1 � 0 x2 � 0 O=R; x3

"Ow@ Oy=wN u}vJ jwi |xr-=Ut p;wO �1�1� pwOH QO xOW QmP \@=wQ uOQ@ Q=mx@ =@
Min W = 2w1 �4w2

w1 +5w2 � 8
�6w1 +7w2 � 3
w1 �2w2 = �2

w1 � 0 O=R; w2

"Ow@ |vwv=m CQwY |=Q@ 'q=@ QO xOW QmP p;wO w p=t}=QB u}@ \@=wQ "u} QtD 5�4�2
"O} Qw; CUOx@ OQ=Ov=DU= CQwY |=Q@ =Q |]@=wQ u}vJ

R= xvwtv OvJ p;wO w p=t}=QB u}@ \@=wQ u}@ hrDNt |=yCQwYx@ uOW OQ=w R= p@k
"s}�=tv|t QmP: : : '|D} Q}Ot '|O=YDk= |=yQ}eDt

'W1 Q=@v= wO R= xm O} Q}o@ Q_vQO Q} R CQwYx@ pkv w ptL |xr-=Ut l} "p=Ft 6�4�2
"O}=tv|t p=UQ= q=m Q} R |=yxO=O j@] R3 w R2 wR1 |QDWt xU x@ W2

|QDWt R1 R2 R3 x[Qa
W1 3 4 6 20
W2 5 5 4 25
=[=kD 15 20 10 45
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:OOQo|t xrwtQi Q} R CQwYx@ QmPr=jwi pkvw ptL |xr-=Ut
Min 3x11 +4x12 +6x13 +5x21 +5x22 +4x23
s: t: x11 +x12 +x13 � 20

x21 +x22 +x23 � 25
x11 +x21 � 15

x12 +x22 � 20
x13 +x23 � 10

xij � 0 ; i = 1; 2 ; j = 1; 2; 3
�OW=@|t j |QDWt x@ i Q=@v= R= |r=UQ= |q=m Q=Okt xij QO xm �

?Q[ ��1� OOa QO =Q sHvB w sQ=yJ w swU |=yO}k 's}U} wv@ =Q jwi |xr-=Ut p;wO xmu; |=Q@
"Ow@ Oy=wN u}vJ xr-=Ut w O};QO |vwv=m CQwYx@ =D s}vm|t

Min Z = 3x11 +4x12 +6x13 +5x21 +5x22 +4x23
s: t: x11 +x12 +x13 � 25

x21 +x22 +x23 � 20
�x11 �x21 � �15

�x12 �x22 � �20
�x13 �x23 � 10

xij � 0 ; i = 1; 2 ; j = 1; 2; 3
:Ow@ Oy=wN u}vJ xr-=Ut p;wO

Max W = 25w1 +20w2 �15w3 �20w4 �10w5
s: t: w1 �w3 � 3

w1 �w4 � 4
w1 �w5 � 6

P : w2 �w3 � 5
w2 �w4 � 5
w2 �w5 � 4

w1; w2; w3; w4; w5 � 0
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1xr-=Ut |O=YDk= Q}UiD 5�2
W2 w W1 |=yQ=@v= R= q=m p=UQ= CyH |Wt\N l} uOwtv =O}B hOy 3�4�2 p=Ft QO

"OOQo st}v|t q=m p=UQ= pm |xv} Ry xm s}W=@|t R3 w R2 w R1 |=y|QDWt x@
|=yq=m |t=tD CU= Q[=L xm O}=tv|t O=yvW}B xvwou}= w OOQo|t Qy=_ u=}t u}= QO |OQi
|Q=O} QN w2 |OL=w Qy Q=Qk R= =QW2 Q=@v= |=yq=m |t=tD ww1 |OL=w Qy Q=Qk R= =QW1 Q=@v=
R= swO |QDWt x@ w w3 |OL=w Qy Q=Qk R= pw= |QDWt x@ =Q xOW |Q=O} QN |q=m w 'O}=tv
u=Wv =@ Q_vOQwt OQi "OWwQi@ w5 |OL=w Qy Q=Qk R= swU |QDWt x@ w w4 |OL=w Qy Q=Qk
ptL xv} Ry R= u=} QDWt R= xrY=L OwU xm O}=tv|t Oa=kDt =Q u=oOvWwQi 'p;wO |=yO}k uO=O
R= w Ow@ Oy=wNv |i=[= 'OOQo CN=OQB u=} QDWt hQ] R= OL=w Qy |=Q@ Ow@ Q=Qk xm q=m pkvw
"Ow@ Oy=wN (25w + 20w2)� (15w3 + 20w4 + 10w5) VOwN OwU Q=Okt |iQ]
QO 'OOQo st} Rm =t w= |Di=} QO OwU xm O}=tv XNWt |Qw] =Q =yw O}=tv|t |aU Q=O} QN

"CU= xOwtv ?rH R}v =Q |QDWt C}=[Q xm|r=L u}a
:xm CU= u; ODi=|t xm |k=iD=

"ODi=|t u=WvOQo R= xr-=Ut pL w q=m p=UQ= CtLR 'q=m u=oOvWwQi "hr=
"OQw;|t CUOx@ |rwB u; s=Hv= p=@k QO xm CU= xOQw; CUO x@ |Q=m Q=O} QN "?

wD wCwBwA|=yx=oW}q=B QwWml} QO R=}v OQwtCNwUu}t-=DCyH "p=Ft 7�5�2
u}t-=D xOW xO=O Q} R pwOH QO xm|LQW x@|iQYtCNwU xv=RwQCU= Q=Qk xm Ovvm|tC}r=aiE
"CU= xOW xO=O pwOH QO R}vC}r=aiCa=U Qy |=Q@ Q_vOQwt |=yCNwU u}t-=D xv} Ry "Ov}=tv

A B C D E xv=RwQ |=[=kD
u} Rv@ 10 8 7 6 5 70
p}�wR=o 8 6 5 4 4 30

O}iU Civ 4 3 2 2 2 20
C}r=ai Ca=U Qy xv} Ry 12 10 9 8 7

1) Economic Interpratiton of Problem

     irmgn.ir



xr-=Ut |O=YDk= Q}UiD 5�2 61

�"OW=@|t QqO 1000 ?ULQ@ xv} Ry w OW=@|t QD}r uw}r}t ?ULQ@ =[=kD�
uwDU w pw= Q]UQO ,qFt "OW=@|t Ca=U Qy QO xOW O}rwD CNwU Q=Okt pwOH pN=O O=Oa=
10 OW=@ xDW=O C}r=ai Ca=U l} A x=oW}q=B Qo = xm CU= u; xOvyOu=Wv 10 OOa &pw=
�"OvW=@ |t |[Qi O}rwD w =[=kD R= sa= pwOH s=kQ=|t=tD�"Ovm|t O}rwD u} Rv@ QD}r uw}r}t

:s}vm ZQi

xj = OW=@ j x=oW}q=B C}r=ai C=a=U O=OaD
j = A;B;C;D;E

:OOQo|t xrwtQi Q} R CQwYx@ jwi |xr-=Ut

Min z = 12xA + 10xB + 9xC + 8xD + 7xE
s: t: 10xA + 8xB + 7xC + 6xD + 5xE � 70

8xA + 6xB + 5xC + 4xD + 4xE � 30
4xA + 3xB + 2xC + 2xD + 2xE � 20
xA; xB; xc; xD; xE � 0

:Ow@ Oy=wN u}vJ jwi |xr-=Ut p;wO

Max W = 70w1 + 30w2 + 20w3

s: t: 10w1 + 8w2 + 4w3 � 12
8w1 + 6w2 + 3w3 � 10

D : 7w1 + 5w2 + 2w3 � 9
6w1 + 4w2 + 2w3 � 8
5w1 + 4w2 + 2w3 � 7
w1; w2; w3 � 0
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OvDQ=@a xm OW=@|t Q_vOQwt|=y CNwU O}rwD xv} Ry uOwtv st}v|t hOy 3�4�2 p=Ft QO
"O}iU Civ QD}r uw}r}t 70 w p}�wR=o QD}r uw}r}t 30 'u} Rv@ QD}r uw}r}t 70 R=

u=}@ Ck}kL QO xm OwW|t Ci=} QO Q} R CQwYx@ |O=yvW}B |Div nQR@ |v=Btm l} hQ] R=
"CU= D |xr-=Ut |xOvvm

R=}vOQwt |iQYt CNwU =t "O}�=tv p}]aD ,qm =Q =yx=oW}q=B =tW "CU= p}P CQwYx@ O=yvW}B
w3 Ct}k x@ O}iU Civ |=Q@ w w2 Ct}k x@ p}�wR=o |=Q@ w w1 Ct}k x@ u} Rv@ &=Q =tW
|DN=OQB pwB xm O}=tv|t `v=k =Q xOvvmO}rwD 'p;wO |=yO}k x�=Q= =@ xOvyOO=yvW}B "s}vm|t u}t-=D

"OyO|t MQ syt j=iD= wO "CU}v QDW}@ u; O}rwD |xv} Ry R= CNwU O} QN CyH
uwO@ =Q OwN R=}vOQwt CNwU w p}]aD =Q =yx=oW}q=B 'CL=Q p=}N =@ xOvvmO}rwD "hr=

"Ovm|t Ci=} QO OW=@|tv O}rwD xv} Ry R= QDW}@ xm |rwB =@ w QUOQO I}y
pO=at |er@t xOvyOO=yvW}B =} xOvWwQi "?

70w1 + 30w2 + 20w3

"O}=tv|t Ci=} QO CNwU VwQi R=
j=iD= Qt= u}= swU u=yH QO xv=iU=Dt |rw CU= |[Qi |xr-=Ut l} jwi |xr-=Ut xJQo
|Dt}kQyx@ 'OW Q=O} QN R=}v R= u�t]t xOvWwQi |Dkw 'O}rwD |=yx=oQ=m p}]aD R= TB "ODi=|t
u=QoQ=m =yu; u} QDsyt xm O}rwD Q=R@= uwJ Q=O} QN w OWwQi|t =Q OwN TvH Oy=wN@ VrO xm
xOt; V}B xm CU= |oDU@=w xty R= QDsyt w CU= xO=O CUO R= OW=@ XYNDt |=ywQ}v w

"Ov}=tv|t O=H}= |a=tDH= pmWt xm CU= =ywQ}v R= |O=} R O=OaD uOW Q=m}@ w
Q}UiD p}P ?r=]t |UQQ@ R= TB w s}vm|t xOvU@ p=Ft wO u}ty QmP x@ =H u}= QO ,qai

"s}yO|t Q=Qk EL@ OQwt =Q OQ=O R}v |QD|rm Cr=L xm |QDW}@ |O=YDk=

1p;wO�p=t}=QB u}@ |x]@=Q 6�2
p=t}=QB u}@ \@=wQ w G}=Dv x@ QHvt 's}OQw; |]N |R} Qxt=vQ@ xr-=Ut l} p;wO |=Q@ xm =Q |i} QaD

"s}�=tv|t |UQQ@ =Q =yu; ,q}P xm OOQo|t p;wO w
1) Primal Dual Relationship
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"p;wO w p=t}=QB OwYkt `@=D Q}O=kt u}@ x]@=Q 8�6�2
:O} Q}o@ Q_vQO Q} R CQwYx@ =Q P |xr-=Ut

P : Min z = cx

s: t: Ax � b
x � 0

:Ow@ Oy=wN u}vJ D |xr-=Ut |va} u; p;wO xm
D : W = wb

wA � c
w � 0

:O}vm ZQi
SP = fx j Ax � b; x � 0g
SD = fw j wA � c; w � 0g (5�2)

: s} Q=O w 2 SD Qy <=R=x@ w x 2 SP Qy <=R=x@ "x}[k 9�6�2
cx � wb

"OOQo|t O=} 1|D}r;wO h}a[ |x}[k 'u=wva CLD x}[k u}= R=
: s} Q=O "w0 2 SD w x0 2 SP :s}vm ZQi "u=yQ@

Ax0 � b ; x0 � 0 (a)

w
w0A � c w0 � 0 (b)

1) Weak Duality Theorem
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:OwW|t pY=L 's}vm|t ?Q[ x0 QO =Q (b) w w0 QO =Q (a)

w0Ax0 � w0b (a0)

w0Ax0 � cx0 (b0)

:OwW|t xH}Dv (b0) w (a0) R=

cx0 � w0b (6�2)

"CU= C@=F smL w
:CU= xOW x�=Q= ?r]t u}= Q} R Q=Owtv QO

�
-u ur r

w0b cx0

�1�2� pmW
:CU= Q} R |xawtHt |=Q@ q=@ u=Qm l} cx 'x 2 SP Qy <=R=x@ xm O} wo|t =t x@ jwi x}[k

HD = fwb j w 2 SDg

h} QaD Q} R CQwYx@ xm Hp |xawtHt |=Q@ u}�=B u=Qm l} wb 'w 2 SD |=Q@ u}vJ sy
:OW=@|t 'OwW|t

Hp = fcx j x 2 SP g
"OOQo|t GQO ,q}P xm OOQo|t O}=a |tyt Q=}U@ G}=Dv |D}r;wO h}a[ x}[k R=

w p=t}=QB |xv}y@ x0 x=ou; cx0 = w0b w w0 2 SD w x0 2 Sp Qo = "pw= |xH}Dv
"CU= p;wO |xv}y@ w0

: jwi |x}[k j@] "OW=@ SP R= |y=wNrO w[a x s}vm ZQi "u=yQ@
cx � w0b
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TB w0b = cx0 =t=
8x(x 2 SP =) cx0 � cx)

"CU= P |xr-=Ut xv}y@ x0 |va}
|R=Uxv}y@ p�=Ut QO ?r]t u}= "CU= D |xr-=Ut |xv}y@ w0 xm OQm C@=F u=wD|t ,=v}a

"OQ=O |O=} R Q=}U@ OQ@ Q=m
Qw]u}ty w CU= |vOWv D OW=@ xDW=O |y=vDt=v xv}y@ P |xr-=Ut Qo = "swO |xH}Dv

"CU= |vOWv P OW=@ xDW=O |y=vDt=v xv}y@ D Qo =
Qo = CQwYu}= QO OW=@ |vOW D w OW=@ xDW=O |y=vDt=v xv}y@ P O}vm ZQi "u=yQ@

:|DU}=@ w0 2 SD
w0b � �1

"CU= C=@F= p@=k Qo}O OQwt ,=v}a �#=QJ� "OQ=Ov u=mt= Qt= u}= xm
sRrDUt p�=Ut wO R= |m} uOw@ |vOWv =}; xm CU= u; O};|t V}B =Hv}= QO xm |r=wU
OwHw |DQwQ[ u}vJ xm CU= u; ?=wH #CU= |Qo}O �uDW=O |y=vDt=v xv}y@� uOw@ OwOLt=v

"CU= xOW x�=Q= ?r]t u}= Q} R p=Ft QO "OQ=Ov

:O} Q}o@ Q_vQO =Q Q} R p;wO w p=t}=QB p�=Ut "p=Ft 10�6�2
P : Min Z = �x1 �x2

s: t: x1 �x2 � 1
�x1 +x2 � 1

x1; x2 � 0

D : Max W = w1 +w2
s: t: w1 �w2 � �1

�w1 +w2 � �1
w1; w2 � 0
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-

6

6

-R

I

R

I

x2

x1

w1

w2
u

u

�2�2� pmW

:xm OOQo|t x_Lqt xr-=Ut wO Qy |vOW x}L=v xOvvm h} QaD |=yO}k sUQ =@

SP = �

SD = �

"OvQ=O |y=vDt |xv}y@ |xr-=Ut wO Qy x=ou; SD 6= � w SP 6= � Qo = "swU |xH}Dv

|y=vDt |xv}y@ =} CU= OwOLt=v =} OW=@ |vOW Qo = w |vOWv =} |vOW =} LPQy uwJ "u=yQ@
u}a "OQ=O |y=vDt |xv}y@ |va} 'CU= Q=O u=Qm sy w |vOW sy P TB � 6= SD uwJ "OQ=O

"Owtv u=}@D =@ x]@=Q QO u=wD|t =Q ?r]t
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1|D}r;wO |wkx}[k 7�2
OvQ=O |y=vDt |xv}y@ wO Qy 'OvW=@ |vOW wO Qy p;wO w p=t}=QB |xr-=Ut |va} D w P Qo =
w� w P |xv}y@ x� Qo = Qo}O CQ=@a x@ CU= |w=Ut wO Qy OwYkt `@=D |xv}y@ Q=Okt w

"s} Q=O 'OvW=@ D |xv}y@
w�b = cx�

"OvQ=O |y=vDt |xv}y@ xr-=Ut wO Qy x}[k \}=QW CLD xm s}O}O swU |xH}Dv QO "u=yQ@
|xv}y@ x� O}vm ZQi "OvDUy |w=Ut D w P |xv}y@ Q=Okt xm s}vm C@=F s}y=wN|t p=L
xr-=Ut Qo = s}Owtv C@=F xm O}vm xHwD� 'OW=@ u; Q_=vDt x}=B B Qo = TB "CU= P |xr-=Ut

:s} Q=O �OQ=O BFS xv}y@ l} xQ=wty 'OW=@ xDW=O |y=vDt |xv}y@
Ax� � b
x� � 0

j: Qy <=R=x@ w
zj � cj = w�aj � cj � 0 (�)

"CU= |U=U= |=yQ}eDt ?}=Q[ Q=OQ@ CB w w� = CBB�1 u; QO xm
:s} Q=O (�) R=

w�A � c
xr-=Ut pL QO "w� � 0 s}vm|t C@=F p=L "Ovm|t jOY p;wO |xr-=Ut |=yO}k QO w�TB

:CQwY |va} CU= xOW ^wLrt TmrBt}U VwQ =@ u; OQ=Ov=DU= CQwY P

Min z = cx+ 0 xs
s: t: Ax� Ixs = b

�xs x@ jraDt =yj |=Q@� s} Q=O (�) R= xO=iDU= =@ jwi |xr-=Ut QO
waj � cj = w(�ej)� 0 � 0 j Qy <=R=x@

1) Strong Duality Theorem
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:|va}
�wI � 0

:TB
w � 0

:s} Q=O |iQ] R= "OW=@|t p;wO |vOW ?=wH l} w� = cBB�1 xm CU= |vat u=O@ u}=w

Z� = (cB; cN )

 
B�1b

0
!

= CBB�1b = w�b = W �

"CU= C@=F smL w
:|xr-=Ut |=Q@

Min z(x) = cx

P : Ax � b
x � 0

:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut

Max W = wb

s: t: wA � 0 (7�2)

w � 0

p;wO xm O}vm xHwD "OvyO|t u=Wv HD x@ =Q u; w Ov} wo 1p;wO Tv=HDt sQi 7�2 xr-=Ut
G}=Dv j@] x=ov; 'OW=@ OwOLt=v HD Qo = u}=Q@=v@ "OQ=O =Q P |vOW x}L=v u=ty HD xr-=Ut
OwOLt=v |DU}=@ HD CQwYu}= QO 'OW=@ |vOWv P Qo = Tmar=@ "CU= |vOWv P QmPr=jwi
CQwYu}=Q}e QO xJ '�Ovm|t jOY HD |=yO}k QO w = 0 CU= |vOW HD =Q} R� OW=@
?=wH P |DU}=@ CQwYu}= QO |D}r;wO x}[k j@]� OW=@ xDW=O xv}y@ ?=wH |DU}=@ HD

"OOQo}t O}=a Q} R syt |xH}Dv TB CU= Zk=vD u}= xm 'OW=@ |vOW |va} OW=@ xDW=O xv}y@
1) Homogenous Form of Dual
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OW=@ OwOLt=v xr-=Ut p;wO Tv=HDt sQi Qo = \ki w Qo = CU= |vOWv p=t}=QB |xr-=Ut "xH}Dv
"Tmar=@ w

CUOx@ |D}r;wO QO =Q Q} R |U=U= w syt Q=}U@ |x}[k wO 'QmPr=jwi G}=Dv uOQ@ Q=mx@ =@
p=t}=QB xr-=Ut pL CyH QO =Q p;wO xr-=Ut xm OyO|t xR=H= =t x@ x}[k wO u}= "s} Qw;|t

"s} Qw; CUOx@ xr-=Ut wO Qy pL |=Q@ |tD} Q=or= u}vJty w s} Q@ Q=mx@

C=Q=@a R= |m} CUQO p;wO w p=t}=QB xr-=Ut uDW=O ^wLrt =@ "pw= x}[k 11�7�2
:OW=@|t jO=Y p}P

xOw@ w� xv}y@ ?=wH |=Q=O p;wO |xr-=Ut w x� xv}y@ ?=wH |=Q=O p=t}=QB |xr-=Ut "hr=
"cx� = w�b w

"OW=@|tv |vOW ?=wH |=Q=O |Qo}O OW=@ OwOLt=v p;wO =} p=t}=QB p�=Ut R= |m} Qo = "?
"OvDUy |vOWv xr-=Ut wO Qy "G

u=wD|t xm |R}J u} QDy@ "OW=@|tv uQ=kDt ,qt=m |D}r;wO xm OwW|t x_Lqt x}[k u}= R=
%xm CU= u; Cio

CU= xv}y@ |=Q=O D , CU= xv}y@ |=Q=O P
CU= |vOWv (P )D , CU= OwOLt=v (D)P

CU= |vOWv =} OwOLt=v (P )D , CU= |vOWv (D)P

CU= uoty sQi QO OwOLt=v (P )D , CU= |vOWv (D)P

`@=D |=Q@ OwOLt=v Q=Okt uDW=O |vat x@ OwOLt=v w CU= |y=vDt xv}y@ |vat x@ xv}y@ q=@ QO
"OW=@|t OwYkt
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=Q (D) w (P ) |xr-=Ut ,=OOHt 1 O�=R ptmt |x}[k"swO |x}[k 12�7�2
: O} Q}o@ Q_vQO Q} R CQwYx@

P : Min z = cx

s: t: Ax � b
x � 0

D : Max W = wb

wA � c
w � 0

:CWwv Q} R |=yCQwYx@ u=wD|t =Q QmPr=jwi p�=Ut |mtm |=yQ}eDt uOwtv xi=[= =@

Min z = cx

s: t: Ax� u = b (8�2)

x; u � 0
Max W = wb

s: t: wA+ v = c (9�2)

w; v � 0

:s} Q=O OvW=@ 9�2 xv}y@ ?=wH (w�; v�) w 8�2 xv}y@ ?=wH (x�; u�) O}vm ZQi

Ax� � u� = b

w
w�A+ v� = c

1) Complementary slackness Theorem
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R= =Q |rw= pY=L w s}vm ?Q[ x� QO CU=Q R= =Q swO w w� QO AJ =Q pw= x=oDUO Qo =
: s} Q=O s}vm sm |twO

(�1) w�Ax� � w�u� = w�b
w�Ax� + v�x� = cx�

w�u� + v�x� = cx� � w�b = 0

: TB �w�b = cx� xm s}Owtv C@=F ,q@k�

w�u� + v�x� = 0

: TB 0 � v�x� w 0 � w�u� xmu}= x@ xHwD =@

w�u� = 0) w�i u�i = 0 i = 1; : : : ;m
v�x� = 0) v�jx�j = 0 j = 1; : : : ; n

:s} Q=O (i = 1; : : : ;m) vi = xn+i w vj = wm+j (j = 1; : : : ; n) s}yO Q=Qk Qo =
x1 ; : : : ; xn xn+1 ; : : : ; xn+m

l l l l
wm+1 ; : : : ; wm+n w1 ; : : : ; wm
k k k k
0 0 0 0

(10�2)

:|va}

xjwm+j = 0 j = 1; : : : ; n
wixn+i = 0 i = 1; : : : ;m (11�2)

QO u; Q_=vDt O}k 'OW=@ C@Ft p�=Ut R= |m} QO |Q}eDt Qo = xm OwW|t xH}Dv 11�2 R=
'OW=@v �Pi=v� nvD xv}y@ ?=wH QO O}k Qo = w �OW=@|t nvD� OW=@|t p=ai |Qo}O |xr-=Ut

"OW=@|t QiY Qo}O p�=Ut QO u; Q_=vDt Q}eDt
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�#=QJ� "CWwv Q} R CQwYx@ u=wD|t =Q 11�2

w�(Ax� � b) = 0
(c� w�b)x� = 0 (12�2)

"OW=@|t QmPr=jwi ?r]t u=}@ 12�2 \@=wQ xm
= @ xj Q } e D t 'OR= U| t \w @ Q t s yx @ =Q x r-= U t wO |= yQ } e D t jw i ? r ] t

"Ovt=v|t ptmt |=yGwR =Q (i = 1; : : : ;m) wi =@ xn+i w (j = 1; : : : ; n) wm+j

�CU= D p;wO w p=t}=QB P Ck}kL QO � O} Q}o@ Q_vQO =Q Q} R p�=Ut "p=Ft 13�7�2
"O} Qw; CUOx@ =Q p=t}=QB |xv}y@ ?=wH 'p;wO |xr-=Ut pL =@O�=R ptmt |x}[k uOQ@ Q=mx@ =@

P : Min Z = 2x1 + 3x2 + 5x3 + 2x4 + 3x5

s: t: x1 + x2 + 2x3 + x4 + 3x5 � 4
2x1 � 2x2 + 3x3 + x4 + x5 � 3
xj � 0 j = 1; 2; : : : ; 5

D : Max W = 4w1 + 3w2

s: t: w1 + 2w2 � 2
w1 � 2w2 � 3
2w1 + 3w2 � 5
w1 + w2 � 2
3w1 + w2 � 3
w1; w2 � 0
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p;wO|xr-=UtpL�2�3�pmW
"s}vm|t pL |t}UQD CQwYx@ =Q xr-=Ut u}= 'OW=@|t Q}eDt wO |=Q=O p;wO xmu}= x@ xHwD =@
CU= CQ=@a xr-=Ut xv}y@ ?=wH "CU= xOW xO=O u=Wv �2�3� pmW QO xr-=Ut |t}UQD pL
3 xmu}= x@ xHwD =@ 'Ow@ Oy=wN w� = 5 =@ Q@=Q@ OwYkt `@=D Q=Okt w w�2 = 35 w w�1 = 45 R=
x2 = x3 = x4 = 0 TB OvQPo|tv xv}y@ x]kv R= �4� w �3� '�2� O}k |va} =yO}k R= =D

:|va} OW=@ nvD |DU}=@ swO w pw= O}k TB 0 < w�2 w w�1 > 0 uwJ8>><>>:x
�1 + 3x�5 = 4

2x�1 + x�5 = 3
OwQ|t Q=_Dv= xm|Qw]u=ty w x�5 = 1 w x�1 = 1 OOQo|t pY=L x=oDUO u}= R= xm

"O}OQo pY=L p=t}=QB ?=wH 'p;wO |xv}y@ ?=wH R= xO=iDU= =@ u}=Q@=v@ "Z� = 5 = W �

|xr-=Ut xm Oy=wN|t =tW R= '=tW |=tvy=Q xm O}vm ZQi 1=tvy=Q pY= 14�7�2
=Q |tD} Q=or= Qy w O}vm pL QDw}Bt=m =} CUO =@ =Q p�=Ut 'O}v=wD|t =tW "O}�=tv pL =QD w P
1) The Supervisor Principle
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|=tvy=Q "O}vR@ TOL =Q ?=wH 'CU= umtt |DL 'O} Q@ Q=mx@ p�=Ut pL |=Q@ O}W=@ p}=t xm
O}yO|t u=Wv u=W}= x@D |=Q@ w� w P |=Q@ x� =y?=wH |Dkw w OW=@|t l =mW Q=}U@ sO;
pw@k =Q =tW |=aO= w= 'OvW=@|t p;wO w p=t}=QB xv}y@ |=y?=wH ?}DQD x@ xm O}vm|t =aO= w
CQ=@a OyO s=Hv= O}=@ =tvy=Q xm xJu; "O}=tv |UQQ@ =Q ?r]t ,=YNW OwN 'xmu}= Qot Ovm|tv
Q=QkQ@ \QW xU u}= Qo = #xv =} cx� = w�b w D |vOW w� w P |vOW x� =}; 'xmu}= R= CU=
|xv}y@ Ck}kL QO w� w P |xv}y@ ,=ak=w x� xm Ovm|t u}t[D |D}r;wO h}a[ x}[k 'OW=@
"OwW|t xO}t=v P p;wO w p=t}=QB GwR |=Q@ =tvy=Q pY= u=wva CLD ?r]t u}= "OW=@|t D
=}; xm CU= u; uOwtv lJ |=Q@ VwQ u} QD`} QU '|R=Uxv}y@ p�=Ut |=Q@ =tvy=Q pY=
|=tvy=Q pY= l} |D}r;wO h}a[ x}[k "OW=@|tv xv}y@ =} OW=@|t xv}y@ xOW xO=O ?=wH
|xU}=kt QO "O}=tv|t sy=Qi |]N |R} Qxt=vQ@ p�=Ut p;wO � p=t}=QB GwR |=Q@ ?U=vt Q=}U@
\}=QW u=wD|tv xm ?OLt Q}e |R=Uxv}y@ w K}LY |R} Qxt=vQ@ p�=Ut C}a[w =@ ?r]t u}=
x@ |ov}y@ uOwtv lJ CyH ?U=vt |=tvy=Q pY= u; |=v@t Q@ =D O=O x�=Q= |@ wN |ov}y@
pY= OwHw '|]N |R} Qxt=vQ@ xr-=Ut syt X=wN R= |m} xm OOQo|t x_Lqt "OQw; CUO
xv=iU=Dt |rw O}OQo x�=Q= u; p;wO � p=t}=QB GwR |=Q@ xm OW=@|t xO=U Q=}U@ w `} QU |=tvy=Q

"OW=@|tv umtt |Q=R@= u}vJ x@ uO}UQ |R=Uxv}y@ p�=Ut R= |Q=}U@ |=Q@

1x}=B l} |vOW p;wO 8�2
:OW=@|t Q} R CQwYx@ 'OOQo|t pL TmrBt}U VwQ =@ xm Lp xr-=Ut

Min z(x) = cx

s: t: Ax = b (13�2)

x � 0

|x@DQt R= CU= |U} QD=t A u; QO xm �|]N |R} Qxt=vQ@ |xr-=Ut OQ=Ov=DU= CQwY QO�
|U=U= Q}eDt Q=OQ@ w xOw@ jwi |xr-=Ut |=Q@ x}=B BO}vm ZQi "rank(A) = m w m� n
1) Dual Feasibility of a Basic
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'w = cBB�1 CWPo xJu; x@ xHwD =@ "OW=@ OwYkt `@=D QO xB ?�=Q[ cB w xB u; Q_=vDt
:CWwv Q} R CQwY x@ u=wD|t =Q q=@ |xr-=Ut "OW=@|t u; Q_=vDt p;wO ?=wH

Min z(x) = cBxB + cNxN

P : BxB +NxN = b

xB ; xN � 0

Max W = wb

D : wb � cB
wN � cN
O=R; w

:OOQo|t pY=L Q} R x=oDUO pL R= OW=@|t B Q_=vDt xm 13�2 |U=U= ?=wJ8>><>>:xN = 0
BxB = b

xB = B�1b � 0 \QW QO jwi x=oDUO ?=wH Qo = \kiw Qo = CU= |vOW p=t}=QB x}=B w
:x=oDUO pL R= B x}=B Q_=vDt p;wO ?=wH w O}=tv jOY

wB = cB (14�2)

?=wH u}= xmu}= Qot 'OW=@v |vOW CU= umtt 14�2 x=oDUO p;wO ?=wH "OOQo|t O}=a
Qo = CU= p;wO |vOWx}=B B w |vOW p;wO ?=wH u}= "O}=tv jOY p;wO |xr-=Ut |=yO}k QO

wN � cN
wA � c |=yO}k QO ?=wH u}= w w = cBB�1 Qo = CU= |vOW p;wO x}=B l} B 'wQu}= R=

:|va} "Ovm jOY
[c� (cBB�1)A] � 0
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x}=B x@ C@Uv� CU= Lp u}= QO |@Uv ?}=Q[ Q=OQ@ �c = c� (cBB�1)A xmu}= x@ xHwD =@
|@Uv ?}=Q[ Q=OQ@ Qo = \kiw Qo = CU= |vOW p;wO 13�2 Lp |=Q@ x}=B l} u}=Q@=v@ "�B
VwQ O}�=tv xHwD CU= p=t}=QB TmrBt}U QO |ov}y@ \QW u=ty u}= w "OW=@ |ivt=v u;
VwQ u; x@ s}Owtv C@LY u;=@ x]@=Q QO xDWPo pwYi QO |va} p=Lx@ =D xm |UmrBt}U
"CiQo Oy=wN Q=Qk EL@ OQwt pYi u}ty QO p;wO TmrBt}U VwQ "Ov} wo p=t}=QB TmrBt}U
u; =@ Q_=vDt |U=U= Q=OQ@ xB w xv}y@ |x}=B l} 13�2 |xr-=Ut |=Q@ B Ovv=t |=x}=B u}=Q@=v@

"OvW=@ |vOW p;wO sy w p=t}=QB sy =yu; Qo = \kiw Qo = CU= xv}y@ |U=U= Q=OQ@
QO =D OwQ|t wrH w O}=tv|t ẁQW |vOW p=t}=QB x}=B l} R= p=t}=QB TmrBt}U VwQ
|t=tD u}=Q@=v@ "�|y=vDt xv}y@ uDW=O CQwY QO�O}=tv jOY R}v uOw@ |vOW p;wO \QW
Ck}kL QO "OvW=@|tv |vOW p;wO |�=yv pwOH Q_=vDt x}=B RH TmrBt}U pwOH |=yx}=B

"O@=}|t xtD=N Q=m 'Ot; CUOx@ p=t}=QB TmrBt}U VwQ QO |vOW p;wO x}=B l} |Dkw

"p;wO |xr-=Ut R= |QDW}@ |O=YDk= Q}UiD 15�8�2
:O} Q}o@ Q_vQO Q} R CQwYx@ =Q u; p;wO |]N |R} Qxt=vQ@ |xr-=Ut

P : Min Z = cx

s: t: Ax � b (15�2)

x � 0

D : Max W = wb

s: t: wA � c (16�2)

w � 0

u; Q_=vDt Ct}k Q=OQ@ 'CB w xOw@ p=t}=QB |xr-=Ut |=Q@ |xv}y@ |x}=B l} B O}vm ZQi
|=yQ}eDt T}Ov= xawtHt R Qo = "CU= uox@DQ}e x� |va} 'B Q_=vDt BFS O}vm ZQi "OW=@
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:s} Q=O �R � f1; : : : ;m+ ng |va} �OW=@ |U=U=Q}e
z = CBB�1b�X

j2R
(zj � cj)xj = w�b�X

j2R
(zj � cj)xj (17�2)

xm|Qw]x@ �|ivt =} C@Ft�s}yO Q}}eD |QOk =Q O}k u}t=i CU=Q CtU Q=Okt |va} bi Qo =
Q=Okt z� Qo = w �#=QJ� CU= xv}y@ xOt; CUO x@ ?=wH 'Ov=t@ |k=@ |vOW pY=L ?=wH

: s} Q=O 'B�1 s=i uwDU B�1
i w OW=@ OwYkt `@=D |xv}y@

@Z�
@bi

= w�i = cBB�1
i (18�2)

|va}�OW=@|t bi V}=Ri= R= OL=w l} <=R=x@ OwYkt `@=D xv}y@ Q=Okt C=Q}}eD u=R}t w�i u}=Q@=v@
xmu}= ZQi =@ "Ovm|t Q}}eD w�i |xR=Ov= =@ OwYkt `@=D OwW|t bi + 1 x@ p}O@D bi |Dkw
|vOW ?=wH xmu}= x@ xHwD uwO@ w Ovv=t|t |k=@ QiY K]U QO |U=U=Q}e |=yQ}eDt |t=tD
p}O@D bi Qo = w Ov=t|t |k=@ C@=F =} O@=}|t V}=Ri= z� TB w�i � 0 uwJ "�xv =} Ov=t |k=@

"Ov=t|t C@=F =} O@=}|t Vy=m z� OwW bi � 1 x@
:Owtv pqODU= u=wD|t R}v Q} R CQwYx@ =Q z� V}=Ri= =} Vy=m "xHwD

z�O}OH = w�bO}OH = w�

0BBBBBBBB@
b1
...

bi � 1
...

bm

1CCCCCCCCA = w�

0BBBBBBBB@
b1
...

bi
...

bn

1CCCCCCCCA� w
�

0BBBBBBBB@
0
...

1
0
...

1CCCCCCCCA
z�O}OH = z�s}Ok 6= w�i

^wLrt CU=Q CtU `@=vt Q=OQ@ |=Q@ 1x}=U Ct}k u=wva x@ =Q w� u=wD|t |O=YDk= Q_v R=
w OW=@ i pwYLt R= bi xR=Ov= x@ pk=OL =[=kD V}=tv O}k u}t=i Qo = 'K}[wD |=Q@ "CW=O
|i=[= OL=w l} O}rwD |xv} Ry V}=Ri= wi CQwYu}= QO 'O}rwD |rm xv} Ry xOvyO u=Wv cx
OL=w O}rwD |=Q@ xm CU= 2|}=y@ u} QDxv=iYvt wi QDj}kO CQ=@a x@ "OW=@|t i pwYLt R=
1) Shadow Price 2) Fair Price
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"OOQo|t CN=OQB i pwYLt R= |i=[=
s}y=wN|t w s} Q=O Q=}DN= QO bm; : : : ; b1 Ovv=t |a@=vt xm O} Q}o@ Q_vQO |rm Cr=L QO
s=j pwYLt R= OL=w l} O}rwD R= pY=L OwU xm s}vm O}rwD n; : : : ; 2; 1 Ovv=t |DqwYLt
'OwW st} Rm =t |rm OwU xm OOQo O}rwD CqwYLt |DU}=@ CQwY xJ x@ "OW=@|t cj =@ Q@=Q@
QO xm OW=@|t s=i `@vt R= |Q=Okt (j = 1; : : : ; n; i = 1; : : : ;m)aij xmu}= ZQi =@
:Owtv xrwtQi Q} R CQwYx@ u=wD|t =Q xr-=Ut "OOQo|t hQYt s=j pwYLt R= OL=w l} O}rwD

Max Z =
X

cjxj

s: t:
X

aijxj � bi i = 1; : : : ;m (��)
xj � 0

�"OW=@|t s= j pwYLt O}rwD K]U xj�
OL=w Qy Ct}k =@ ?}DQDx@ =Q =tW bm; : : : ; b1 `@=vt "OOQo|t x�=Q= Q} R CQwYx@ |O=yvW}B
=t 'O}WwQi@ =t x@ =Q `@=vt x}rw= O=wt CqwYLt VwQi |=Hx@ =tW "s} Q=O} QN wm; : : : ; w1
QDtm =tW s=j pwYLt O}rwD OwU R= `@=vt VwQi C@=@ =tW |Di=} QO pwB xm s}vm|t u}t[D

:CU= CQwYu}= x@ O=yvW}B Qo}O CQ=@a x@ Ow@ Oy=wNv
mX
i=1

wiaij � cj j = 1; : : : ; n

wi � 0 i = 1; : : : ;m (�)

uDiQo Q_v QO =@ V=|DN=OQB pwB xm CU= |}=yw uDi=} p=@vO x@ xOvyOO=yvW}B p=L u}a QO
:CU= Q} R xr-=Ut pL p=@vO Qo}O CQ=@a x@ "OwW u} QDtm (�) |=yO}k

Min W =
mX
i=1

wibi

s: t:

8>><>>:
Pm

i=1 aijwi � cj j = 1; : : : ; n
wi � 0 i = 1; : : : ;m
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"OW=@|t (��) |xr-=Ut p;wO xr-=Ut u}= xm
Ct}k Ck}kL QO 'x}=U Ct}k "OW=@ x}=U Ct}k |xOvyO u=Wv wi O}vm ZQi 'j@=U Ovv=t
|=yCt}k |O=YDk= Q}UiD syt Q=}U@ xDmv l} x@ =Hu}= QO OW=@|t OwHwt `@=vt xv=iYvt
O}rwD |=Q@ u=wDv xv}y@ ?=wH QO =Q i `@vt |t=tD Qo = xm CU= u}= u; w s}�=tv|t xQ=W= x}=U
u; Q_=vDt x}=U Ct}k w Ow@ Oy=wNv nvD xv}y@ x]kv QO u; Q_=vDt O}k Ck}kL QO 'OQ@ Q=mx@
Oy=wNv xOvvmO}rwD |=Q@ |O}=a `@vt u}= QO V}=Ri= ẁv Qy Qo}O CQ=@a x@ 'Ow@ Oy=wN QiY

�O}vR@ OQwt u}= QO p=Ft OvJ� "CW=O

1|vox@D CLD x}=U |=yCt}k 9�2
\rUD w j}ta lQO "s} Qw;|t OW=@|t EL@ u}= R=}v OQwt xm =Q |@r=]t EL@ ẁQW R= p@k
=Hu}= QO =yvD xv ?r=]t xm s} wW|t Qw;O=} "OOQo|t x}YwD ,=O}m = ?r=]t pqODU= xwLv Q@

"OQ=O OQ@ Q=m |R=Uxv}y@ |=yxv}tR R= |Q=}U@ QO xmr@

: f Ovv=t CU= |a@=D u}i; `@=D "h} QaD 16�9�2

f : Rn �! R

:OwW|t h} QaD Q} R CQwYx@ xm

f(x) = f(x1; : : : ; xn) = c0 +
nX
j=1

cjxj = c0 + cx

: s}vm ZQi "�O}vm C@=F� Qakt sy w CU= ?OLt sy u}i; `@=D xm OQm C@=F u=wD|t |DL=Qx@

fi(x) = ci0 +
nX
j=1

cijxj (i = 1; : : : ; k)

1) Shadow Price Under Degeneracy 2) Pointwise Maximum

     irmgn.ir



80 |]N |R} Qxt=vQ@ QO |D}r;wO 2 pYi

`@=D w 2 st} Rm =t |=x]kv `@=D OW=@ ?OLt S w fi : S �! R w OW=@ |v}i; `@=D k
: x 2 S Qy <=R=x@ OwW|t h} QaD Q} R CQwYx@ 1 st}v|t |=x]kv

f(x) = Max1�i�k(fi(x))

g(x) =Min1�i�k(fi(x))

|QYDNt =@ xOW |UQQ@ ?r=]t u}a "s}yO|t Q=Qk EL@ OQwt =Q st} Rm =t |=x]kv `@=D
w f X=wN |rm u=}@ R= p@k Owtv |UQQ@ u=wD|t =Q st}v|t |=x]kv `@=D =@ x]@=Q QO C=Q}}eD

"OOQo|t x�=Q= ?r]t uOW uWwQ CyH QO |r=Ft ,q}P g

-

6
A

B C

D

0

A0
B0

C 0

D0

y0

y

xx0

c0 + c0x

c20 + c2x6

	

f(x)

g(x)

c30 + c3x

c40 + c4x

�2�4�pmW
w AB \Ns}v |xr}Uw x@ QwLt |q=@ QO st} Rm =t |=x]kv |va} f(x) `@=D 2�5 pmW
A0B0 \Ns}v |xr}Uw x@ st}v|t |=x]kv |va} g(x) `@=D w CD \Ns}v w BC \NxQ=B
CU=O}B pmW u}= R= xm|Qw]u=ty "CU= xOW xO=O u=Wv C 0D0 \Ns}v w B0C 0 \NxQ=B
C=@F= |rm Cr=L QO =Q ?r]t u}= xm Qakt CU= |a@=D g(x) w ?OLt CU= |a@=D f(x)

xm CU= K}LY |v=tR u}= xD@r=� "OvW=@|t 2 |]N xa]kxa]k `@=D wO Qy "Owtv s}y=wN
1) Pointwise Minimum 2) Piecewise Linear
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"�OvW=@ |v}i; =yfi

"?OLt CU= |a@=D st} Rm =t |=x]kv |va} f(x) `@=D "x}[k 17�9�2
: s} Q=O � 2 (0; 1) Qy w S R= x2 w x1 Qy <=R=x@ s}vm C@=F O}=@ "u=yQ@
f [�x1 + (1� �)x2] � �f(x1) + (1� �)f(x2)

:xH}DvQO x 2 s TB CU= ?OLt S uwJ �x1 + (1� �)x2 = x s}yO|t Q=Qk
f(x) = max1�i�k(fi(x)) = max1�i�k[c

i0 + cix]

: TB "ODi=|t j=iD= h Ovv=t |U}Ov= QO jwi st} Rm =t s}vm ZQi
f(x) = ch0 + chx

: s} Q=O pqODU= u}ty =@
f(x1) = cl0 + clx1 � ch0 + chx1 �#=QJ� (a)

f(x2) = cs0 + csx2 � ch0 + chx2 �#=QJ� (b)

: s} Q=O s}vm|t `tH sy =@ w xOwtv ?Q[ (1� �) w � QO ?}DQDx@ =Q (b) w (a) u}iQ]
�f(x1) + (1� �)f(x2) � �(ch0 + chx1) + (1� �)(cs0 + cs0x2)

=}
�f(x1) + (1� �)f(x2) � ch0 + chx = f(x)

: |va}
f(x) � �f(x1) + (1� �)f(x2)

fd�x1 + (1� �)x2e � �f(x1) + (1� �)f(x2)

�O}vm C@=F� "Qakt CU= |a@=D g(x) xm OQm C@=F u=wD|t ,=v}a "CU= C@=F smL
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"|]N xa]kxa]k CU= |a@=D 'st} Rm =t |= x]kv |va} f(x) `@=D "x}[k 18�9�2
|va} S Qo = xm s}vm C@=F O}=@ "CU= |]N xa]kxa]k `@=D l} xmu}= C=@F= |=Q@ "u=yQ@

:OwW R=Qi= Q} R CQwYx@ `@=D h} QaD xRwL
S = �1

[
�2
[
: : :
[

�r

:u; QO xm
�i
\

�j = 0 ; (j = 1; : : : ; r)�j 6= 0
1

(j = 1; : : : ; r)�j : R= x2 w x1 Qy <=R=x@ Qo = x=ou; �i 6= j |=Q@�
f(x1) = cs0 + csx1

f(x2) = cs0 + csx2

: s}W=@ xDW=O O}=@ x = �x1 + (1� �)x2w

f(x) = cs0 + csx (0 < � < 1)

-

6

-�

-9-�-y x1x x2

�1 �2 �3

A

B C

D
f(x)

x

f(x)

S�1

�
6

cs0 + cs0x2

cs0 + csx1

6
cs0 + csx

rrr
�2�5�pmW

u} QD|rwY= R= 'Ovvm C@=F w xDiQo CUOx@ srk OwW|t xDU=wN xOvv=wN R= xm =Q |@r=]t �"syt�xHwD �1
"OW=@|t VRwt; CQwQ[ R= =yx}YwD u}= x@ xHwD wQu}= R= "CU= |Q}oO=} VwQ
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"CU= xOW p}mWD CD w BC w AB \NxQ=B xU R= f(x) `@=D �2�6� pmW
:s}vm ZQi

f(x) = ch0 + chx

"h = s Qo =
:s}W=@ xDW=O O}=@ h 6= s Qo = "CU= C@=F smL CQwYu}= QO

�hrN ZQi�

f(x) = ch0 + chx > cs0 + csx

= �cs0 + (1� �)cs0 + cs[�x1 + (1� �)x2]

= �[cs0 + csx1] + (1� �)[cs0 + csx2]

> [ch0 + chx1] + (1� �)[ch0 + chx2]

= ch0 + ch[�x1 + (1� �)x2] = ch0 + chx = f(x)

w p]=@ hrN ZQi TB "CU}v umtt u}= |wk E}rFD pY= j@] w f(x) > f(x) |va}
"CU= C@=F smL

`@=D l} f(x) = Max1�i�k(fi(x))'OvW=@ |v}i; =yfi xm|DQwYQO s}OQm C@=F |va} TB
"CU= ?OLt w |]N xa]kxa]k

"OW=@|t |]N xa]kxa]k `@=D g(x) `@=D \}=QW u=ty CLD xm OQm C@=F u=wD|t ,=v}a
"s} R=OQB|t |vox@D CLD x}=U |=yCt}k |UQQ@ x@ C=tOkt u}= =@ �"O}vm C@=F�

=Q Ov=xOW xO=O 16�2 w 15�2 QO xm|DQwYu=ty x@ D p;wO w P p=t}=QB |xr-=Ut p=L
jDWt xm|v=tR =D "OW=@|t CUO QO uox@D xv}y@ ?=wH l} xm O}vm ZQi w O} Q}o@ Q_vQO
xm|r=LQO �jDWt R= |rwtat swyit x@� 'Ov=t@ |k=@ w�i 'bi x@ C@Uv 17�2 |xrO=at QO Z
umtt 'OvwW xDW=Oxov OwN |vwvm K]U QO �j 2 R� =yxj w �k 6= i� w bk =yQDt=Q=B |t=tD
?=wH w u}OvJ CU= umtt xmu}= K}[wD� "OW=@v |ak=w x}=U Ct}k xOvvmTmavt CU=
Q@Dat CU= umtt 18�2 xrO=at |va} �"OyO|t =Q =yu; R= |m} jDWt w OvW=@ p;wO xv}y@

     irmgn.ir
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Q}PBjDWt `@=D bi ?ULQ@ CU= umtt z� 'O}O s}y=wN ,=Oa@ xm|Qw]u=ty 'Ck}kL QO "OW=@v
|vOWv =Q OwHwt xv}y@ |x}=B "CU= umtt bi QO |�RH ?wW; l} 'Qo}O CQ=@a x@ "OW=@v

"OW=@ R=}v OQwt x}=B QO Q}}eD xm O}=tv
|xr-=Ut xm|Qw]x@ 'CU= |vOW 16�2 QO D |xr-=Ut xm s}vm ZQi 'QDj}kO CQ=@a x@
?ULQ@ OwYkt `@=D xv}y@ Q=Okt z�(bi) Qo = "OW=@|tv OwOLt=v b Q=OQ@ Q=Okt Qy <=R=x@ P
'Ov=t|t |k=@ |vOW P w Ovm Q}}eD x}L=v QO bi xm|v=tR =D 'OwW ZQi bi CU=Q CtU QDt=Q=B
=@ w OQ=O |y=vDt xv}y@ ?=wH D TB 'CU= |vOW p=t}=QB w |vOW p;wO xmu}= x@ xHwD =@

:|va} 'OW=@|t |U-=Q xv}y@ |=Q=O D 'xOW C@=F |=}=[k x@ xHwD
D w P lQDWt xv}y@ Q=Okt = w� = z�(bi) = Maxfwjb; j = 1; : : : ; Eg

D |xr-=Ut |vOW x}L=v |U-=Q \=kv |xawtHt fw1; w2; : : : ; wEg = k u; QO xm
"OW=@|t

: TB

z�(bi) = Maxf(wj1; : : : ; wjm)

0BBBBBBBB@
b1
...

bi
...

bm

1CCCCCCCCA j (wj1; : : : ; wjm) 2 kg

=}
z�(bi) = Maxfwji bi +

mX
l 6=i
l=1

wjl bl j wj 2 kg

z�(bi) = Maxfwj0 + wji bi j j = 1; : : : ; Eg

u; QO xm
wj0 =

mX
I=i
I 6=i

wiIbI
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TB w j |=Q@ CU= |D@=F Q=Okt
(j = 1; : : : ; E) fj(bi) = wj0 + wji bi

z � (bi) = Max1�j�E
[fj(bi)] (19�2)

w ?OLt s}OQm C@=F xm OW=@|t st} Rm =t |=x]kv `@=D l} z�(bi) CWPo xJu; x@ xHwD =@
"CU= |]N xa]kxa]k

u; QO xm F Ovv=t CU= |yHw OvJ l} OQ=O|txov |vOW =Q P xm |=x}L=v O}vm xHwD
u}= Q@ ZQi =Q} R 'D |vOW x}L=v xOvwWQwO |U-=Q |=yCyH |t=tD |=Q@ bd < 0 x}L=v

"OW=@ OwOLt=v Ov=wD|tv D TB CU= |vOW P xm CU=
w "CU= F u; h} QaD xRwL xm OW=@|t st} Rm =t |=x]kv `@=D l} z�(bi) |Ov@`tH QO
|rwRv=v `@=D l} z�(bi) `@=D TB Ovm|t QDnvD =Q P |vOW x}L=v bi V}=Ri= xmu}= x@ xHwD =@

"Ovm|t =O}B V}=Ri= =} Ov=t|t C@=F =} z�(bi) 'bi V}=Ri= =@ |va} &OW=@|t bi ?ULQ@
&CU= xOW p}mWD |v}i; `@=D Q=yJ R= pmW u}= "OwW x_Lqt 2�7 pmW K}[wD |=Q@

"CU= xOW xO=O u=Wv u; QO p;wO |vOW x}L=v |U-=Q \=kv xm

-

6

r
rr
r

z�(bi)

bi

w3w4

w2
w1

�2�6�pmW
z�(bi) x]kv u}= QO �1 = bi O} Q}o@ Q_vQO "CU= xOW xO=O bi R= |a@=D u=wva x@ z� C=Q}}eD
x]kv QO =t= "OQ=O 18�2 =@ pt=m |Q=oR=U xm @z�

@bi = w2
i Ck}kL QO 'OW=@|t Q}PBjDWt
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xHwD "OQ=O xQo x]kv u}= QO z�(bi) Qo}O CQ=@a x@ 'OW=@|tv Q}PBjDWt z�(bi) '�2 = bi

'OW=@|t w4 'w3 'w2 xv=oOvJ |xv}y@ ?=wH |=Q=O p;wO |xr-=Ut bi = �2 |=Q@ xm O}�=tv
u=wva CLD =Q ?r]t u}= "OW=@ xDW=O uox@D ?=wH xv}y@ QO p=t}=QB xm CU= u; sRrDUt u}= w

"s}vm|t C@=F Q} R |x}[k

"OW=@|t p=t}=QB QO |vox@D |ov}y@ sRrDUt p;wO xv=oOvJ |ov}y@ "x}[k 19�9�2

x@ "OW=@|t p=t}=QB uox@DQ}e xv}y@ x� w OQ=O xv=oOvJ ?=wH xv}y@ QO D O}vm ZQi "u=yQ@
'Card(s�D) > 1 xm |Qw]x@ OW=@ p;wO xv}y@ |=y ?=wH |xawtHt S�D Qo = Qo}O CQ=@a

: CQwYu}= QO

8w�(w� 2 S�D �! w�b = cx�)

|=yQ}eDt xv}y@ ?=wH w OW=@|t B x}=B =yvD Q_=vDt x� TB "OW=@ x� Q_=vDt xv}y@ x}=B B w
'OW=@|t ZQi hqN u}= w CU= OQix@ QYLvt xm O};|t CUOx@ wB = cB x]@=Q R= p;wO

"OW=@ uox@D x� |DU}=@ TB
"Owtv C=@F= =Q jwi ?r]t u=wD|t Qo}O VwQ x@

:O} Q}o@ Q_vQO =Q p;wO |=yO}k

=yv; Q_=vDt p=t}=QB |=yQ}eDt p;wO |=yO}k
x1 wa1 � c1
x2 wa2 � c2
...

...

xn wan � cn

u;QO xm OW=@ x� = (x�1; : : : ; x�m; 0; : : : ; 0) xm OQm ZQi u=wD|t u=}@ QO CrwyU |=Q@
xHwD =@ TB �"O}=tv|tv OQ=w |rrN pqODU= C}rm x@ ?r]t u}=� (j = 1; : : : ;m)x�j > 0
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: s}W=@ xDW=O O}=@ xv}y@ ?=wH QO O}=R ptmt |x}[k x@
w�1a1 = c1
...

w�mam = cm

:|va}
w�B = cB

"OW=@|t ZQi hqN u}= w CU= OQix@ QYLvt xm w� = cBB�1 OwW|t pY=L u; R= xm
"OW=@|t m R= QDtm QiY hr=Nt |=yxir-wt O=OaD xH}Dv QO "OW=@ uox@D x� |DU}=@ wQu}= R=
x� = (x�1; : : : ; x�q ; 0; : : : ; 0) s}vm ZQi xm OwW|tv OQ=w |rrN pqODU= C}rm x@ sy R=@
QO 'OW xDio xJu; x@ xHwD=@ xH}Dv QO " (j = 1; 2; : : : ; q) x�j > 0 u; QO xm OW=@|t

"OW=@|t xrO=at CQwYx@ p;wO R= Q} R |=yO}k |ov}y@
w�a1 = c1
...

w�aq = cq

Qo}O |=yuwDU R= m � q |DU}=@ x}=B p}mWD |=Q@ "rank[a1; : : : ; aq] = q xH}Dv QO
x� Q_=vDt =yx}=B u}=|t=tD xm 'OvyO x}=B p}mWD fa1; : : : ; aqgxm OvOQo ?=NDv= |DQwYx@
=yu; |oty xm OwW|t |Dw=iDt |=yx}=B Q_=vDt xv=oOvJ xv}y@ |=y?=wH u}=Q@=v@ "Ow@ Oy=wN
x� Qo = |va} "OW=@v jO=Y xQ=wty CU= umtt ?r]t Tma xm O}vm xHwD "CU= x� Q_=vDt
Bt; : : : ; B1 Qo = =Q} R "OQ=O xv=oOvJ xv}y@ p;wO xm CiQo xH}Dv u=wD|tv 'OW=@ uox@D xv}y@

: CU= umtt 'OvW=@ x� Q_=vDt |oty
w� = cB1B

�11 = cB2B
�12 = � � � = cBtB

�1
t

"O}�=tv xHwD Q} R p=Ft x@ OQwt u}= QO "OW=@ OQix@ QYLvt ?=wH l}
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�2�7� pmW

Min Z = �3x1
s: t: x1 � 7

x2 � 5
P : 5x1 +7x2 � 70

x1; x2 � 0

|x]kv w OW=@|t P |xr-=Ut xv}y@ BD \=kv |t=tD xm OOQo|t x_Lqt pmW x@ xHwD =@
=OD@= p;wO uDWwv |=Q@ "Ow@ Oy=wN u}vJ jwi |xr-=Ut p;wO "CU= uox@D |U-=Q ?=wH l} D

:s}vm|t ?Q[ ��1� OOa QO =Q =yO}k
Min Z = �3x1

s: t: �x1 � 7
�x2 � �5

�5x1 � 7x2 � �70
x1; x2 � 0

Max W = �7w1 �5w2 �70w3
s: t: �w1 �5w3 � �3

�w2 �7w3 � 0
w1; w2; w3 � 0
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:CU= u}vJ p=t}=QB OQ=Ov=DU= CQwY
Min Z = �3x1

s: t: x1 +x3 = 7
x2 +x4 = 5

5x1 +7x2 +x5 � 70
xj � 0 j = 1; 2; 3; 4; 5

xB x1 x2 x3 x4 x5 RHS

x3 1 0 1 0 0 7
x4 0 1 0 1 0 5
x5 5 7 0 0 1 70

zi � cj 3 0 0 0 0 z� = 0

xB x1 x2 x3 x4 x5 RHS

x1 1 0 1 0 0 7
x4 0 1 0 1 0 5
x5 0 7 �1 0 1 35

zi � cj 0 0 �3 0 0 z� = �21

x1 x2 x3 x4 x5

x1 1 0 1 0 0 7
x2 0 1 0 1 0 5
x5 0 0 �1 �7 1 0

zj � cj 0 0 �3 0 0 z� = �21

x}=B xm 'CU= uox@D ?=wH l} xm OW=@|t (7; 5; 0; 0; 0; ) = x� xr-=Ut |xv}y@ ?=wH
: s} Q=O x}=B u}= |=Q@ uwvm = B1 = [a1; a2; a5] u; Q_=vDt

w� = (w�1; w�2; w�3) = CBB�11 = (�3; 0; 0)

0BB@ 1 0 0
0 1 0
�1 �7 1

1CCA = (�3; 0; 0)

:s} Q=O 's}vm|t OQ=w =Q x4 'B2 x}=B |=Q@
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x1 x2 x3 x4 x5 RHS

x1 1 0 1 0 0 7
x2 0 1 � 1

7 0 1
7 5

x4 0 0 1
7 1 - 1

7 0
zi � cj 0 0 �3 0 0 z� = �21

B2 = [a1; a2; a4](w�1; w�2; w�3) = (�3; 0; 0)

0BB@ 1 0 0
�17 0 17
17 1 �17

1CCA = (�3; 0; 0)

"B3 = [a1; a2; a3] xm OwW|t xO}O |oO=U x@
'wB = CB R}v =Hv}= R=w

w� = (�3; 0; 0)

:OOQo|t x_Lqt
(�3; 0; 0) = cB1B

�11 = cB2B
�12 = cB3B

�13

:OwW|t xO}O |oO=U x@ ?r=]t R}v pmW |wQ R= =t= w
w1a1 = c

a1 = (1; 0)

c = (�3; 0)

w�1a1 = c) w�1 = �3
w�3 = 0 ; w�2 = 0

:u=ty p;wO xv}y@ |rw OW=@|t uox@D x� xm OOQo|t x_Lqt
w� = (�3; 0; 0)

CU}v uQ=kDt jwi C}Y=N TB "OQ=Ov xv=oOvJ xv}y@ p;wO |va}� CU= uox@D xD@r= xm � CU=
:OOQo|t u=}@ |Ov@`tH QO Q} R pmWx@ w
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"CU= uox@D p=t}=QB xv}y@ ?=wH OW=@ xDW=O xv=oOvJ xv}y@ p;wO Qo = "hr=
xv}y@ p;wO xm CiQo xH}Dv u=wD|tv "OW=@ xDW=O |vox@D xv}y@ ?=wH p=t}=QB Qo = "?
CtU jDWt� |iQ]l} Q=OCyH jDWt u=wD|t 18�2 xrO=at R= uwvm = "OQ=O xv=oOvJ
u; xm CU=Q CtU jDWt "Owtv h} QaDbi x@ C@Uv =Q z�(bi) �AJ CtU jDWt w CU=Q
'OyO|t u=Wv =Q bi QO V}=Ri= =@ x]@=Q QO z� QO C=Q}}eD u=R}t s}yO|t u=Wv @+z�

@bi =@ =Q
: |va}

@+z�
@bi

= Maxfwji CU= bi QO p;wO xv}y@ |U-=Q x]kv l} wj g (20�2)

|Dkw =Q z� QO C=Q}}eD |ivt Q=Okt 's}yO|t u=Wv @�z�@bi x@ =Q u; xm AJ CtU jDWt ,=v}a
: s} Q=O 18�2 xrO=at uDW=O ^wLrt =@ q=@ Ovv=t "OyO|t u=Wv Ovm|t =O}B Vy=m bi

@�z�
@bi

= Minfwji CU= bi QO p;wO xv}y@ |U-=Q x]kv l} wj g (21�2)

u}t=i Q_=vDt AJ CtU w CU=Q CtU x}=U |=yCt}k ?}DQDx@ 21�2 w 20�2 CqO=at R=
u}= QO OW=@ uox@DQ}e x� Qo = xm O}vm xHwD "OOQo|t pY=L CU=Q CtU Q=OQ@ |xir-wt

: CW=O s}y=wN u; R= w Ow@ Oy=wN w� x@ QYLvt p;wO |xv}y@ |U-=Q |x]kv CQwY

@+z�
@bi

=
@�z�
@bi

= w�i

"O}OQo QmP 18�2 |xrO=at QO xJu; Ovv=t

"p=Ft 20�9�2
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-

6 6

1

j

7
Y

�

? ?

s

s
s
s
x1 = 0

x2 = 0

x5 = 0 x3 = 0

x4 = 0

�a2

x� �c

�a0

0

�2�8� pmW
3 Q_=vDt xm OvW=@|t |mtm |=yQ}eDt x5 w x4 w x3 'n = 2 w m = 3 jwi pmW QO
x}L=v uwJ O}vm xHwD "OvW=@|t O}k 3 u}= |=yu=}O=Qo a3 w a2 w a1 "OvDUy xr-=Ut O}k
x@ �a3w �a2 w �a1 TB � i = 1; 2; 3 aix� bi � 0 |va}� Ax � b =[is}v |vOW
xr-=Ut pmW u}= QO "OQ=O |U=U= Q}eDt wO p;wO x}=B Qy xm O}vm xHwD "OvW=@|t GQ=N CtU
"OvW=@|t |w=UD CQwYx@ p;wO |=yO}k R= O}k wO TB "OQ=O x� OQix@ QYLvt xv}y@ ?=wH
QO xm w1a1 +wa2 = c =@ w1(�a1) +w2(�a2) CWwv u=wD|t pmW x@ xHwD =@
|vat u}O@ u}=w "OvOQo|t XNWt OQix@ QYLvt Qw]x@ w OvW=@|t C@Ft wO Qy w2 w w1 u;
w� = cBB�1 xm OQ=O OwHw p;wO |vOW x}L=v QO OQix@ QYLvt |U-=Q x]kv l} xm CU=
w5 w w4 w OvW=@|t |U=U=Q}e |=yQ}eDt w5 w w4 w w3 w |U=U= |=yQ}eDt w2 w w1�
OQix@ QYLvt 18�2 |xrO=at QO st} Rm =t uwJ �"OvW=@|t p;wO |=yO}k QO |mtm Q}eDt wO
OW=@|t xHwD p@=k @z�

@b3 = 0 w @z�
@b2 = w�2 > 0 w @z�

@b1 = w�1 > 0 s} Q=O u}=Q@=v@ 'CU=
:s} Q=O x� Q_=vDt pwOH QO xm

@z
@x3

= �(z3 � c3) = w3

x3 xm |DyH QO s}vm|t CmQL x4 = 0 u; QO xm |r=} O=ODt= QO |Dkw xm O}�=tv xHwD
CmQL u}= QO xm CU= K[=w �#=QJ� "Ovm|t =O}B V}=Ri= |=x}W=L Qw] x@ b1 'O@=}|t V}=Ri=
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CQwYx@ =Q �5�9� pmW p=L �#O=} R =} OwW|t sm � "O}=tv|t Q}}eD OwYkt `@=D xv}y@ Q=Okt
"O} Q}o@ Q_vQO Q} R

6

-
R

� �

- -

I

��
�

]
x4 = 0

x5 = 0

sx�
x3 = 0

�a2

�w11a2s
1 �w1a1
�a1

�c�a2

r

�2�9� pmW

x]kv u}= Q_=vDt xv}y@ x}=B wO w OW=@|t uox@D w CU= xr-=Ut OQix@ QYLvt |xv}y@ ?=wH x�
K}[wD ,=k}kO #=QJ� B2 = [a1; a2; a3] w B1 = [a1; a2; a4] R= OvDQ=@a xm OvQ=O OwHw
|xty xv}y@ |x]kv QO xm O}vm xHwD� �#=QJ� OW=@|tv |vOW p;wO [a1; a2; a5] x}=B O}yO
|k=iD= xJ TmrBt}U pwOH QO #CU}J Qt= u}= Cra �#l}t=Om � OvDU}v zj � cj � 0
l} B2w B1 |=yx}=B R= l} Qy �#s} wW|t wQ@ wQ jwi CQwYx@ |=xr-=Ut =@ |Dkw ODi=|t
W �1 = (w11; w12; w13) s} Q=O B1 |x}=B |=Q@ "OvyO|t CUOx@ p;wO xv}y@ |U-=Q |x]kv

: s} Q=O xm w13 > 0 w w2 > 0 w w11 > 0 u; QO xm

�w11a1 � w13a3 = �c

:s} Q=O B2 |x}=B |=Q@ w

�w22a2 � w23a3 = c
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w w23 > 0 u; QO xm w�2 = (w21; w22; w23)| {z }
w13<w23

& B2 : xm OOQo|t x_Lqt Ck}kL QO xm

:TB 'w21 > 0 w w22 > 0
@+z+

@b1 = w11 > 0 @�z
@b1 = 0 = w21

@+z
@b2 = w22 > 0 @z�

@b2 = 0 = w12
@+z
@b3 = w23 > 0 @�z

@b3 = w13 > 0
:Ow@ Oy=wN u}vJ jwi ?r=]t xYqN CWPo xJu; R=

|xir-wt Qo = CQwYu}= QO 'OW=@ p=t}=QB |xr-=Ut |=Q@ uox@DQ}e xv}y@ ?=wH x� Qo = �1
p;wO xv}y@ CQwYu}= QO 'Ov=t@ |vOW p=t}=QB xm Ovm Q}}eD |DQwYx@ bi |va} b s= i

"Ow@ Oy=wN OQix@ QYLvt
w� = cBB�1 = (w�1; : : : ; w�m)

w
@z�
@bi

= w�i i = 1; : : : ;m

OW=@|t uox@D p=t}=QB xv}y@ ?=wH CQwYu}= QO 'OW=@ xDW=O xv=oOvJ ?=wH p;wO Qo = �2
?=wH xm Bt; : : : ; B1 ,qFt 'Ow@ Oy=wN p=t}=QB xv}y@ |x]kv Q_=vDt x}=B u}OvJ w

R= Ow@ Oy=wN CQ=@a u; Q_=vDt p;wO |xv}y@
w�r = (w�r1 ; : : : ; w�rm ) = CBrB

�1
r r = 1; : : : ; t

syt
8>>><>>>:
@+z
@bi = Max1�r�tfw�ri g i = 1; : : : ;m
@�z
@bi = Min1�r�tfw�ri g i = 1; : : : ;m

T=mQ=i sr 10�2
x}YwD "OOQo|t QmP =Hu}= QO OQ=O |R=Uxv}y@ p�=Ut QO |v=w=Qi |=yOQ@ Q=m xm T=mQ=i sr
|=}=[k "Ov}=tv |QDW}@CkO |UOvy Q_v R= sy w |Q@H Q_v R= sy u=oOvv=wN xmCU= u; O}m =
"OW Oy=wN xO=iDU= pYi u}= QO =yu; R= xm OwW|t C=@F= T=mQ=i sr R= xO=iDU= =@ |Qo}O
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"OW=@|t ?=wH |=Q=O p}P |=yx=oDUO R= |m} \ki xm O} wo|t =tx@ T=mQ=i sr

I

8>><>>:Ax � 0
Cx < 0

II

8>><>>:wA = c

w � 0
"c 2 Rn w m� n |x@DQt R= CU= |U} QD=t A u; QO xm

=yQ}eDt (II) swO x=oDUO QO w (x1; : : : ; xn) = x =yQ}eDt (I) |rw= x=oDUO QO "u=yQ@
"OvW=@|t w = (w1; : : : ; wm)

x=oDUO x=ou; cx < 0 w Ax � 0 xm OW=@ OwHwt |x Qo = xm O} wo|t =t x@ jwi sr
x=ou; "w � 0 w wA = c xm OW=@ OwHwt |w Qo = w OQ=Ov ?=wH w � 0 w wA = c

?=wH =yu; R= |m} Qo = xm s}vm|t C@=F =OD@= "cx < 0 w Ax � 0 xm OwW|tv Ci=} |x
"CU= ?=wH |=Q=O w � 0 ' wA = c s}vm ZQi "CU}v ?=wH |=Q=O |Qo}O OW=@ xDW=O

"CU}v ?=wH |=Q=O cx < 0 'Ax � 0 xm s}vm C@=F s}y=wN|t
?=wH |=Q=O Cx < 0 w Ax � 0 x=oDUO s}vm ZQi "OW=@|t hrN u=yQ@ x@ C=@F=

: xm CU= |x0 |va} CU=

Ax0 � 0 ; cx0 < 0 (a)

:xm OQ=O OwHw |w0 |va} '?=wH |=Q=O ZQi j@] w � 0 w wA = c uwJ

w0A = c w0 � 0 (b)

:s} Q=O 's}vm|t ?Q[ x0 QO =Q (b) u}iQ] w w0 QO =Q (a) u}iQ]

w0Ax0 � 0
w0Ax0 = cx0 < 0

CU= s=tD u=yQ@ Zk=vD u}= =@ w CU= Zk=vD u}= w 0 � cx0 < 0 xm OwW|t xH}Dv u; R=
"�O}yO ?=wH CkO x@ ?DQt u=O}t pwY= R= xO=iDU= =@ #CU= Zk=vD =QJ�
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?=wH |=Q=O II x=oDUO s}vm|t C@=F "CU}v ?=wH |=Q=O I x=oDUO xm s}vm ZQi p=L
"CU=

:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut
P : Min Z = cx

s: t: Ax � 0
OQ=Ov=DU= CQwYx@ =Q P |xr-=Ut "OW=@|t jwi |xr-=Ut |xv}y@ ?=wH x� = 0 xm O}vm xHwD

:CW=O s}y=wN x00 � 0 w x0 � 0 w x = x0 � x00 s}yO|t Q=Qk |va} &s}v=OQo|tQ@
P 0 : Min Z = cx0 � cx00

s: t: Ax0 �Ax00 � Ixs = 0
x0; x00; xs � 0

|U=U= ?=wH l} R= ẁQW =@ "OW=@|t P 0 |xr-=Ut ?=wH x�s = 0; 0 = x0� = x00�

P 0 |xr-=Ut |=Q@ |=xv}y@ |x}=B 'uO=Di= QwOx@ R= |Q}owrH |=yVwQ uOQ@ Q=mx@ =@ 'x}rw= |vOW
u}= s}vm ZQi "|U=U=Q}e |=yQ}eDt |t=tD |=Q@ �zj � cj � 0� u; |=Q@ xm Ci=} u=wD|t
waj � cj = zj � cj � 0 'j Qy <=R=x@ uwJ �w = cBB�1� s}yO|t Q=Qk 'OW=@ B x}=B

: TB �w � 0 w �wA+ c � 0; wA� c � 0 TB
wA = c ; w � 0

"CU= C@=F smL w
w �10�2� |=ypmW QO ?r]t u}= "s}�=tv|t Q}@aD |UOvy Q_v R= =Q T=mQ=i sr
|=Q=O I x=oDUO |Dkw xm xOW xO=O u=Wv �10�2� pmW QO "Ov= xOW xO=O u=Wv�11�2�
Ow@ Oy=wNv ?=wH |=Q=O w � 0 w wA = c OW=@v A |=yQ]U Pos QO c w OW=@ ?=wH
Ax � 0 x=oDUO 'OW=@ A |=yQ]U Pos QO c Qo = xm xOW xO=O u=Wv �11�2� pmW QO w

"OW=@ xDW=O ?=wH Ov=wD|tv Cx < 0 w
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-

>

M

i

�

-� �

R

c

amAx � 0
a2

a1

cx < 0

�2�10� pmW
|=yQ]U Pos QO c w OW=@|t cx < 0 w Ax � 0 xOQwN p@ wO QwW=y CtUk pmW u}=QO

"CU}v A

3
6

Y

I

9 ~

7}

Cx < 0

am
ca2

a1 Ax � 0

�2�11�pmW
"CU= A |=yQ]U Pos QO c w CU}v ?=wH |=Q=O Cx < 0 w Ax � 0 pmW u}= QO

1T=mQ=i sr R= |Qo}O |�=yCQwY 11�2
=Q u; R= CQwY wO "OQ=O |v=w=Qi |=yOQ@ Q=m xm 'CU= OwHwt T=mQ=i sr R= |Qo}O |=yjW

"CU= OwHwt �� `HQt QO =yCQwY |x}k@ w s} Qw;|t ,q}P
1) Alternate Forms of Farkas Lemma
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:CU= ?=wH |=Q=O Q} R |=yx=oDUO R= |m} CUQO "pw= CQwY

I

8>>>>>><>>>>>>:
Ay � 0
y � 0
cy > 0

II

8>><>>:wA � cw � 0

:CWwv Q} R CQwYx@ u=wD|t =Q II x=oDUO "u=yQ@
wA+ Iv = c

w; v � 0
: s} Q=O T=mQ=i sr x@ xHwD =@ 

A

I

!
x � 0 cx < 0

: s} Q=O �x = y uO=O Q=Qk =@ cx < 0 w Ix � 0'Ax � 0 |va}8>>>>>><>>>>>>:
Ay � 0
y � 0
cy > 0
"s}vm C@=F s}DU=wN|t xm CU= |R}J u=ty u}= w

:OQ=O ?=wH Q} R x=oDUO wO R= |m} =yvD "swO CQwY8>>>>>><>>>>>>:
Ax = 0
x � 0
cx < 0

8>><>>:wA � cwO=R;

"OwW|t Q=Po =w xOvv=wN |xOyax@ u} QtD u=wvax@ C=@F=
w s}vm|t C=@F= Qo}O |DQwYx@ =Q |D}r;wO |wk x}[k T=mQ=i sr R= xO=iDU= =@ uwvm =
xO}t=v 1Qm =D � uym � VwQ=m \}=QW u=wva CLD xm s} Qw;|t CUOx@ |ov}y@ |=Q@ |]}=QW
1) Karush-Kuhn-Tuckar (K.K.T)
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"OwW|t

|=yO}k |=Q@ Qm =D � uym � VwQ=m |ov}y@ \}=QW 12�2
|w=Ut=v

:O} Q}o@ Q_vQO =Q Q} R |]N |R} Qxt=vQ@ |xr-=Ut
Min Z = cx

s: t: Ax � b
x � 0

|x@DQt R= CU= |U} QD=t A w OvW=@|t �?}DQDx@� |}=Dm w |}=Dn Q=OQ@ b w c u; QO xm
"m� n

S = fx j Ax � b & x � 0g Qo = "CU= QmPr=jwi xr-=Ut xv}y@ |x]kv �x O}vm ZQi
|va} "OQ=Ov OwHw xOvyOOw@y@ CyH �x x]kv QO s}vm|t C@=F 'OW=@ xr-=Ut |vOW |x}L=v
|=yxLiYQ@= |t=tD u=}O=QoG u; QO xm &OW=@|tv ?=wH |=Q=O cd < 0 wGd � 0 x=oDUO

"OW=@|t �x Q@ Q=t
:x=oDUO s}vm ZQi hrN u=yQ@ x@

Gd � 0
cd < 0

:s}yO|t Q=Qk "OW=@ ?=wH |=Q=O
x = �x+ �d

Gx = G�x+ �Gd = g + �Gd � g
:u; QO xm 

A

I

!
�
 
G
�G

!  
b

0
!
�
 
g

�g

!
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:s}yO|tQ=Qk �G�x > �g ; G�x = g w

f(x) = �Gx� �g

"f(x) � 0 'N�(�x) Ovv=t �x |xtwL R= x Qy <=R=x@ TB "CU= C@Ft ,=O}m = �x QO f(x) `@=D
�O}yO K}[wD ,=k}kO #=QJ� x+ "d 2 S |va}

:TB OW=@|t cd < 0 w Gd � 0 |=y ?=wH R= |m} 0 6= d w 0 < " < � u; QO xm

c(�x+ "d) = c�x+ "cd < c�x

:x=oDUO TB "Ow@ xv}y@ ZQi j@] �x =Q} R CU= Zk=vD u}= w

I)

8>><>>:Gd � 0
cd < 0

sr j@]� x=oDUO wQu}= R= "OQ=Ov OwHw xOvyOOw@y@ CyH �x QO |va} "CU}v ?=wH |=Q=O
:�T=mQ=i

I

8>><>>:uG = c

u � 0

:s}vm ZQi "CU= �x Q@ Q=t |=yxLiYQ@= u=}O=Qo T} QD=t G "CU= ?=wH |=Q=O

I = fi j ai�x = big

w CU= A s=i Q]U ai xm

J = fj j ej �x = 0g

�x QO xm OvW=@|t Ix � 0 R= =yO}k T}Ov= J w Ax � b R= |}=yO}k T}Ov= I Ck}kL QO
"OvW=@|t nvD
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:CWwv Q} R CQwYx@ u=wD|t =Q u � 0 w uG = c x=oDUO TB

X
i2I

wiai +
X
j2T

vjej = c (22�2)

wi � 0 i 2 I vj � 0 j 2 J (23�2)

:u; QO xm
8>><>>:wi = ui i 2 I
vj = uj j 2 J

: |va} Q} R xv=oxU \}=QW
8>>>>>>><>>>>>>>:
A�x � b ; �x � 0P
i2I

wiai +
P
j2J

vjej = c

wi � 0 i 2 I vj � 0 j 2 J

xm s}Owtv C@=F p=Lx@ =D "Ov} wo QmPr=jwi |]N |R} Qxt=vQ@ |xr-=Ut |=Q@ K.K.T \}=QW =Q
"OW=@ Q=QkQ@ CU= sRq xv=oxU QmPr=jwi \}=QW 'OW=@ jwi xr-=Ut |xv}y@ �x Qo =

`@=D u=}O=Qo '|ov}y@ x]kv QO xm Ovm|t u=}@ 23�2 w 22�2 CqO=at '|UOvy Q_v R=
C |va} 'OQ}o|t Q=Qk x]kv u}= Q@ Q=t |=yxLiYQ@= u=}O=Qo Pos pN=O QO C |va} 'OwYkt

"CWwv �x Q@ Q=t |=yxLiYQ@= u=}O=Qo R= |ivt=v |]N ?}mQD CQwYx@ u=wD|t =Q
u}= |=Q@ "OW=@|t |i=m �x |ov}y@ |=Q@ QmPr=jwi xv=oxU \}=QW xm s}vm|t C@=F lv}=
h} QaD ,q@k xm OvDUy u=ty J w I w OW=@ xr-=Ut |vOW ?=wH x0 s}vm|t ZQi Qw_vt
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:s} Q=O 's}vm|t ?Q[ x0 � �x QO =Q 22�2 u}iQ] "Ov=xOW

c(x0 � �x) =
X
i2I

wiai(x0 � �x) +
X
j2J

ejvj(x0 � �x)

cx0 � c�x =
X
i2I

(wiaix0 � wiai�x) +
X
j2J

ejvjx0 �X
j2J

ejvj

=
X
i2I

wi(aix0 � bi) +
X
j2J

vjejx0 � 0

ej x0 � 0 j 2 J Qy w aix0� bi � 0 (i 2 I) Qy <=R=x@ =t= "(j 2 J)ej �x = 0 =Q} R
: TB

cx0 � c�x � 0

: |va}
8x0(x 2 S �! c�x � cx)

"CU= xv}y@ �x TB
ptmt \}=QW w p;wO uOw@ |vOW swyit x@ 23�2 w 22�2 CqO=at xm s}vm|t C@=F p=L

: s}vm|t h} QaD Qw_vt u}= |=Q@ "OW=@|t O�=R

wi =

8>><>>:wi i 2 I
0 i 2 f1; : : : ;mg � I

vj =

8>><>>:vj j 2 J
0 j 2 f1; : : : ; ng � J

: CWwv Q} R CQwYx@ u=wD|t =Q 23�2 w 22�2 Cq=at xH}Dv QO
mX
i=I

wiai +
nX
j=1

ejvj = c

wi(ai�x� bi) = 0 ; vj �xj = 0 i w j Qy |=R=@
wi � 0 i = 1; : : : ;m
vj � j = 1; : : : ; n (24�2)
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: s}U} wv|t |U} QD=t CQwYx@ =Q 24�2 TB

wA+ Iv = c

w(A�x� b) = 0 ; v�x = 0

:OW=@ Q=QkQ@ p}P \QW xU |DU}=@ OW=@ xv}y@ ?=wH Oy=wN@ �x Qo = TB

�1�OW=@|t |vOW p=t}=QB |va} Ax = b x � 0 (1 :PF

�2� |vOW p;wO |va} wA+ v = c w; v � 0 (2 :DF

�3�OW=@ Q=QkQ@ O�=R ptmt \}=QW |va} w(Ax� b) = 0 vx = 0 (3 :CS

"CU= xv}y@ x]kv u; OW=@ Q=QkQ@ |=x]kv QO 3 CS '2DF '1PF Qo = Tmar=@
w CU= |D}r;wO |wk |x}[k u=ty pO=at K.K.T \}=QW xm s}yO|t K}[wD lv}=

: xm CUy |v� w w� 'OW=@ P xv}y@ x� s}vm ZQi Qo =
Ax� � b&x� � 0 :PF

w�A+ Iv� = c w� � 0 ; v� � 0 :DF

w�(Ax� � b) = 0 x�v� = 0 :CS

:xmu}= x@ xHwD =@ =t=
w�Ax = w�b

w�Ax� + Iv�x� = cx

:s} Q=O
w�Ax� = cx�

Q=Okt w OQ=O xv}y@ w CU= |vOW D |xr-=Ut xm CU= |vat u=O@ u}= w cx� = w�b |va}
"�|D}r;wO |x}[k R= xO=iDU= =@� "OvDUy |w=Ut D w P xv}y@

xm CU= u; uOwtv |UQQ@ syt Q=}U@ Q=R@= R= |m} Qm =D� uywm � VwQ=m |ov}y@ \}=QW
xQ=wty p=t}=QB TmrBt}U pwOH QO s}vm|t C@=F lv}= "OW=@|t u}y@ xOW xO=O ?=wH =};
1) Primal Feasible 2) Dual Feasible 3) Complementazity Slackness
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QO w OW=@ Q=QkQ@ DF xm CU= |=x}=B p=@vO x@ sD} Q=or= w CU= Q=QkQ@ CS w PF \QW
'xOW u=}@ ?r]t |UQQ@ |=Q@ "OW=@|t Q=QkQ@ CS w DF w PF \QW xU Qy |}=yv pwOH
|vwv=m OQ=Ov=DU= CQwYx@ xr-=Ut |xOvyO u=Wv xm B x}=B Q_=vDt �p=t}=QB� TmrBt}U pwOH

"OW=@|t BFS Q_=vDt pwOH "O} Q}o@ Q_vQO =Q OW=@|t
x1 x2 : : : xm xm+1 : : : xj : : : xn RHS

x1 1 0 : : : 0 �a1m+1 : : : �a1j : : : �a1n �b1

x2 0 1 : : : 0 �a2m+1 : : : �a2j : : : �a2n �b2
...

...
...

...
...

...
...

...

xm 0 0 : : : 1 �amm+1 : : : �amj : : : �amn �bm

zj � cj 0 0 : : : 0 zm+1 � cm+1 : : : zj � cj : : : zn � cn z0 = cBB�1b

OOHt |Q=Pot=v =@� OW=@|t TmrBt}U pL=Qt R= |m} Q_=vDt pwOH uwJ ,qw= �1
|U=U=Q}e |=yQ}eDt w xm; : : : ; x1 |U=U= |=yQ}eDt xm xOW u; Q@ ZQi =yQ}eDt
|vOW p=t}=QB |va} i = 1; : : : ;m |=Q@ �bi � 0 TB �OvW=@|t xn; : : : ; xm+1

"OW=@|t

:s}vm C@=F Qw_vt u}= |=Q@ |DU}=@ "CU= Q=QkQ@ R}v CS \}=QW �2

wi(aix0 � bi) = 0 i = 1; : : : ;m (25�2)

vjxj = 0 j = 1; : : : ; n (26�2)

C=@F= |=Q@ "CU= Q=QkQ@ xQ=wty 25�2 CqO=at TB "CU= |vOW ?=wH x0 uwJ
:s} Q=O Q} R CQwYx@ =Q u; 26�2

vjxj = (waj � cj)xj

:=Q} R (waj � cj)xj = 0 ; j = 1; : : : ;m |=Q@

waj � cj = zj � cj
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|va } |U=U=Q}e |=yQ}eDt |=Q @ "OvW= @|t QiY = @ Q @=Q @ |U=U= |=yQ}eDt |=Q @
:CQwY Qy QO TB xj = 0 'j = m+ 1; : : : ; n

zj � cj = (waj � cj)xj = 0 j = 1; : : : ; n

"CU= Q=QkQ@ CS TmrBt}U pwOH QO |va}
|va} OW=@ p;wO |vOW xm s}W=@|t |=x}=B uOwtv =O}B p=@vO x@ TmrBt}U p=t}=QB QO xH}Dv QO
w w = cBB�1 xm CU= |=x}=B uOwtv =O}B Ck}kL QO xm waj � cj � 0 j Qy <=R=x@

"�O}yO K}[wD ,=k}kO #=QJ� wA� c � 0
sr R= xO=iDU= =@ |]N |R} Qxt=vQ@ |xr-=Ut QO |ov}y@ |=Q@ K.K.T |i=m w sRq \}=QW
C@=F w u=}@ ,q}P OQ=O u=w=Qi xO=iDU= OQwt xm Qo}O |x}[k OvJ lv}= "O}OQo C=@F= T=mQ=i

"s}vm|t

D w C 'A s}vm ZQi 2�jwkWR= |=x}[k�1Rv}mRDwt x}[k 21�12�2
u; QO xm 'OvW=@ �?}DQD x@� m3 � n w m2 � n 'm1 � n |=yx@DQt R= |}=yT} QD=t

:OW=@|t ?=wH |=Q=O Q} R |=yx=oDUO R= |m} CUQO "m1 � 1

I)

8>>>>>><>>>>>>:
Ax > 0
cx � 0
Dx = 0

(27�2)

II)

8>><>>:wA+ �C + 
D = 0
w � 0 w 6= 0 � � 0

(28�2)

� > 0 Qy |=Q@ (�w;��; �
) x=ou; 'Ovm jOY 28�2 QO (w; �; 
) Qo = xmCU= K[=w
|va} 'Owtv p=tQv =Q =yw u=wD|t 'Ck}kL u}= uOQ@ Q=mx@ =@ "OQm Oy=wN jOY x=oDUO u; QO
2) Motzkin's Theorem 2) Theorem of Alternatives
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+�
� = 
 |=Hx@ Qw]u}ty w (i = 1; : : : ;m)wi � 0 ' mP
i=1

wi = 1 xm OQm ZQi
:s}U} wv|t Q} R CQwYx@ q=@ ?r=]t x@ xHwD =@ 28�2 TB 
� � 0 w 
+ � 0 u; QO xm8>><>>:A

twt + ct�t +Dt
+t �Dt
�t = 0
1wt = 1

(wt; �t; 
+t; 
�t) � 0

(a)

:=}
A =

"
At Ct Dt �Dt

1 0 0 0
#

b =

"0
1
#
:T=mQ=i sr x@ xHwD =@

I)

8>><>>:AX = b

x � 0
II)

8>><>>:wA � 0
wb > 0

:Ow@ Oy=wN u}vJ II CQwY "OW=@|t x=oDUO I CQwY (a)

(�xt; �)(A) � 0 (�xt; �)

 0
1
!
> 0

(�xt; �)

 
At Ct Dt �Dt

1 0 0 0
!
� 0

(�xt; �)

 0
1
!
> 0

:OwW|t xH}Dv
�xtAt + � � 0 =) Ax � � > 0 =) Ax > 0

�xtct � 0 ctxt � 0 =) cx � 08>><>>:�x
tDt � 0

xtDt � 0
=) Dtxt = 0 =) Dx = 0 ; � > 0

"CU= C@=F smL w OW=@|t 27�2 u=ty u}= w
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?}DQDx@ D w C w A O}vm ZQi �jwkWR= |=x}[k�1Qm =D x}[k 22�12�2
|m} CUQO "m1 � 1 u; QO xm m3�n wm2�n wm1�n |=yx@DQt R= |}=yT} QD=t

"OQ=Ov ?=wH |Qo}O w CU= |vOW ?=wH |=Q=O Q} R |=yx=oDUO R=

I)

8>>>>>><>>>>>>:
Ax � 0; Ax 6= 0
cx � 0
Dx = 0

II)

8>>>>>><>>>>>>:
wA+ �C + vD = 0
w > 0
� � 0

"�CU= xOvv=wN xOya x@ C=@F=�OwW|t C=@F= p@k x}[k Ovv=t

2|]N |R} Qxt=vQ@ |=ypOt |Q=O}=B 13�2
"s}vm|t QmP OW=@|t R=}vOQwt xm |D=aw[wt '?r]t u=}@ |=Q@

:CQwYx@ N Q@ CU= |a@=D xr=@vO "h} QaD 23�13�2

f : N �! R

Qo = lim
n!1un = � s}�wo "s}U} wv|t fUng1n=1 CQwYx@ w s}yO|t u=Wv f(n) = un

8" 9N0 8n(n � N0 ) jUn � �j < ")

"CU=Qoty fUng1n=1 xr=@vO s}�wo CQwYu}= QO
�19'20� `@=vt x@ |OL \=kv '|oOQWi '=y|QU |�=Qoty xv}tR QO QDW}@ xar=]t |=Q@

"OwW xaH=Qt
"OW=@|t Q_vOQwt |Q=O}=B ẁv wO '|R=Uxv}y@ |=ypOt |Q=O}=B xar=]t QO

xDiQo Q=mx@ xr-=Ut pL CyH xm Q_vOQwt sD} Q=or= |OOa |Q=O}=B R= CU= CQ=@a |rw=
|=]N ?mDQt 'C=@U=Lt OvwQ pqN QO 'OwQ|t Q=mx@ xr-=Ut pL |=Q@ xm |tD} Q=or= "OwW|t
1) Tucker's Theorem 2) Stability of the Linear Programming Model
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R= 'xOt; CUOx@ |�=yv ?=wH 'Qt= u}ty QF= QO CU= umtt w OOQo|t uOwtv OQo R= |W=v
uOW xDW=@v= R= |W=v |=]N xm 'Ov} wo Q=O}=B =Q |tD} Q=or= "OW=@ QwO Q=}U@ ?=wH |ak=w Q=Okt

"OW=@ QDtm CU= xOW u}}aD ,q@k xm |YNWt Q=Okt l} R= C=}rta s=Hv= pqN QO
w CiQo Q=Qk |UQQ@ OQwt ,q@k xYqN Qw]x@ =yLP |=ysD} Q=or= |Q=O}=B |xr-=Ut

"Ov}=tv xaH=Qt �� `HQt x@ xv}tR u}= QO QDW}@ xar=]t x@ u=Ovtxkqa
C=Q}}eD CLD xmu}= R= CU= CQ=@a u; w OW=@|t =ypOt OwN |Q=O}=B QO |twO swyit
R= |Q=}U@ QO "OQ=Po|t QF= pOt QO Q=Okt xJ w |D=Q}}eD xJ '=yxO=O Q}O=kt QO |mJwm Q=}U@
w CU= xOW xOR ?} QkD |tra C=_Lqt R= '=yxO=O <=RH= Q}O=kt |R=Uxv}y@ |tra p�=Ut
=yxO=O Q}O=kt Qo = |DL "OOQo ^wLrt |�=]N =yu; =@ x]@=Q QO |DU}=@ w OW=@ |tv j}kO |r}N
Civ Ct}k u; xvwtv� OwW Zwa u=tR C=Q}}eD =@ CU= umtt 'OW=@ xOW |Q}oxR=Ov= CkO x@
OyO@ CUOx@ C@=F |=yxO=O =@ |=xv}y@ ?=wH pOt Qo = "�CU= |v=yH Q=R=@ QO """w q] w
OwW pY=L xv}y@ ?=wH QO |O=} R C=Q}}eD =} OOQo |vOWv pOt lJwm Q=}U@ C=Q}}eD =@ |rw
'Ov} wo Q=O}=B =Q |R=Uxv}y@ pOt l} "OW=@|t Q=O}=B=v Q_vOQwt pOt Ov} wo CQwYu}= QO
lJwm Q=}U@ C=Q}}eD Ea=@ pOt QO =yxO=O Q}O=kt QO x=wNrO |rw lJwm Q=}U@ C=Q}}eD Qo =
\ki ,q}P "OyO@ xv}y@ ?=wH QO |mJwm Q=}U@ C=Q}}eD w OOQo OwYkt `@=D xv}y@ Q=Okt QO
|=ypOt |Q=O}=B w OW Oy=wN EL@ |]N |R} Qxt=vQ@ |xr-=Ut |=ypOt |Q=O}=B =@ x]@=Q QO

"OwW|t |UQQ@ =y?=Dm R= |QU u}= Qo}O OrH QO |]NQ}e Cr=L QO |R=Uxv}y@
uWwQ CyH p=Ft OvJ =OD@= 's}yO Q=Qk EL@OQwt |rm Cr=L QO =Q ?r]t xmu}= R= p@k

:s}yO|t x�=Q= ẁ[wt uOW

:O} Q}o@ Q_vQO =Q Q} R CqO=at R= x=oDUO wO "p=Ft 24�13�2

x1 + x2 + x3 + x4 = 1
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:x=oDUO w8>><>>:x1 + x2 + x3 + x4 = 1
2x1 + 2x2 + 2x3 + 2x4 = 2

(29�2)

=@ "OvDUy pO=at 29�2 w 24�13�2 Ck}kL QO "OW=@|t O�=R =yO}k R= |m} 29�2 QO
'=yxO=O |x}k@ uDW=Oxov C@=F =@ 29�2 R= |m} CU=Q CtU QO " Ovv=t lJwm Q=}U@ C=Q}}eD

:O} Q}o@ Q_vQO =Q Q} R x=oDUO p=Ft u=wva x@ "OwW|t |vOWv 29�28>><>>:x1 + x2 + x3 + x4 = 1 + "

2x1 + 2x2 + 2x3 + 2x4 = 2

xm|r=LQO "CU= Q=O}=B=v 29�2 x=oDUO u}=Q@=v@ "OW=@|t Q=oR=U=v " 6= 0 Q=Okt Qy |=Q@ xm
|=y?=wH QO Q}}eD Q=Okt u=ty Ea=@ u; |=yxO=O Q}}eD Qy w OW=@|t Q=O}=B 24�13�2
|Qo}O w Q=O}=B |m} |[=} Q swyit x@ pO=at x=oDUO wO OOQo|t x_Lqt "OOQo|t x=oDUO

"OW=@|t Q=O}=B=v
:OW=@|t 1p}o"O QwUiwQB R= p=Ft u}= "O} Q}o@ Q_vQO |Qo}O p=Ft

f(�) = Max x

x � 1
�x � 0
x � 0

Q}O=kt |t=tD <=R=@ u; |xv}y@ ?=wH "CU= |ivt=v |k}kL OOa l} � u; QO xm x 2 R0
� = 0 |=Q@ |rw f(�) = 0 OwYkt `@=D |xv}y@ Q=Okt xH}Dv QO xm x� = 0 '� > 0

"CU= 1 =@ Q@=Q@ u; |xv}y@ Q=Okt |va} f�(0) = 1
`@=D |xv}y@ Q=Okt xm OOQo|t Ea=@ R}J=v Q=}U@ Q}}eD l} '� = 0 R= |=xtwL QO =t=
1) Professor D.Gale
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|]N |R} Qxt=vQ@ |xr-=Ut u}= wQ u}= R= "OOQo p}O@D QiY x@ l} OOa R= xQ=@l} OwYkt
"�� = 0 R= |=xtwL QO�OW=@|t Q=O}=B=v

jwi |OwyW VwQ xm OwW xHwD "O} Q}o@ Q_vQO 1uwUv}@=Q"s="T= QwUiwQB R= |Qo}O p=Ft
VwQ w OvQ=Ov pw@k =Q |OwyW VwQ u=Q_v?L=Y R= |Q=}U@ "OW=@|t ?r]t u}}@D |=Q@

"Ovv=O|t QDO}it =Q OQHt
Min z = 3x1 +x2 +x3 +3x4

s: t: x1 +43x2 +2x3 = 32
x2 +3x3 = 32

x1 +x2 +x3+ x4 = 1
xj � 0 j = 1; 2; 3; 4

|xv}y@ ?=wH w� = (12 ;�16 ; 12) w OW=@|t xr-=Ut |xv}y@ ?=wH x� = (0; 34 ; 14 ; 0)t

QO 'a12 ?} Q[ Q}}eD =@ "CU= l} =@ Q@=Q@ OwYkt `@=D |xv}y@ Q=Okt w CU= xr-=Ut p;wO
x@ OOQo|tQ@ xr-=Ut 'lJwm Q=}U@ |rw " > 0 |=Q@ (43 � ") x@ 43 R= |SwrwvmD T} QD=t
Q=Okt w CU= xv}y@ ?=wH x0 = (12 ; 0; 12 ; 0)t xr-=Ut u}= |=Q@ w xOW ?wW; '|xr-=Ut

:R= Ow@ Oy=wN CQ=@a R= p;wO |xv}y@ ?=wH w OOQo|t 2 =@ Q@=Q@ OwYkt `@=D |xv}y@
w� = (0;�2

3 ; 3) + (
1
"

)(
4
3 ;�

4
9 ;

4
3)

"CU= Q=O}=B=v jwi LP u}=Q@=v@ "OW Oy=wN 2 =@ Q@=Q@ R}v p;wO xv}y@ Q=Okt w
=ypOt R= |Y=N |xDUO x@ jraDt xm |]N |R} Qxt=vQ@ pOt l} |Q=O}=B xar=]t QO
|DQwYx@ '=yxO=O <=RH= Q}O=kt QO Q}O=kt ?wW; xm 'OUQ@ Q_v x@ |QwQ[ CU= umtt 'OW=@|t
u=ty x@ jraDt xOW ?wW; pOt u}=Q@=v@ "O}=tv jOY Q_vOQwt C}Y=N QO xm OwW s=Hv=
ptL |xr-=Ut�O} Q}o@ Q_vQO =Q2 uR=wDt pkv w ptL |xr-=Ut p=Ft u=wva x@ "Ow@ Oy=wN xDUO
O}k l} pOt u}= uwJ �OW=@ =[=kD ẁtHt |w=Ut x[Qa ẁtHt Qo = CU= uR=wDt pkvw
|xDUO QO p=LQyx@ "CU= |Q=O}=B=v pOt LP l} x=oO}O R= �xrO=at CQwYx@� OQ=O O�=R
|va} =[=kD w x[Qa Q}O=kt w Ovm|tv Q}}eD RoQy |SwrwvmD T} QD=t ?}=Q[ 'uR=wDt |=ypOt
1) S.M.Robinson 2) Balanced Transpartation Problem
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|=ypOt |Q=O}=B |Dkw "P ai =
P
bj w OvW=@|t C@Ft xQ=wty j Qy w i Qy <=R=x@ bj 'ai

^iL =@ =y bi w ai =} =ycij QO |}=y?wW;CLD� &OQ}o|t Q=Qk xar=]t OQwt pkv w ptL uR=wDt
"CU= Q=O}=B ,qt=m QmPr=jwi ?r=]t seQ}ra xr-=Ut xm OOQo|t x_Lqt '�xr-=Ut uOv=t uR=wDt
=Q |]}=QW 'OQ=O CQwQ[ xQ=wty 'X=N |oS} w =@ |Y=N pOt |Q=O}=B |xar=]t QO u}=Q@=v@
|oS} w xm OOQo ^wLrt |}=y?wW; w 'OwW xOQw; ?=UL x@ OvDUy jO=Y pOt QO =yxO=O xm

"OvRv sy x@ =Q pOt
|m} "CiQo Oy=wN Q=Qk xar=]t OQwt LP |=ypOt R= xDUO wO |Q=O}=B CtUk u}= QO
LP |rm |=ypOt Qo}O |xDUO w "OW=@|t uQ=kDt CQwYx@ LP |=ypOt &C=HDUO u}= R=
|[a@ w xOw@ |w=Ut=v =} |w=UD CQwYx@ Ow}k R= |[a@ CU= umtt =yu; QO xm OW=@|t

"OvW=@ O=R; =yQ}eDt

CQwYx @ |]N |R } Qxt= vQ @ |=ypOt QO |Q=O }= B 14�2
1uQ=kDt

C@=F "s}}=tv|t |UQQ@ 'OW=@|t R=}v OQwt xm =Q |@r]t s} wW jwi EL@ OQ=w xmu}= R= p@k
u=}@ Q} R CQwYx@ xm CS w DF 'PF R= OvDQ=@a |ov}y@ |=Q@ K.K.T \}=QW xm s}OQm

:OwW|t

PF : Ax � b & x � 0
DF : wA+ v = c & w; v � 0
CS : w(Ax� b) = 0 & vx = 0

CQwYx@ '=yO}k u}= xm OOQo|t st}v|t |}=yO}k x@ \wQWt 'OwYkt `@=D u; QO xm |r�=Ut
|w=Ut=v CQwYx@ =yO}k |Dkw "Owtv pL Sv=Qo q ?}=Q[ l}vmD =@ u=wD|t =Q OvW=@|t xrO=at
jOY O}=R ptmt \}=QW w |Dtqa C}OwOLt QO |DU}=@ =yu; Q_=vDt Sv=Qo q ?}=Q[ 'OvDUy
1) Stability in the Linear Programming in Symmitric Form
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OOQo|t u=}@ xm |DQwYx@ 'OW=@ Q=QkQ@ |DU}=@ Q} R '|xr-=Ut |=Q@ \}=QW u}= xm "O}=tv

Min cx

s: t: Ax � b
x � 0

:Sv=Qo q `@=D |=Q@

L(x;w; v) = cx� w(Ax� b) +�vx

:OwW|t u=}@ Q} R CQwYx@
@L
@x

=c� wA� v = 0
Ax � b
x � 0
w(Ax� b) = 0
vx = 0
v � 0 w � 0

"OW=@|t K.K.T \}=QW u=ty xm OOQo|t u=}@
:|xr-=Ut |=Q@

P : Min Z(x) = cx

s: t: Ax � b
x � 0
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:|va} u; p;wO w

D : Max W = wb

wA � c
w � 0

:Sv=Qo q `@=D =@
L(x;w; v) = cx� w(Ax� b)� vx

w v� � 0 w w� � 0 Qo = Ov} wo L(x;w; v) `@=D 1|v} R x]kv =Q (x�; w�; v�) x]kv

L(x;w�; v�) � L(x�; w�; v�) � L(x�; w; v)

"OW=@ Q=QkQ@ x Qy w v � 0 w w � 0 Qy |=Q@

w Qo = CU= L(x;w; v) |v} R |x]kv (x�; w�; v�) |x]kv "x}[k 25�14�2
u; QO xm OvW=@ D |xr-=Ut |xv}y@ ?=wH w� w P |xr-=Ut |xv}y@ ?=wH x� Qo = \ki

"v� = c� w�A

:CQwYu}= QO OvW=@ D |xv}y@ w� w P |xv}y@ x� s}vm ZQi "u=yQ@

L(x�; w�; v�) = cx� � w�(Ax� � b)� v�x�

:s} Q=O w�(Ax� � b) = 0 w v�x� = 0 xmu}= x@ xHwD =@

L(x�; w�; v�) = cx�

1) Saddle Point
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|vOW x}L=v R= x Qy <=R=@
L(x;w�; v�) = cx� w�(Ax� b)� v�x

=cx� w�(Ax� b)� (c� w�A)x = cx� w�Ax+ w�b� cx+ w�Ax

=w�b

L(x�; w; v) = cx� � w(Ax� � b)� vx� � cx�

cx� = w�b ZQi j@] =t=
xm s}vm|t ZQi p=L "L(x;w�; v�) � L(x�; w�; v�) � L(x�; w; v) TB
<=R=@ "CU= D |xv}y@ w� w P |xv}y@ x� s}vm|t C@=F "OW=@ |v} R |x]kv (x�; w�; v�)

:s} Q=O x Qy
L(x;w�; v�) � L(x�; w�; v�)

cx� w�(Ax� b)� v�x � cx� � w�(Ax� � b)� v�x
cx� w�Ax+ w�b� v�x � cx� � w�Ax� + w�b� v�x� =}

(c� w�A� v�)x � (c� w�A� v�)x� (a0)

CQwYu}=Q}e QO c�w�A�v� = 0 |DU}=@ "CU= |D@=F Q=Okt a0 CU=QCtU x Qy <=R=@
:xm OwW|t Ci=} |j

cj � w�aj � v�j < 0
�nQR@ xir-wt jr]tQOk Q_v R=� |i=m xR=Ov= x@ =D x > 0 Q=OQ@ ?=NDv= =@ CQwYu}= QO xm
Q=QkQ@ x ?U=vt ?=NDv= =@ |w=Ut=v OW=@ C@Ft |xir-wt Qo = ,=v}a "OQwN|t sy@ |w=Ut=v
w CU= |vOW p=t}=QB Owtv C@=F u=wD|t ,=v}a "CU= |vOW p;wO |xr-=Ut TB "Ow@ Oy=wNv

"CU= Q=QkQ@ CS \}=QW
=yO}k |t=tD OQ=O OwHw Q} R CQwYx@ |vQ=kD Cr=L D w P |xr-=Ut QO xm O}vm xHwD
Q]=N x@ 'OvDUy |ivt=v wO Qy QO =yQ}eDt w �D QO sy w P QO sy� OvDUy |w=Ut=v CQwYx@
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"s}�=tv|t ẁQW =Q |rY= EL@ p=L "Ov} wo LP uQ=kDt CQwY =Q P CQwY xm CU= u}ty
:|va} uQ=kDt CQwYx@ =Q LP xr-=Ut

P : Min cx

Ax � b
x � 0

QO =Q u; |Q=O}=B w 's} Q}o|t Q_vQO =Q OW=@|t m � n |x@DQt R= |U} QD=t A u; QO xm
CLD xm CU= u}=Q@ ZQi "s}yO|t Q=Qk xar=]t OQwt OvwW|t ?wW; c w b w A xm|Dr=L
|U} QD=t QO |DL=Q |=Q@ =yxO=O |t=tD "OwW|tv Zwa =yQ}eDt uOw@ |ivt=v C=Q}}eD u}=

:s}U} wv|t Q} R CQwYx@

A =

0BBB@A
... b

: : : : : : : : :

c
... 0

1CCCA
m + 1 Q]U QO xm |w[a '(m + 1)(n + 1) |x@DQt R= CU= |U} QD=t A u; QO xm
R= xOv=t}k=@ |=[a= |t=tD 'w[a u}= RH "OW=@|t QiY xQ=wty xDiQo Q=Qk n + 1 uwDU w

:s}vm|t h} QaD =Q Q} R `@=D p=L "OvW=@|t =yxO=O
 (A; x;w) = cx� w(Ax� b) = cx+ wb� wAx

P |=yLPs p;wO � p=t}=QB Q_=vDt |v} R x]kv \}=QW QO ,=t=wD �w 2 Rm w �x 2 Rn Q=OQ@
w �w � 0 w �x � 0 Qo = Ovm|t jOY D w

 (A; �x;w) �  (A; �x; �w) �  (A; x; �w) (30�2)

"� � 0 ' x � 0 Qy <=R=@
u=wva x@ 'x |wQ uOw@ |ivt=v |r@k CtUk QO u} Sv=Qo q `@=D uDWwv QO O}vm xHwD
\QW QO |w=Ut=v wQ u}= R= "CU= xOW xOv=Hvo `@=D QO Q=OQ@ ?} Q[ =@ w O}OQo ^wLrt O}k
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|ivt=v \QW =H u}= QO "OW=@ Q=QkQ@ x 2 R Qy <=R=@ |DU}=@ OW QmP ,q@k xm |Q=O}=B |x]kv
QO xm |v} R \=kv \}=QW QO |w=Ut=v u}=Q@=v@ 'CU= xOWv xOv=Hvo u} Sv=Qo q `@=D QO x uOw@

"OW=@|t Q=QkQ@ x � 0 Qy <=R=@ O}OQo QmP =Hu}=
Q=QkQ@  (A; x;w) |v} R \=kv =@ =Q D w P xv}y@ |=y?=wH xm =Q Q} R |x}[k p=L
|R} Qxt=vQ@ p�=Ut |=ypOt |Q=O}=B G}=Dv QO ,=Oa@ x}[k u}= "s}vm|t C=@F= w u=}@ O}=tv|t

"OwW|t xOQ@ Q=mx@ uQ=kDt |]N

D |xv}y@ �w w P |xv}y@ �x x=ou; �w 2 Rm w �x 2 Rm Qo = "x}[k 26�14�2
"Ov}=tv jOY 30�2 |v} R \=kv \}=QW QO ,=t=wD (�x; �w) Qo = \ki w Qo = OvW=@|t

"OW=@|t u; Q_=vDt p;wO D w LP uQ=kDt xr-=Ut u=ty P CtUk u}= QO xm O}vm xHwD
l} (�x; �w) x=ou; "OW=@ D |xv}y@ �w w P |xv}y@ �x Qo = xm s}vm|t C@=F =OD@= "u=yQ@
|D}r;wO |wk |x}[k w O�=R ptmt\}=QW x@ xHwD =@ "OW=@|t  (A; x;w) |v} R |x]kv

:s} Q=O

�w(A�x� b) = 0 (31�2)

c�x = �wb (32�2)

:s} Q=O w � 0 Qy |=Q@ p=L

 (A; �x;w) = c�x� w(A�x� b) � c�x (�)

:s} Q=O 31�2 x@ xHwD =@ w ��x QO p=t}=QB uOw@ |vOW Q]=N x@� 0 � A�x� b =Q} R

c�x =  (A; �x; �w) (��)

:s} Q=O 'x � 0 Qy |=Q@ w

 (A; x; �w) = cx� �w(Ax� b) = (c� �wA)x+ �wb
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Q]=Nx@ ��b = c�x � �wb = c�x � �w QO p;wO uOw@ |vOW Q]=N@ 0 � c� �wA � 0 =Q} R�
:=t= 31�2

c�x = c�x� �w(A�x� b) =  (A; �x; �w)

:TB
 (A; �x;w) �  (A; �x; �w) �  (A; x; �w)

=@ "OvW=@|t D |xv}y@ �w w P |xv}y@ �x x=ov; 'OW=@ Q=QkQ@ 30�2 Qo = xm s}vm|t C@=F p=L
:x@ xHwD

 (A; �x;w) �  (A; �x; �w) �  (A; x; �w)

:s} Q=O 0 � x � � Qy <=R=@

c�x� w(A�x� b) � c�x� �w(A�x� b) (a)

w
c�x� �w(A�x� b) � cx� �w(Ax� b) (b)

:OwW|t xH}Dv (a) R=

w(A�x� b) � �w(A�x� b) w � 0 Qy <=R=@ (c)

:xm OwW|t xH}Dv u}= R=

ai�x� bi � 0 i = 1; : : : ;m

|xir-wt ?=NDv= w 0 � w uDW=O ^wLrt =@CU=|D@=F Q=Okt (c)CU=QCtU xmu}= x@ xHwD =@
xm O};|t CUOx@ |mJwm Q=}U@ |ivt OOa Q_vOQwt |xir-wt QO nQR@ |i=m xR=Ov=x@ Q_=vDt
w A�x � b � 0 ,=Q=J=v TB 'OW=@ QDnQR@ CU=Q CtU QO u; Q_=vDt |xir-wt R= Ov=wD|tv
lv}= "OW=@|t p=t}=QB |vOW ?=wH '�x TB �x � 0 R= CU= Q=QkQ@ x � 0 |=Q@ x]@=Q uwJ

"CU= p;wO |vOW ?=wH �w s}vm|t C@=F
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x � 0 Qy <=R=@ s} Q=O (b) R=

(c� �wA)�x � (c� �wA)x (t)

EL@ x@=Wt |FL@ =@ "OW=@|t Q=QkQ@ 0 � x Qy <=R=@ (t) 'CU= |D@=F Q=OQ@ AJ CtU Q=OQ@
:xm OwW|t xH}Dv q=@

"OW=@|t p;wO |vOW ?=wH �w |va} ' 0 � cj � �waj 'j Qy <=R=@
w = 0 |=Hx@ 30�2 QO C=@F= |=Q@ "CU= Q=QkQ@ R}v CS \QW xm s}vm|t C@=F lv}=

:O};|t CUOx@ 's}yO|t Q=Qk
c�x � c�x� �w(A�x� b)

:s} Q=O (A�x� b) � 0 w �w � 0 uwJ �w(A�x� b) � 0 |va}
�w(A�x� b) � 0

:TB
�w(A�x� b) = 0

:s} Q=O x = 0 s}yO Q=Qk 30�2 QO Qo = ,=v}a
c�x� �w(A�x� b) � �wb

:TB |va}
(c� �wA)�x+ �wb � �wb

(c� �wA)�x � 0 TB �x � 0 w c� �wA � 0 |iQ] R= (c� �wA)�x � 0 '|va}
"CU= C@=F smL w CU= Q=QkQ@ CS |va} (c� �wA)�x = 0 TB

S�D w S�P w D p;wO |vOW |x}L=v SD w �p=t}=QB� P |vOW |x}L=v Sp s}vm ZQi
|=Q@ |i=m w sRq \QW xm =Q Q} R x}[k "OvW=@ D w P |xv}y@ |=y?=wH |xawtHt ?}DQDx@

"s}vm|t C@=F w u=}@ =Q OW=@|t S�D w S�P uOw@ OwOLt
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"x}[k 27�14�2
Ci=} |d 6= 0 I}y w 0 6= SP Qo = \ki w Qo = OW=@|t OwOLt w |r=NQ}e S�P �1

:xm OwWv
Ad � 0 cd � 0 d � 0 (33�2)

Ci=} |� 6= 0 w xOw@ |r=NQ}e SD Qo = \ki w Qo = CU= OwOLt w |r=NQ}e S�D �2
:xm OwWv

�A � 0 �b � 0; � � 0 (34�2)

"u=yQ@
w (P ) sy |DU}=@ |D}r;wO |wk |x}[k j@] "OW=@ OwOLt w � 6= S�P s}vm ZQi �1

:u}=Q@=v@ "OvW=@ |vOW (D) sy

Atwt + Iv = c w � 0 u � 0

:T=mQ=i sr j@] "CU= ?=wH |=Q=O

Ad � 0 cd < 0; y � 0 (35�2)

"CU}v ?=wH |=Q=O
|=y?=wH s=tD |xawtHt S�P TB "OW=@ p=t}=QB |xv}y@ ?=wH �x xm s}vm ZQi p=L
xm CU= u}= pO=at jwi ?r]t "cx = c�x xm OW=@|t x � 0 w Ax � b |vOW

:x=oDUO |=y?=wH |xawtHt

Ax� Is = b

cx = c�x

x � 0 s � 0 (36�2)

     irmgn.ir



120 |]N |R} Qxt=vQ@ QO |D}r;wO 2 pYi

:x=oDUO TB "OW=@|t OwOLt w |r=NQ}e
Ay � It = 0
cy = 0

y; t � 0

:xm CU= u; sRrDUt Qt= u}= w �#=QJ� OQ=Ov (y; t) = (0; 0) RH |@=wH
Ad � 0 cd = 0 d � 0 6= 0 (37�2)

"CU}v ?=wH |=Q=O
#CU}J p@k x}[k |UOvy Q}@aD "OvW=@|t 33�2 sRrDUt ,=t=wD 35�2 w 37�2

QO xm|Qw]u=ty pmW u}= QO "OOQo x_Lqt �2�12� pmW x}[k |UOvy Q}@aD |=Q@
:]QW "OW xDio p@k pwYi

Ad � 0 d � 0; d 6= 0

�OOQo x_Lqt pw= ?=Dm �"OW=@|t SD xawtHt |=Q@ xOvwWQwO CyH uDW=O \QW

-

6

]

A

0

SP

�c

B
*d

H

�2�12�pmW
S�P xm OOQo|t x_Lqt w cd = 0 w CU= SP xOvwWQwO CyH d pmW u}= QO

"OW=@|t OwOLt=v
:\}=QW |va} �OwW|t C=@F= ,=v}a 34�2 \QW� OW C=@F= q=@ QO xm p}P \}=QW
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"CU}v ?=wH |=Q=O Ad � 0 cd � 0 d � 0 d 6= 0 "hr=
u=wva x@ "CU}v ?=wH |=Q=O �A � 0 �b � 0 � � 0 � 6= 0 "?

"Ov} wo D w P p;wO � p=t}=QB QO |=yO}k |=Q@ 1|t_vt \}=QW
\}=QW |va} ? w hr= \}=QW x=ou; OwOLt w OvW=@ |r=NQ}e wO Qy S�D w S�P Qo = �2

"OW=@|t Q=QkQ@ 34�2 w33�2

35�2 \QW sRrDUt 33�2 \QW "OW=@ Q=QkQ@ 34�2 w 33�2 \}=QW s}vm ZQi Tmar=@
:|va} 'OW=@|t

Ad � 0 cd < 0 y � 0

:|va}

wA+ Iv = c

w � 0 v � 0

Ow@ Oy=wN p=t}=QB uOw@ |vOW sRrDUt 34�2 OQm C@=F u=wD|t ,=v}a "CU= |vOW p;wO TB
xm OQm C@=F u=wD|t ,=v}a "S�D 6= � w S�P 6= � |D}r;wO |wk x}[k j@] TB "�O}vm C@=F�

"�O}vm C@=F� OvW=@|t OwOLt wO Qy
:OW=@|t Q} R CQwYx@ p;wO � p=t}=QB p�=Ut |=Q@ |t_vt \}=QW Qo}O u=}@ x@

cd > 0 x=ov; Ad � 0; d � 0 xm d Qy <=R=@ (38�2)

�b < 0 x=ov; � � 0; �A � 0 xm � Qy <=R=@ (39�2)

Q_v R= =Q 39�2 w 38�2 "OW=@|t 34�2 pO=at 39�2 w 33�2 pO=at 38�2 xm CU= K[=w
|x}k@ QO =yQ=m T=U= |UOvy Q}@aD u}= lQO xm O}W=@ xDW=O xHwD "s}�=tv|t Q}@aD |UOvy

"CU= Q=m CtUk
1) Regularity Conditions
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-

6

R

:z

?

}

K
�

�c

B

S�P
D

C

cd < 0
cd > 0

H

D�Ad � 0
d 6= 0

A
< 90

R

S�P 6= �

CU= OwOLt

"OW=@|t AOBDC |vOW x}L=v �13�2� pmW
| vOW x }L= v xO vwWQwO |= yCyH | t= t D xOW xORQwW= y |x }L= v pmW u }= QO
SP = fxjAX � b; x � 0g Qo = OW xDio xm|Qw]u=ty "OvW=@|t AOBDC = SP

xm CU= u; OW= @ SP |x}L= v xO vwWQwO CyH d 6= 0 xmu; |=Q @ |i=m w sRq \QW
pmW R= xOW xO=O u=Wv Ctqa =@ pmW QO cd < 0 xm |DtUk d � 0 w Ad � 0
C=}�RH |t=tD w O}�=tv@ |QDW}@ jtaD pmW |wQ� "cd > 0 d 2 D� xm OOQo|t x_Lqt
cd � 0 w d � 0 w Ad � 0 w d 6= 0 x=oDUO jwi pmW QO O}�=tv xHwD "�O}U} wv@ =Q
"CU= OwOLt w S�P 6= � xH}Dv QO D� \ fdjcd � 0g = � |va} CU}v ?=wH |=Q=O

"s} R=OQB|t |rY= EL@ x@ C=tOkt u}= =@
"1� n Q=OQ@ l} C� w m� 1 Q=OQ@ l} b� w m� nT} QD=t l} A� s}vm ZQi

:O} Q}o@ Q_vQO =Q Q} R xOW ?wW; |xr-=Ut

P � : Min (c+ �c�)x

s: t: (A+ �A�)x � (b+ �b�)

x � 0 (40�2)
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:u; p;wO w

D� : Max (b+ �b�)

w(A+ �A�) � (b+ �b�)

w � 0 (41�2)

T} QD=t

A� =

0BBB@A
� ... b�

: : : : : : : : :

c� ... 0

1CCCA
"s}t=v|t xOW ?wW; |xr-=Ut Q_=vDt ?wW; T} QD=t =Q

Q=QkQ@ =Q |]}=QW =Hu}= QO "s}yO|t u=Wv f(�;A�) x@ =Q xOW ?wW; `@=D |xv}y@ Q=Okt
'OW=@ xDW=O OwHw A� ?wW; T} QD=t ?=NDv= u=mt= Qy |=Q@ &\}=QW u; CLD xm s}�=tv|t
&OW=@ xDW=O |vOW xv}y@ ?=wH 40�2 0 � � � � Qy <=R=@ xm|Qw]x@ � > 0 Ovv=t |OOa

w OOQo CU=Q R= xDUw}B f(�;A�) w &�OW=@ |y=vDt w OwHwt f(�;A�) |va}�

f 0(0; A�) = lim
�!0+

f(�;A�)� f(0; A�)
�

"Ovt=v|t A� ?wW; x@ C@Uv P |=x}W=L Q=Okt =Q f 0(0; A�) |va} OL u}= "OW=@ OwHwt
w P � |vOW |=y?=wH |xawtHt |xOvyOu=Wv ?}DQDx@ S�P � w SP � s}vm ZQi
|=y?=wH |xawtHt ?}DQDx@ S�D� w SD� ,=v}a "OvW=@ P � |xv}y@ |=y?=wH |xawtHt

"OvW=@ D� xv}y@ |=y?=wH |xawtHt w D� |vOW

Ovv=t |OOa Qo = 'A� ?wW; T} QD=t ?=NDv= u=mt= Qy |=Q@ "x}[k 28�14�2
D� w P � xOW ?wW; p�=Ut '0 � � � � Qy <=R=@ xm|Qw]x@ 'OW=@ xDW=O OwHw � > 0
'OW=@|t Q=QkQ@ |t_vt \}=QW x=ov; 'OvW=@ |vOW ?=wH |=Q=O 41�2 w 40�2 p�=Ut |va}

"34�2 w 33�2 |va}
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O} Q}o@ Q_vQO =Q |=xOW ?wW; |xr-=Ut "(1; 1; : : : ; 1) = er 2 Rr O}vm ZQi "u=yQ@
x}[k ZQi j@] '?wW; T} QD=t R= ?=NDv= u}= |=Q@ "c� = �etn w b� = 0 w A� = 0 xm
?}DQDx@ |=Q=O 41�2 |va} D� w 40�2 |va} P � xm|Qw]x@ 'OQ=O OwHw ~� Ovv=t |OOa

�0 � � � ~� Qy <=R=@� "OvW=@|t ~w(�) w ~x(�) |xv}y@ ?=wH
:s} Q=O OW C=@F= xJu; j@]

(c� ~�etn)~x(~�)� ~w(~�)(A~x(~�� b)) �
(c� ~�en)x� ~w(~�)(Ax� b) x � 0 Qy <=R=@ (42�2)

:uO=O Q=Qk =@ 0 6= y w y � 0 w Ay � 0 xm OW=@ xDW=O OwHw |=y Qo =

x = ~x(~�) + y

:O};|t CUOx@ 42�2 QO x uO=O Q=Qk =@

0 � (c� ~�etn)y � T ~w(~�)Ay

'Ay � 0 w ~w(~�) � 0 uwJ u}vJsy �etny > 0 w ~� > 0 w y 6= 0 wy � 0 uwJ
:xm CU= u; sRrDUt 28�14�2

cy > 0

"OW=@|t Q=QkQ@ 30�2 wQu}= R= "OW=@|t Q=QkQ@ CU= |vat u=O@ u}= w
xm O}vm C@=F� OQm C@=F u=wD|t ,=v}a c� = 0 w b� = em w A� = 0 s}yO Q=Qk Qo =

"�OW=@|t Q=QkQ@ 31�2 x]@=Q

?=NDv= Qy|=Q@ x=ou; OW=@ Q=QkQ@ 31�2 w 30�2|t_vt\}=QW Qo = "x}[k 29�14�2
0 � � � � � Qy <=R=@ xm|Qw]x@ OQ=O OwHw � > 0 Ovv=t |OOa 'A� ?wW; T} QD=t

"OQ=O |vOW xv}y@ ?=wH D� w P � xOW ?wW; p�=Ut

     irmgn.ir



uQ=kDt CQwYx@ |]N |R} Qxt=vQ@ |=ypOt QO |Q=O}=B 14�2 125

xm|Qw]x@ 'OQ=O OwHw A� Ovv=t |@ wW; T} QD=t l} TB "OW=@v u}vJ O}vm ZQi "u=yQ@
u; |=Q@ xm "�h < �1 Ovv=t |Qo}O |D@Ft OOa lJwm xR=Ov= Qy x@ �1 C@Ft OOaQy <=R=@
=Q A� '� = �h |=Q@ "OvW=@|t |vOWv p;wO =} p=t}=QB xOW ?wW; p�=Ut R= |m} pk=OL
O}vm ZQi "O} Q}o@ C@=F Oa@ x@ u}= R= =Q u; w Ovm jOY \QW u}= QO xm O}vm ?=NDv= |Qw]

:x=oDUO '� = �h |Dkw |va} 'OW=@ |vOWv p=t}=QB xOW ?wW; |xr-=Ut

(A+ �hA�)x� Ims = b+ �hb�; x � 0; s � 0

|Q=OQ@ xm CU= u; sRrDUt u}= T=mQ=i sr j@] "OW=@|tv (x; s) |vOW ?=wH |=Q=O
:xm|Qw]x@ OW=@ OwHwt �(�h)Ovv=t

�(�h)(A+ �hA�) � 0
�(�h)(b+ �hb�) > 0

�(�h) � 0 (43�2)

ZQi �CQwQ[ CQwY QO� |UO}rk= sQv Q@ s}UkD =@ u=wD|t "�(�h) 6= 0 xm CU= K[=w
OW=@ |vOWv u; xOW ?wW; p;wO Qo = 'xOW ?wW; p=t}=QB |=Hx@ 1 =k �(�h) k xm OQm

:s} Q}o|t xH}Dv =yEL@ u=ty uOQ@ Q=mx@ =@ �� = �h |Dkw�
(A+ �hA�)y(�h) � 0

k y(�h) k= 1 y(�h) � 0
(c+ �hc�)y(�h) < 0 (44�2)

: : : ; �n; : : : ; �2; �1 C@Ft O=Oa= R= =wvm} |rwRv xr=@vO l} ',=Q=Qm EL@ u}= uOQ@ Q=mx@ =@
:OvW=@|t Q} R C}Y=N |=Q=O xm O};|t CUOx@ OvW=@|t QiY x@ ?Q=kDt xm

=} 1 =k �(�h) k =@ �(�h) Ovv=t |@=wH |=Q=O 43�2 x=oDUO =} h = 1; 2; : : : |=Q@
h = 1; 2; : : : |=Q@ uwJ "OvW=@|t ?=wH |=Q=O wO Qy =} OQ=O y(�h) Ovv=t |@=wH 44�2
f�ng1n=1 xr=@vO R= xmCU= OwHwt u=mt= u}= 'OvW=@|t ?=wH |=Q=O wO Qy =} 44�2 =} 43�2
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|m} h = g1; g2; : : : |=Q@ xm|Qw]x@ 's}�=tv ?=NDv= f�gig1i=1 Ovv=t |=xr=@vO Q} R l}
k �(�gh) k= 1 w OW=@ xDW=O ?=wH xQ=wty 43�2 ,qFt 44�2 =} 43�2 x=oDUO wO R=
|wQ =yQ=OQ@ u}= |t=tD k �(�gr) k

r=1;:::
= 1 :xm O} Q}o@ Q_vQO =Qf�(�g)rg1r=1 |xr=@vO p=L

|xawHt Rm QO OL=w `=aW x@ |=xQm uwJ "OvQ=O Q=Qk OL=w `=aW x@ w <=O@t RmQt x@ |=xQm
?Q=kDt xm Owtv ?=NDv= u=wD|t |y=vDt=v xr=@vOQ} R l} u; |y=vDt=v xr=@vO Qy R= "CU= xOQWi

:Ovv=t xr=@vO Q} R l} C}Y=N u}= uOQ@ Q=mx@ =@ "OW=@ |OL x]kv x@
�(�1); �(�2); : : :

:xm|Qw]x@ s}vm|t ?=NDv=
lim
r!1�(�r) = �̂ �CU= xQm RQt |wQ �̂�

Qy TB 'Ov}=tv|t p}t QiY CtU x@ w OvDUy |rwRv =wvm} : : : ; �gn ; : : : ; �g2 ; �g1 uwJ
:Ovv=t u; R= xr=@vO Q} R

�1; : : : ; �n; : : :

:C}Y=N QO R}v �̂ TB Ovm|t p}t QiY CtU x@ w CU= |rwRv =wvm} R}v
�̂A � 0 �̂b � 0 �̂ � 0 � 6= 0

"OW=@|t Zk=vD QO 31�2 =@ xm "O}=tv|t jOY
:x}rw= xr=@vOQ} R Qo =

�g1 ; �g2 ; : : : ; �gn ; : : :

uOQ@ Q=mx@ =@ 'OW=@ xDW=O ?=wH 44�2 x=oDUO h = g1; : : : ; : : : |Dkw xm OvW=@ |DQwYx@
Qo = u}=Q@=v@ "Ow@ Oy=wN Zk=vD QO 31�2 =@ xm O};|t CUOx@ |ŷ CWPo xJu; x@=Wt |FL@
w Sp� xm CU= OwHwt � Ovv=t |D@Ft OOa xQ=wty 'A� Qy |=Q@ 'OW=@ Q=QkQ@ 31�2 w 30�2
?=wH wO Qy D� w P � xm CU= u; sRrDUt u}=w CU= |yDQ}e 0 � � � � Qy <=R=@ S�P �

"OvW=@ xDW=O xv}y@
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Qy |=Q@ x=ou; 'OW=@ Q=QkQ@ 31�2 w 30�2 |t_vt \}=QW Qo = "x}[k 30�14�2
Qy <=R=@ xm|Qw]x@ CU= OwHwt �0 > 0 Ovv=t |OOa A� ?wW; T} QD=t R= ?=NDv=
QO � |Dkw f(�;A�) w OvDUy xv}y@ ?=wH |=Q=O wO Qy D� w P � p�=Ut 0 � � � �0

"OW=@|t OwOLt Ovm|t Q}}eD xR=@ u}=

OOa p@k |x}[k j@] "O} Q=Oyov C@=F =Q u; w O}vm ?=NDv= =Q A� ?wW; T} QD=t "u=yQ@
'D� w P � |xr-=Ut wO Qy '0 � � � � Qy <=R=@ xm|Qw]x@ 'CU= OwHwt � Ovv=t |D@Ft
p=L "OW=@|t |y=vDt � 2 [0; �] |xR=@ QO w OwHwt f(�;A�) w 'OvW=@|t xv}y@ ?=wH
xm|Dr=L � |=Q@ xm|Qw]x@ '�0 � � xm CU= OwHwt �0 < � Ovv=t |OOa xm s}vm|t C@=F
u}= p@k |x}[k Ovv=t 'EL@ u=ty uOQ@ Q=mx@ =@ "OW=@|t OwOLt f(�;A�) &0 � � � �0

:|Dkw xm O=O u=Wv u=wD@ Qo = "O};|t CUOx@ xH}Dv

�1; �2; : : : ; �n

CtU x@ OvDUy |w=Ut =} QDtm � R= =yu; |xty xm C@Ft O=Oa= R= |rwRv CN=wvm} xr=@vO l}
"OvW=@|t OwOLt : : : ; 2; 1 = h Qy <=R=@ f(�h; A�) Q}O=kt x=ou; 'OvW=@ ?Q=kDt QiY

:Ovv=t C@Ft O=Oa= R= |rwRv =wvm} xr=@vO l} |DU}=@ x=ou; OW=@v u}vJ O}vm ZQi

�1; �2; : : : ; �n; : : :

xm
lim
n!1�n = 0

(h = 1; 2; : : : ; ff(�h; A�)g) 'h = 1; 2; : : : Qy |=Q@ w �h < � |=Q@ &xm|Qw]x@
"OW=@|t OwOLt=v

w h = 1; 2; : : : |=Q@ � = �h |Dkw OW=@ P � xv}y@ ?=wH �x(�h) O}vm ZQi
f�x(�h)jh = g1; g2; : : : g xm|v=tR \ki OW=@ OwOLt=v ff(�h; A�)jh = 1; 2; : : : g
x r= @ vOQ } R l } x m OQ=O Ow Hw u= m t= u }= | D r= L u } v J QO "O W= @ OwO L t= v
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|OwaY =wvm} fk �x(�gr) kg1r=1 OOQo ?=NDv= |DQwY x@ "f�x(�h) jh = g1; g2; : : : g
:s}vm|t h} QaD "O}=tv p}t +1 CtU x@ w

y(�gr) =
�x(�gr)
k �x(�gr) k ; r = 1; 2; : : :

:s} Q=O h} QaD u}= R=

(A+ �hA�)�x(�h) � b+ �hb�

(c+ �hc�)�x(�h) = f(�h; A�) (45�2)

:O};|t CUOx@ u}=Q@=v@

(A+ �grA
�)y(�gr) � (b+ �grb

�)= k �x(�gr) k r = 1; 2; : : : (46�2)

y(�gr) � 0TB (r = 1; 2; : : : )|=Q@k y(�gr) k= 1wy(�gr) � 0s} Q=O Qw]u}ty
xOQWi|xawtHtl} xmCiQoOvy=wNQ=QkOL=w`=aW x@|=xQm|wQ (r = 1; 2; : : : )r Qy<=R=@
(r = 1; 2; : : : )y(�gr) |xr=@vO Ovv=t |=xr=@vOQ} R xm OQ=O OwHw u=mt= u}= u}=Q@=v@ "OW=@|t

:s}yO|t u=Wv Q} R CQwYx@ =Q u; xm OOQo ?=NDv=

y(�1); y(�2); : : : ; y(�n); : : :

w
lim

n�!1 y(�n) = �y

:s} Q=O 46�2 w �y � 0 xm Ow@ Oy=wN u; sRrDUt u}= "OQ}o|t Q=Qk QwmPt xQm |wQ R}v �y

(A+ �pA�)y(�p) � (b+ �pb�)= k �x(�p) k (47�2)

:TB lim
r�!1�r = 0 w OW=@|t f�rg1r=1 R= |=xr=@vOQ} R f�pg1p=1 uwJ

lim
p�!1�

p = 0
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:=Q} R 'A�y � 0 u}=Q@=v@
lim

p�!1 k �x(�p) k=1
:=t= "c�y > 0 s}W=@ xDW=O |DU}=@ A�y � 0 w 0 � �y uwJ

lim
p�!1 f(�p; A�)=(k �x(�p) k) = c�y

:u}=Q@=v@ "OW=@|t C@Ft ,=O}m = OL u}= wQ u}= R= �45�2 x@ xHwD =@�
f(�p; A�) > 0 p Qy <=R=@ (48�2)

:|Dkw u}=Q@=v@ OW=@ D� |xr-=Ut xv}y@ ?=wH �w(�p) xm s}vm|t ZQi p=L
� = �p p = 1; 2; : : :

:s} Q=O
�w(�p)(A+ �pA�) � (c+ �pc�) (49�2)

�w(�p)(b+ �pb�) = f(�p; A�) (50�2)

f �w(�p)jp = 1; 2; : : : gs} Q=O50�2R= 'CU=OwOLt=vff(�p; A�)jp = 1; 2; : : : guwJ
jwi xr=@vO R= f �w(�qr)g1r=1 Ovv=t |=xr=@vO ?=NDv= u=mt= u}=Q@=v@ OW=@|t OwOLt=v R}v
+1 u; OL w |OwaY =wvm} xr=@vO u}= w �r Qy <=R=@� k �w(�qr) k> 0 xm OQ=O OwHw

:O}vm ZQi "OW=@
�(�qr) = �w(�qr)= k �w(�qr) k

OL xm Owtv ?=NDv= f�(�qr)g1r=1 R= |=xr=@vO Q} R u=wD|t |r@k VwQ u=ty uOQ@ Q=mx@ =@
w �� � 0 w ��A � 0 xm OW=@ �� xr=@vOQ} R u}=

��b = lim
t�!1 f(�t; A�)= �w(�t)

:CW=O s}y=wN TB ��b < 0 xmu}= x@ xHwD =@ w
f(�t; A�) < 0

"OW=@|t OwOLt ff(�h; A�)g1h=1 wQ u}= R= "OW=@|t 48�2 =@ Zk=vDt u}= w
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T} QD=t OW=@|t Q=QkQ@ D w P |=Q@ |t_vt \}=QW O}vm ZQi "x}[k 31�14�2
"O}�=tv ?=NDv= 0 < �0 Ovv=t |OOa "O} Q=Oyov C@=F =Q u; w O}�=tv ?=NDv= =Q A� ?wW;
|rwRv =wvm} xr=@vO l} f�hg1h=1 O}vm ZQi �CWPo �29�16�2� |x}[k QO xJu; Ovv=t�

:xm OW=@ C@Ft O=Oa= R=
lim

h�!1�h = 0

:u; QO xm
� � �0 h = 1; 2; : : :

�� = �h |Dkw�OvW=@ P � w D� |xv}y@ |=y?=wH ?}DQD x@ �x(�h) w �w(�h) O}vm ZQi
OvW=@|t OwOLt f �w(�h)g1h=1 w f�x(�h)g1h=1 |=yxr=@vO x=ou;

OwOLt=v f�x(�h)g1h=1 ,qFt '�hrN ZQi� OvW=@v OwOLt =yxr=@vO u}= xm O}vm ZQi "u=yQ@
:Ovv=t xr=@vOQ} R l} ?=NDv= u=mt= Cr=L u}= QO "OW=@

f�x(�h)jh = g1; g2; : : : g

+1 CtU x@ w CU= |OwaY ,=O}m = =wvm} ,=O}m = r = 1; 2; : : : 'k �x(�gr) k xm|Qw]x@
:s}vm|t h} QaD 'O}=tv|t p}t

y(�gr) = �x(��gr)=(k �x(�gr) k)

x@ xm Owtv ?=NDv= |=xr=@vOQ} R l} u=wD|t fy(�gr)g1r=1 xr=@vO R= r = 1; 2; : : : |=Q@
:\}=QW QO xm ��29�16�2� x}[k Ovv=t� O}=tv p}t �y Ovv=t |OL CtU

A�y � 0 �y � 0

:s} Q=O w O}=tv|t jOY

(c+ �grc
�)y(�gr) = f(�gr ; A

�)= k �x(�gr) k
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:|va} c�y = 0 CW=O s}y=wN w OW=@|t OwOLt f(�gr ; A�) �29�16�2� x}[k j@]

A�y � 0 �y � 0 ; �y 6= 0 c�y = 0

:xm OQm C@=F u=wD|t ,=v}a "CU= OwOLt f�x(�h)gh=1 TB "OW=@|t Zk=vD xm

f �w(�h)g1h=1

"OW=@|t OwOLt

|t_vt |O=YDk= Q}UiD 15�2
n xm O} Q}o@ Q_vQO =Q |=xv=NCQ=HD "pOt C}r=ai p}rLD Q@ |]}=QW 32�15�2

"Ovm|t O}rwD pwYLt ẁv m w OQ=O C}r=ai ẁv
:O}vm ZQi

cj = OW=@ j C}r=ai R= OL=w l} s=Hv= |xv} Ry (j = 1; : : : ; n)

aij = "OW=@ R=}vOQwt j C}r=ai QO |OwQw u=wva x@ xvw OOQo O}rwD |HwQN u=wva x@ xv q=m u}t=i Qo =
aij > 0 CU= xDiQo CQwY OL=w l} j C}r=ai |Dkw |HwQN u=wva x@ xOW O}rwD q=m u}t=i O=OaD
aij < 0 "OQ}o|t CQwY OL=w l} j C}r=ai |Dkw |OwQw u=wva x@ R=}vOQwt |q=m u}t=i O=OaD
bi = "OOQo O}rwD |DU}=@ |v=Btm u}= \UwD xm s=i |q=m R= Q=Okt st}v|t

A = [aij ]m�n

b = (b1; : : : ; bm)t

c = (c1; : : : ; cn)

"x = (x1; : : : ; xn)t w CU= xDiQo CQwY xm OW=@ j C}r=ai K]U xj O}vm ZQi
'xv=NCQ=HD |=Q@ pOt C}r=ai p}rLD 'CW=O ^wLrt O}rwD xWkv u=wva x@ u=wD|t =Q x
|xr-=Ut CQwY x@ xm |rm |xv} Ry pk=OL =@ w xOW xDU=wN pwYLt OQw;Q@ R= CU= CQ=@a
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:OOQo|t xrwtQi Q} R
Min cx

P : s: t: Ax � b
x � 0

"�c w b w A QO xOW xO=O |=yxO=O =@�
xm xn; : : : ; x1 |=yQ}eDt R= |ivt=v Kw]U ?=NDv= R= CU= CQ=@a jwi xr-=Ut w
P |xr-=Ut uOw@ s_vt \}=QW "O}=tv OQw;Q@ |rm |xv} Ry pk=OL =@ xOW xDU=wN CqwYLt

:O}=tv jOY p}P \}=QW QO xm |� uOw@v R= CU= CQ=@a
�A � 0 �b � 0 � � 0 � 6= 0

:CWwv u=wD|t Qm =D x}[k x@ xHwD =@
(�At)�t � 0 bt�t � 0 I� � 0 � 6= 0

I)

8>>>>>><>>>>>>:
I�t � 0 � 6= 00BB@�At

bt

1CCA � 0
OQ=Ov ?=wH

II)

8>>>>>><>>>>>>:
(xt; y)

0BB@�At
bt

1CCA+ wIt = 0

xt � 0 ; w > 0

CU= ?=wH |=Q=O

Ax� by + wI = 0
w > 0 x � 0

\QW u}= �O}yO K}[wD =Q ?r]t ,=k}kO #xvwoJ� Ax > b xm CiQo xH}Dv u=wD|t |oO=U x@
'OW=@ b R= QDoQR@ ,=O}m = 'q=m CQwY O}rwD x@ QO=k xv=NCQ=HD xm CU= Q=QkQ@ |Dkw \kiw \ki
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x@ =Q |v=Btm O}rwD u=wD s=tD 'Q_vOQwt |=yq=m R= b Q=OQ@ O}rwD CU=wNQO 'Qo}O CQ=@a x@
"OQ@|tv p}rLD

:uOw@ s_vt \QW

Max wb

s: t: wA � c
w � 0

"OW=@v ?=wH |=Q=O Q} R x=oDUO xm CU= u;

Ad � 0 d � 0 d 6= 0 cd < 0

u=O@ u}= 'cd > 0 |O=YDk= Q_v R= |DU}=@ Ad � 0 xm d C@Ftxt}v Q=OQ@ Qy |=Q@ |va}
xH}Dv |va}�Ovm|t O}rwD =Q =yq=m R= |D}a[w CQwY xm 'O}rwD xWkv Qy |=Q@ xm CU= |vat
Q_=vDt =} w CU= QiY =} q=m Q=Okt '�OW=@|t =yq=m R= |HwQN u=wva x@ |ivt=v Xr=N Q=Okt

"OW=@|t |D@Ft xv} Ry

|]N |R} Qxt=vQ@ |rm pOt QO |Q=O}=B 16�2
|[a@ CU= umtt u; QO xm 's} Q}o|t Q_vQO =Q |]N |R} Qxt=vQ@ pOt |rm CQwY =Hu}= QO
|Q=DN=U |=yQ}eDt R= |[a@ w OW=@ xDW=O |w=Ut=v CQwY |[a@ w |w=UD CQwY Ow}k R=

:CQwYx@ O}k Qy |=H x@ OW xDio xJu; x@ xHwD =@ "OvwW ?=NDv= |ivt=v |NQ@ w O=R;

ai1x1 + � � �+ ainxn = bi

:|w=Ut=v wO u=wD|t

ai1x1 + � � �+ ainxn � bi
ai1x1 + � � �+ ainxn � bi (51�2)
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:CWwv u=wD|t OW=@ O=R; xi Q}eDt Qo = "O=O Q=Qk =Q

xi = x+
i � x�i

x+
i ; x

�
i � 0

uQ=kDt |]N |R} Qxt=vQ@ pOt CQwYx@ |rm |]N |R} Qxt=vQ@ pOt Cq}O@D u}= uOQ@ Q=mx@ =@
xQ=wty pY=L uQ=kDt LP 'OQ}PB CQwY xm jwi Cq}O@D R= l} Qy p=LQyx@ "OOQo|t p}O@D
LP xm O}vm ZQi K}[wD w p=Ft |=Q@ "OW=@ Q=O}=B |rw= pOt Qo = |DL Ow@ Oy=wN Q=O}=B=v
=Q=O =Q 51�2 ẁv R= Ow}k GwR l} 'xm OQ=O =Q P uQ=kDt CQwY Cq}O@D w C=Q}}eD R= pY=L
Q_=vDt |=y��i u; QO xm OW=@ LP u}= |=yO}k Q_=vDt ?}=Q[ Q=OQ@ �� O}vm ZQi "OW=@|t

:s} Q=O 'OvW=@ QiY =y�i |x}k@ w 1 OOa wO Qy O}k GwR u}=

��A = (0; : : : ; 1; 1; 0; : : : ; 0)

0BB@
...

�ai
ai

1CCA = 0

�b = (0; : : : ; 1; 1)

0BBBBB@
...

�bi
bi
...

1CCCCCA = 0 ; �� 6= 0 ; �� � 0

:x=oDUO |va}

�A � 0 �b � 0 � � 0 � 6= 0

"OW=@|tv Q=QkQ@ uOw@ s_vt \QW |va} "OW=@|t ?=wH |=Q=O
:|=Hx@ xm|Dr=L QO s}yO|t u=Wv p=L

xi = x+
i � x�i

x+
i � 0; x�i � 0
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"Ow@ Oy=wNv Q=QkQ@ uOw@ s_vt \QW R}v Cr=L u}= QO
=Q jwi pqODU= x@=Wt |rqODU= w s} Q}o@ Q_vQO =Q xr-=Ut p;wO Cr=Lu}= QO CU= |i=m
p;wO uOw@ s_vt \QW Cr=Lu}= QO xD@r= "�O} Qw=}@ Pe=m |wQ =Q ?r]t u}= ,=k}kO� s}�=tv u=}@

"Ow@ Oy=wNv Q=QkQ@ xr-=Ut
"OwW xaH=Qt �� x@ xv}tR u}= QO QDj}ta xar=]t |=Q@

1�LCP� |]N ptmt |xr-=Ut 17�2
z 2 Rn wC@=F Q=OQ@ q 2 Rn w xOw@n|x@DQt R= `@ QtT} QD=tl}M = [mij ] O}vm ZQi
W = (w1; : : : ; w2) w Z = (z1; : : : ; zn) CQwYx@ =yQ}eDt R= Q=OQ@ wO w 2 Rn w

:OwW|t h} QaD Q} R CQwYx@ |]N ptmt |xr-=Ut x=ou; &OvW=@
8>>>>>><>>>>>>:
w = q +Mz

ztw = 0
w; z � 0

(52�2)

|xr-=Ut =@ x]@=Q QO EL@ "Ov} wo ptmt GwR =Q (wi; zi) (i = 1; : : : ; n) GwR =Hu}= QO
=t "CU= xO}UQ A=J x@ u; =@ x]@=Q QO |O=} R Q=}U@ Cq=kt w CU= pYit Q=}U@ L.C.P

w LP Qy pL xm s}vm C@=F s}y=wN|t \ki w s}DU}v xr-=Ut x@ uOW OQ=w OOYQO =Hv}= QO
=y?=Dm R= |QU u}= xOv}; |=yOrH QO "OOQo|t L.C.P |xr-=Ut l} pL x@ QHvt u; p;wO
|Dw=iDt |=yQ=DN=U |=Q=O M xm |Dr=L QO "OW Oy=wN xDWwv xr-=Ut u}= XDNt OrH l}
'7� `@=vt x@ Ovv=wD|t u=Ovtxkqa "CU=xOW x�=Q= u; pL CyH |Y=N |=ysD} Q=or= 'OW=@

1) The Linear Complomentary Problem
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"O} Q}o@ Q_vQO Q} R CQwYx@ uQ=kDt |]N |R} Qxt=vQ@ xr-=Ut l} "Ov}=tv xaH=Qt �8

Min Z = cx

P : s: t: Ax � b
x � 0

:CU= u}vJ u; p;wO

Max W = wb

P : s: t: wA � c
w � 0

:s} Q=O &s}v=OQo|tQ@ OQ=Ov=DU= CQwYx@ =Q D w P p�=Ut

Min Z = cx+ 0u
P 0 : Ax� Iu = b

x; u � 0

w

Max W = wb+ 0v
D0 : wA+ vI = c

w; v � 0

:s} Q=O K.K.T \}=QW j@] "OvW=@ D0 xv}y@ (w0; v0) w P 0 |xv}y@ (x0; u0) O}vm ZQi

P:F

8>><>>:Ax
0 � Iu0 = b

x0; u0 � 0
D:F

8>><>>:w
0A+ v0I = c

w0; v0 � 0
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w

C:S

8>><>>:w
0(Ax0 � b) = 0

(c� w0A)x0 = 0
:CWwv Q} R CQwYx@ u=wD|t =Q jwi |=yx=oDUO

u = �b+Ax

v = c Atw

wu = 0 ; vx = 0
=} 

u

v

!
=

 �b
c

!
+

 
A 0
0 �At

! 
x

w

!
(w; v)

 
u

x

!
= 0

M =

 
A 0
0 �At

!
(w; v) � 0 (u; v) � 0

&OOQo|t pY=L Q} R |xr-=Ut q = (�b; c)t w (u; v) = Z w (w; v) = W uO=O Q=Qk =@
:O};|t CUOx@ D0 w P 0 xr-=Ut wO Qy ?=wH u; pL R= w CU= L.C.P xr-=Ut l} xm

w = q +Mz

ztw = 0
w; z � 0

1QiY `tH =@ xQiv wO |=y|R=@ 18�2
"OvW=@|t\rUt OwN Q=mx@,qt=m w OvW=@|t Qo}Oty?}kQ xm O} Q}o@ Q_vQO =QB wAum} R=@ wO
xO}t=v �pay-o�� u=DU@�xO@ |U} QD=t xm O} Q}o@ Q_vQO =Q A = [aij ]m�n Ovv=t |U} QD=t
1) Two-Person Zero-Sum Games
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:Q} R CQwYx@ OwW|t
B um} R=@

1 2 : : : j : : : n

1 ...

2 ...
...

...

A um} R=@ i : : : : : : : : : aij : : : : : :
...

...

m
...

Oy=wN |R=@ dr@t aij Q=Okt O}=tv ?=NDv= =Q j |SD=QDU= B um} R=@ w i |SD=QDU= A um} R=@ Qo =
Qy xmu}=x@ xHwD =@ "CU= xDN=@ A um} R=@ aij < 0 Qo = w xOQ@ A um} R=@ aij > 0 Qo = "Ow@
xm O}=tv ?=NDv= B |SD=QDU= xJ w A |SD=QDU= xJ OvQ=O pt=m |y=o ; OwNQ=m x@ um} R=@ wO
�"B Oa@ w Ovm|t |R=@ A pw= xm CU= u; ZQi� OOQo st}v|t B CN=@ w st} Rm =t A OQ@

"s}yO|t K}[wD |OOa p=Ft l} =@ =Q ?r]t

CQwYx@ =yu;|DN=OQB pwOH xm O} Q}o@ Q_vQO =QB wA um} R=@ wO "p=Ft 33�18�2
:OW=@|t Q} R

B um} R=@
1 2 3

1 1 2 3
A um} R=@ 2 4 5 6

3 7 8 9
Max
i
aij 7 8 9

min
j
aij

1
4
7

OL=w l} pk=OL svm ?=NDv= =Q 1 |SD=QDU= Qo = "Ovm|t pqODU= CQwY u}= x@ A um} R=@
OL=w 7 pk=OL s}=tv ?=NDv= =Q 3 Qo = w OL=w 4 pk=OL s}=tv ?=NDv= =Q 2 Qo = w swW|t xOvQ@

"sOQo|t xOvQ@
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OL=w 7 QFm =OL s}=tv ?=NDv= =Q 1 |SD=QDU= Qo = "O}=tv|t pqODU= u}vJ B um} R=@
9 QFm =OL svm ?=NDv= =Q 3 Qo = w sR=@|t OL=w 8 QFm =OL s}=tv ?=NDv= =Q 2 Qo = w sR=@|t

"sR=@|t OL=w
:|va} Ovm st} Rm =t =Q OQ@ pk=OL xm O}=tv|t ?=NDv= =Q |SD=QDU= A TB

Max
i

(Min
j
aij) = 7

:Ovm st}v|t =Q w= CN=@ QFm =OL xm O}=tv|t ?=NDv= =Q |SD=QDU= B w

Min
j

(Max
i
aij) = 7

:OOQo|t x_Lqt =Hu}= QO

Max
i

(Min
j
aij) = Min

j
(Max

i
aij) = 7

:O} Q}o@ Q_vQO =Q |Qo}O p=Ft p=L
:OvW=@|t Q} R CQwYx@ B w A |=yum} R=@ |DN=OQB pwOH

1 2 3 4
1 5 �10 9 0

A 2 6 7 8 1
3 8 7 15 2
4 3 4 �1 4

Max
i
aij 8 7 15 4

min
j
aij

�10
1
2
�1
2

:u}= QO
Min
j

Max
i

aij = 4
w

Max
i

Min
j
aij = 2

xm
Min
j

Max
i

(aij) 6= Max
i

(Min
j
aij)
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R= "CU}v OwHwt 1ZLt |SD=QDU= =yum} R=@ |=Q@ w OQ=Ov |v} R x]kv |R=@ u}= QO Ov} wo
w |SD=QDU= m =@ =Q A um} R=@ |rm Cr=L QO p=L "s} wQ|t 2\rDNt |SD=QDU= p=@vO x@ wQu}=
'OW=@|t A = [aij ]m�n |DN=OQB T} QD=t xm s} Q}o|t Q_vQO |SD=QDU= n =@ =Q B um} R=@

:Q} R CQwYx@
B um} R=@

1 2 : : : j : : : n

1 ...

2 ...
...

...

A um} R=@ i : : : : : : : : : aij : : : : : :
...

...

m
...

y = (y1; : : : ; ym) w B um} R=@ ?=NDv= p=tDL= Q=OQ@ x = (x1; : : : ; xn) s}vm ZQi
hQ] R= j |SD=QDU= ?=NDv= p=tDL= xj xm |vat u}O@ &OW=@ A um} R=@ ?=NDv= p=tDL= Q=OQ@

:xm CU= K[=w "OW=@ A um} R=@ hQ] R= i |SD=QDU= ?=NDv= p=tDL=yi w B um} R=@
nX
j=1

xj = 1 xj � 0 j = 1; : : : ; n
w

mX
i=1

yi = 1 yi � 0 i = 1; : : : ;m
?=NDv= =@ Ovm ?=NDv= =Q j |SD=QDU= B um} R=@ Qo = "Ovm|t pqODU= CQwYu}O@ A um} R=@

:sQ=O Q} R CQwYx@ |OQ@ O}t= y R= OQ@
EAj =

nX
i=1

aijyi j = 1; : : : ; n

:xm s}=tv ?=NDv= |Qw] =Q ym; : : : ; y1 ut |DU}=@ TB

Min1�j�n(
mX
i=1

yiaij) = Min1�j�n(Ej)

1) Pure Strategy 2) Mixed Strategy
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:s}=tv st} Rm =t =Q
:xm OwW ?=NDv= |Qw] |DU}=@ =yy |va}

Max Min1�j�n(
mX
i=1

yiaij)

=Q i |SD=QDU= A um} R=@ Qo = xm O} wo|t w= "O}=tv|t pqODU= CQwY u=tyx@ R}v B um} R=@
:CQwYx@ |DN=@ O}t= x Q=OQ@ ?=NDv= =@ O}=tv ?=NDv=

ei =
mX
j=1

aijxj i = 1; : : : ;m

:|va} OOQo st}v|t (i = 1; : : : ;m)ei st} Rm =t xm s}=tv ?=NDv= |Qw] =Q x |DU}=@ TB

Min Max
1�i�m(

nX
j=1

aijxj)

:s}yO Q=Qk Qo =
Min

1�j<n(
mX
i=1

yiaij) = h

w
Max

1�i<m(
nX
i=1

aijxj) = g

:R= Ow@ Oy=wN CQ=@a A um} R=@ |xr-=Ut TB

Max h

s: t:
mX
i=1

aijyi � h j = 1; : : : ; n
mX
i=1

yi = 1

yi � 0 i = 1; : : : ;m
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:R= Ow@ Oy=wN CQ=@a B um} R=@ |xr-=Ut w
Min g

s: t:
nX
j=1

aijxj � g i = 1; : : : ;m
nX
j=1

xj = 1

xj � 0 j = 1; : : : ; n
uwJ "O}vm C@=F =Q ?r]t u}= CkO x@ #=QJ� h w g > 0 xm Owtv ZQi xQ=wty u=wD|t
xr-=Ut wO h w g x@ \w@ Qt |=y|w=Ut w =y|w=Ut=v s}UkD =@ TB �CU= xOv}; QO Q=m T=U=

:O};|t CUOx@ Q} R CQwYx@ |]N |R} Qxt=vQ@
Max h = Min

1
h

= Min
mX
i=1

yi
h

s: t:
X

aij
yi
g
� 1

A um} R=@ X yi
g

=
1
h

yi � 0 i = 1; : : : ;m

Min g = Max
1
g

= Max
nX
j=1

xi
g

s: t:
X

aij
xj
g
� 1X xj

g
=

1
g

xj � 0
:uO=O Q=Qk =@

(j = 1; : : : ; n) xj=g = Xj

(i = 1; : : : ;m) yi=h = Yj
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"OvW=@|t Qo}Om} p;wO xm O};|t CUOx@ Q} R xr-=Ut wO
: A um} R=@ |=Q@

Min
mX
i=1

Yi

s: t:
mX
i=1

Yiaij � 1 j = 1; : : : ;m

Yi � 0 i = 1; : : : ;m

:s} Q=O B um} R=@ |=Q@

Max
nX
j=1

Xj

s: t:
nX
j=1

aijXj � 1 i = 1; : : : ;m

Xj � 0 j = 1; : : : ; n

CyH B w A um} R=@ wO \rDNt |SD=QDU= L.C.P xr-=Ut l} pL =@ xm OOQo|t x_Lqt
=Q umtt CN=@ pk=OL B w umtt OQ@ QFm =OL A xm |=x]kv |va} '|v} R x]kv x@ uO}UQ

"OW=@|t |R=@ Q=QmD pm x@ C@Uv Q=QmD O=OaD |vat x@ =Hv}= QO p=tDL= w OQ=O

Q_vQO =Q Q} R |DN=OQB T} QD=t =@ QiY `tH =@ xQiv wO |R=@ l} "p=Ft 34�18�2
:O} Q}o@

B

1 2 3
1 3 �1 �3

A 2 �3 3 �1
3 �4 �3 3

|Q]U st} Rm =t 3 3 3

|Q]U st}v|t
�3
�3
�4
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Max
i

(Min
j
aij) = �3 6= Min

j
(Max

i
aij) = 3

CUOx@ CyH \rDNt |SD=QDU= R= wQu}= R= "OQ=Ov ZLt |SD=QDU= =@ |v} R x]kv |R=@ TB
:Q} R LP pL R= CU= CQ=@a xr-=Ut 'OW xDio xJu=O@ xHwD =@ "OOQo|t xO=iDU= u; uOQw;

Max X1 +X2 +X3
s: t: 8X1 +4X2 +2X3 � 1

2X1 +8X2 +4X3 � 1
X1 +2X2 +8X3 � 1
X1; X2; X3 � 0

Qt= u}= Cra� CU= xOW xi=[= 5 OOa |DN=OQB pwOH |=[a= x@ Qt= CrwyU |=Q@ "xHwD
O};|t CUO x@ Q} R CQwYx@ xv}y@ |SD=QDU= u; pL R= xm CU= xO=O u} QtD u=wva x@ p@k

: B |=Q@ �O}�=tv pL =Q xr-=Ut ,=k}kO

x�1 =
14
45 ; x

�2 =
11
45 ; x

�3 =
20
45

: A |=Q@ w
y�1 =

20
45 ; y

�2 =
11
45 ; y

�3 =
14
45

w
z� = w� =

45
196

swO pYi xYqN 19�2
|xr-=Ut |=Q@ |D}r;wO OQ=Ov=DU= sQi pYi u}= QO

Min Z(x) = cx

s: t: Ax � b
x � 0 (53�2)
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:CQwYx@
Min W (w) = wb

s: t: wA � c
w � 0

"OW=@|t u; OwN 'LP l} p;wO xm OW C=@F= w OW h} QaD
uDWwv |=Q@ OQ=Ov |DQwQ[ xm O}OQo u=}@ w OW u=}@ |D}r;wO \rDNt CQwY pYi u}= QO
|vwv=m CQwY 52�2 xm s} wW|t Qw;O=}� s}v=OQoQ@ |vwv=m CQwYx@ =Q u; xr-=Ut l} p;wO

�OW=@|t |]N |R} Qxt=vQ@ xr-=Ut l}
x}YwD xm O}OQo u=}@ |Q@H w |D} Q}Ot Q_vt R= '|O=YDk= Oa@ R= p;wO |O=YDk= Q}UiD

"OQ}o CQwY |QDW}@ jtaD ?r=]t |xar=]t QO VN@ u}= QO OOQo|t
Q} R ?r=]t OW=@|t p;wO w p=t}=QB u}@ |x]@=Q xOvvmu=}@ xm |D}r;wO h}a[ x}[k QO

:O}vm C@=F
:CQwYu}= QO OW=@ p;wO |vOW ?=wH w0w p=t}=QB |vOW ?=wH x0 Qo = �1

cx0 � w0b

xm|Qw]x@ 'OvW=@ p=t}=QB w p;wO |=Q@ |vOW |=y?=wH ?}DQDx@ �x w �w Qo = �2
c�x = �wb

u=wva CLD ?r]t u}=� OW=@|t p=t}=QB |xv}y@ �x w p;wO |xv}y@ �w CQwYu}= QO
"O}OQo pY=L Q} R G}=Dv q=@ |x}[k wO R= w �"OW u=}@ =tvy=Q pY=

uOw@ OwOLt=v 'p=t}=QB uOw@ |vOWv |rw CU= |vOWv p=t}=QB 'OW=@ OwOLt=v p;wO Qo = "hr=
:s} Q=O OW=@ p;wO xv}y@ w� w p=t}=QB |xv}y@ x� Qo = xm OW C@=F "OyO|tv xH}Dv =Q p;wO8>><>>:w

�(Ax� � b) = 0
(c� w�A)x� = 0
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u}ty xH}Dv =tvy=Q pY= xm O}vm xHwD� O}OQo u=}@ O}=R ptmt \}=QW u=wva CLD ?r]t u}=
�#=QJ "CU= ?r]t

QO Ovm Q}}eD bi ,qFt 'b Q=OQ@ |=yxir-wt R= |m} Qo = xm s}Dio p;wO |O=YDk= Q}UiD QO
Q}PBjDWt bi QO f� Qo = "Ow@ Oy=wN bi R= |a@=D f� 'OW=@ `@=D xv}y@ Q=Okt f�(b) xm|DQwY

OW=@
@z�
@bi

=
@f�
@bi

= w�i = cBB�1
i

|va}� OW=@|t bi V}=Ri= R= OL=w l} <=R=@ OwYkt `@=D |xv}y@ Q=Okt C=Q}}eD u=R}t w�i xm
?ULQ@ O}OH w s}Ok OwYkt `@=D xv}y@ Q=Okt u}@ x]@=Q xm �bi+1 x@ OwW|t p}O@D bi |Dkw
x@ =Q w� "OW=@|t Z�O}OH = Z�s}Ok � wi CQwYx@ OwW p}O@D bi � 1 =} bi + 1 x@ bi xmu}=

"Ov} wo b |va} CU=Q CtU `@=vt |=Q@ x}=U Ct}k Q=OQ@ u=wva
CU=Q w AJ jDWt R= CQwYu}= QO 'OW=@v Q}PBjDWt bi x]kv QO f�(bi) xm|Dr=L QO

:OOQo|t x@U=Lt Q} R CQwYx@ x}=U Ct}k w OOQo|t xO=iDU=

CU=Q x}=U Ct}k = @+z�
@bi

= Maxfwji CU= bi QO p;wO xv}y@ |U-=Q |x]kv l}wjg
AJ x}=U Ct}k = @�z�

@bi
= Minfwji CU= bi QO p;wO xv}y@ |U-=Q |x]kv l}wjg

"O}OQo u=}@ T=mQ=i sr pYi u}= QO
xar=]t OQwt Oa@x@ u}= R= xm CU= |r�=Ut R= |Q=}U@ C=Qki uwDU Ck}kL QO T=mQ=i sr

"CU= ?=wH |=Q=O p}P x=oDUO wO R= |m} \ki xmu}= R= CU= CQ=@a u; w OQ}o|t Q=Qk

I)

8>><>>:Ax � 0
cx < 0

II)

8>><>>:wA = c

w � 0

LP |=Q@ |ov}y@ |=Q@ |i=m w sRq \QW l} xm K.K.T \}=QW T=mQ=i sr R= xO=iDU= =@
:Ot; CUOx@ Q} R CQwYx@ OW=@|t
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:Qo = \ki w Qo = CU= xv}y@ p;wO |=Q@ w0 w p=t}=QB |=Q@ x0 |x]kv

1) Ax0 � b ; x � 0 PF (|vOW p=t}=QB)
2) w0A � c ; w0 � 0 DF (|vOW p;wO)
3) (c� wA)x0 = 0 ; w0(Ax0 � b) = 0O}=R ptmt \}=QW

\}=QW p;wO TmrBt}U |=QH= QO w 3 w 1 \}=QW p=t}=QB TmrBt}U |=QH= QO xm O}vm C@=F
:Q} R CQwYx@ 'Ot; CUOx@ Rv}mRDwt |x}[k jwi \}=QW R= xO=iDU==@ "CU= Q=QkQ@ 3w 2

CU= ?=wH |=Q=O Q} R x=oDUO wO R= |m} \ki

I)

8>>>>>><>>>>>>:
Ax > 0
cx � 0
Dx = 0

II)

8>><>>:wA+ �c+ 
D = 0
w � 0 ; w 6= 0 ; � � 0 ; 
 O=R;

"OW C@=F w u=}@ Q} R CQwYx@ CU= Qm =D |x}[k x@ hwQat xm p}P |x}[k w
CU= ?=wH |=Q=O Q} R |=yx=oDUO R= |m} \ki

I)

8>>>>>><>>>>>>:
Ax � 0 ; x 6= 0
cx � 0
Dx = 0

II)

8>>>>>><>>>>>>:
wA+ �c+ 
D = 0
w > 0
� � 0

Q=O}=B |R=Uxv}y@ pOt l} xm s}Dio "OW C@LY =ypOt |Q=O}=B =@ x]@=Q QO pYi u}= QO
Q=}U@ C=Q}}eD Ea=@ pOt QO =yxO=O Q}O=kt QO x=wNrO |rw lJwmQ=}U@ C=Q}}eD Qo = CU=

"OOQo `@=D xv}y@ Q=Okt QO lJwm
C}=yv =yu; j}ta lQO QO OwW|t x}YwD xm O}OQo x�=Q= p=Ft OvJ jwi ?r]t =@ x]@=Q QO

"O}�=tv@ =Q OwN |aU
"O}OQo |=xQ=W= uQ=kDt CQwYx@ |]N |R} Qxt=vQ@ |=ypOt x@ &|Q=O}=B X=N OQwt QO
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xm CU= |}=yLP OQ}o|t Q=Qk xar=]t OQwt =yu; |Q=O}=B xm =ypOt R= |Qo}O |xDUO
`@=D u; p;wO w LP |xr-=Ut =@ x]@=Q QO "OW=@|t |w=Ut=v =} |w=UD CQwYx@ Ow}k R= |[a@

:s}Owtv h} QaD Q} R CQwYx@ =Q Sv=Qo q

L(x;w; v) = cx� w(Ax� b)� vx

&Qo = CU= L(x�; w; v) `@=D |=Q@ |v} R |x]kv l} (x�; w�; v�) |x]kv xm s}Dio w
w v� � 0 w w� � 0

L(x;w�; v�) � L(x�; w�; v�) � L(x�; w; v)

"x Qy w v � 0 w w � 0 Qy |=Q@
:O}OQo u=}@ Q} R CQwYx@ (LCP) |]N ptmt |xr-=Ut pYi u}= QO8>>>>>><>>>>>>:

w = q +MZ

w; z � 0
wtz = 0

=@ xQiv wO |R=@ xr-=Ut w 'swO xHQO |R} Qxt=vQ@ |xr-=Ut 'u; p;wO w LP |xr-=Ut xm OW C@=F
"O}=tv|t pL =Q QiY `tH

"CU= xOW u=}@ xr-=Ut u}= pL |=Q@ Principle Pivoting VwQ w lemke VwQ

C=v} QtD 20�2
OwN p�=Ut u}= p;wO p;wO xm O}�=tv |UQQ@ "O}U} wv@ =Q Q} R p�=Ut R= l} Qy p;wO �1
xm O}�=tv |UQQ@ w O}�=tv p}O@D OQ=Ov=DU= CQwYx@ =Q p�=Ut u}vJsy"OvDUy p�=Ut
CQwY Qy QO "CU= |rY= |xr-=Ut p;wO pO=at 'OQ=Ov=DU= CQwYx@ |r�=Ut p;wO
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"O}yO K}[wD ,=k}kO =Q xO=iDU= OQwt OQ=wt R= xO=iDU= w pqODU= pL=Qt

a) Max Z = 4x1 �3x2 +8x3
�2 � x1 � 8
4 � x2 � 14
�12 � x3 � �8

b)Max Z(x) = �17x2 +83x4 �5x5
�x1 �13x2 +45x3 +16x5 �7x6 � 107

3x3 �18x4 +3x7 � 81
4x1 �5x3 +x6 = �1

�10 � x1 � �2
�3 � x2 � 17
16 � x3; x4 � 0
x6; x7 � 0
O=R; x5

c) Min Z = 3x1 �7x2 +6x4 +5x5 �x6
5x1 +8x2 +3x3 +3x4 +2x5 +11x6 = 200

5 � xj � 20 j = 1; : : : ; 6

d) Min Z = �2x1 +13x2 +3x3 �2x4 +5x5 +5x6 +10x7
s: t: x1 �x2 +4x4 �x5 +x6 �4x7 = 5

x1 �x2 +7x4 �2x5 +3x6 �3x7 � �1
5x2 +x3 �x4 +2x5 �x6 �2x7 � 5
3x2 +x3 +x4 +x5 +x6 �x7 = 2
xj � 0 (j = 1; : : : ; 7)
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:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �2

Min Z(x) = cx

li � aix � ki i = 1; : : : ;m

u; QO xm
A = [aij ]m�n

xJ "O} Qw; CUO x@ xr-=Ut |=Q@ =Q O}=R ptmt \}=QW "O}U} wv@ =Q jwi |xr-=Ut p;wO
Qo}O CQ=@a x@� "OOQo |vOW xr-=Ut =D OwW xDW=Po A T} QD=t |wQ |DU}=@ |]QW

�"OOQo |vOW xr-=Ut =D OwW xDW=Po A |wQ |DU}=@ |]}=QW xJ
xr-=Ut p;wO "m� n |x@DQt R= CU= |U} QD=t A u; QO xm O} Q}o@ Q_vQO =Q Q} R LP �3
xr-=Ut Qo = xm O}vm C@=F xr-=Ut u}= p;wO w |D}r;wO |x}[k uOQ@ Q=mx@ =@ "O}U} wv@ =Q
Qo = \ki w Qo = CU= |y=vDt xr-=Ut u}= QO z(x) Q=Okt st}v|t x=ou; 'OW=@ |vOW
O}vm C@=F u}= uOQ@ Q=mx@ =@ "CWwv A |=yQ]U R= |]N ?}mQD CQwYx@ u=wD@ =Q c
u}�=B R= =} 'O}=tv|t ?=NDv= =Q k C@=F Q=Okt |vOW x}L=v \=kv s=tD QO =} z(x) xm

"OW=@|t OwOLt=v
Min Z(x) = cx

s: t: Ax = b

"O} Q}o@ Q_vQO =Q Q} R xr-=Ut �4

Min Z(x) = cx

s: t: Ax = b

x � 0

w pw= R=i p;wO "O}U} wv@ |avYD |=yQ}eDt pt=m uOQ@ Q=mx@ =@ =Q xr-=Ut pw= R=i p;wO
"O}U} wv@ p;wO � p=t}=QB p�=Ut CiH |ov}y@ |=Q@ =Q O}=R ptmt \}=QW
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:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �5

Min cx� bty
s: t: Ax � b

�Aty � �ct
x � 0; y � 0

"c 2 Rn w b 2 Rm w m� n |x@DQt R= A = [aij ] u; QO xm
OwYkt `@=D xv}y@ Q=Okt w OQ=O |y=vDt xv}y@ =} CU= |vOWv =} jwi LP xm O}vm C@=F

"CU= QiY =@ Q@=Q@
"CU= pkv w ptL |xr-=Ut l} Q_=vDt pOt xm O} Q}o@ Q_vQO =Q Q} R xr-=Ut �6

Min Z(x) =
mX
i=1

nX
j=1

cijxij

s: t:
mX
i=1

xij = bj j = 1; : : : ; n
nX
j=1

xij = ai i = 1; : : : ;m

xij � 0 i = 1; : : : ;m j = 1; : : : ; n

O}=R ptmt \}=QW R= xO=iDU= =@ w Q} R |=yxO=O uOQ@ Q=mx@ =@ "O}U} wv@ =Q xr-=Ut p;wO
"O} Qw; CUOx@ =Q xr-=Ut xv}y@ ?=wH

c =

0BB@ 7 2 �2 8
19 5 �2 12
5 72 �9 3

1CCA b = (b1; b2; b3; b4) = (2; 3; 2; 3)

a = (a1; a2; a3) = (3; 3; 4)
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:O} Q}o@ Q_vQO =Q Q} R LP �7
Min Z(x) = �x1 �2x2 +4x3 +5x5

x1 +x3 �2x4 �x5 +2x6 = 3
x1 +x2 �x4 �3x5 +3x6 +x7 = 7
�x1 �2x2 �x3 �x4 +5x5 �2x6 � �4

xj � 0 j = 1; : : : ; 7

=@� OW=@|t xr-=Ut xv}y@ x0 = (3; 4; 0; 0; 0; 0; 0)t |x]kv =}; xm O}�=tv |UQQ@
xawtHt xYNWt X=wN xr-=Ut \QW uOQ@ Q=mx@ =@ "�O}=R ptmt \}=QW uOQ@ Q=mx@

:xmu}= x@ xHwD =@ "O}�=tv u}at =Q xv}y@ |=y?=wH

a5 = �a1 � 2a2

"OW=@|t xr-=Ut |=y?=wH |xawtHt R= |rmW xJ sRrDUt ?r]t u}=
C@=F 'OW=@ xr-=Ut xv}y@ ?=wH �x Qo = "O}U} wv@ =Q xr-=Ut p;wO "O} Q}o@ Q_vQO =Q Q} R LP �8
u; sRrDUt ��aj � cj j Qy <=R=@ xm|Qw]x@ 'OQ=O OwHw �� Ovv=t |k}kL OOa O}vm

:xm CU=
�xj = lj ; ��aj > cj

:xm CU= u; sRrDUt u}= w

�xj = kj ; lj < �xj < kj

"CU= ��aj = cj sRrDUt u}= w
:O} Q}o@ Q_vQO =Q Q} R p�=Ut �9

Min Z = cx

P : s: t: Ax � b
x � 0
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Max W = wb

D : s: t: wA � c
w � 0

"O}yO ?=wH pt=m C=L}[wD =@ Q} R Cq=wU x@
R= u; Q_=vDt OwYkt `@=D Q=Okt xm OW=@ xDW=O |vOWv |U=U= ?=wH l} P Qo = "hr=
CU=Q ?r]t� CU= |vOW u; p;wO ptmt |U=U= ?=wH x=ou; 'OW=@ QDtm xv}y@ Q=Okt

�#=QJ #CU= dwQO =}
x=ou; 'OW=@ p;wO xv}y@ ?=wH l} w� Qo = w OW=@ xDW=O xv=oOvJ xv}y@ P Qo = "?

�#CU= dwQO =} CU=Q�OW=@ uox@D w� |DU}=@
|U=U= ?=wH l} �x O}vm ZQi w OW=@D w P lQDWt xv}y@ Q=Okt z� O}vm ZQi "G
umtt "OW=@ |vOW u; p;wO Q_=vDt ptmt |U=U= ?=wH xm OW=@ P |=Q@ |vOWv

"OW=@ z� =@ Q@=Q@ wO u}= OwYkt `@=D Q=Okt CU=
#s}�=tv |y=vDt =Q u; xv}y@ 'b Q}}eD =@ CU= umtt =}; "OW=@ OwOLt=v P Qo = "O

u}= QO "CU= |]N |R} Qxt=vQ@ |xr-=Ut l} |xv}y@ ?=wH |xOvyOu=Wv Q} R pwOH �10
|xr-=Ut QO� OvW=@|t |mtm |=yQ}eDt ?}DQDx@ swO w pw= |=yO}k QO x5 w x4 pwOH

"OvW=@|t � ẁv R= =yO}k "�|rY=
x1 x2 x3 x4 x5 RHS

z 1 0 �2 0 �3 �2 �40
x3 0 0 1

4 1 1
2 0 5

2
x1 0 1 - 1

2 0 - 1
6

1
3

5
2

"O}U} wv@ =Q |rY= |xr-=Ut "hr=
#CU}J |rY= |xr-=Ut p;wO "?

"O} Qw; CUOx@ jwi pwOH R= =Q p;wO |xv}y@ ?=wH "G
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:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �11

Max Z = 2x1 + 3x2 + 6x3

s: t: x1 + 2x2 + 3x3 � 10
x1 � 2x2 + 2x3 � 6
x1; x2; x3 � 0

"O}U} wv@ =Q xr-=Ut p;wO "hr=
p;wO |=yQ}eDt Q}O=kt xm O}yO u=Wv w O}vm pL =Q xr-=Ut TmrBt}U VwQ =@ "?

�xv}y@ pwOH QO Qot�"Ovvm|tv jOY p;wO |=yO}k QO pwOH R= xOt; CUOx@
:O}vm pL |t}UQD VwQ =@ =Q Q} R |]N |R} Qxt=vQ@ xr-=Ut �12

Max 3x1 +3x2 +21x3
s: t: 6x1 +9x2 +25x3 � 25

3x1 +2x2 +25x3 � 20
x1; x2; x3 � 0

:O} Q}o@ Q_vQO =Q Q} R LP �13

Max Z =x1 + x2

s: t: �2x1 + x2 � 2
x1 � x2 � 0
� 2 � x1 � 0
� 1 � x2 � 2

"O}�=tv pL (x1; x2) |=[i QO |t}UQD VwQ =@ =Q xr-=Ut "hr=
"O} Qw; CUOx@ =Q xv}y@ |=yBFS |t=tD "?
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QO XYNDt ẁv wO "Ovm|t O}rwD |rOvY ẁvwO 'u=OQo |=y|rOvY xOvR=U |v=Btm �14
|=y|rOvY "s}t=v|t II w I XYNDt =Q =yu; xm OvDUy p}NO =y|rOvY u}= uDN=U
'OQ=O sRq II ẁv XYNDt R= Ca=U l} w I ẁv XYNDt R= Ca=U 32 pw= ẁv
pw= ẁv u}YYNDt R= Ca=U 12 swO ẁv |=y|rOvY "OW=@|t 20$ xrY=L OwU w
|v=Btm "OW=@|t 12$ xrY=L OwU w OQ@|t Q=m swO ẁv u}YYNDt R= Ca=U 12 w
"OQ=O Q=}DN= QO swO ẁv XYNDt Ca=U 80 w pw= ẁv XYNDt Ca=U 100
|=Q@ |ORtDUO xJ "OW=@|t xQm =Pt p=LQO =yu; |Da=U ORtDUO =@ x]@=Q QO |v=Btm

#O}�=tv|t O=yvW}B O=Qi= u}=
:xr-=Ut Qo = O}yO u=Wv �15

Min cx

s: t: Ax = b

x � 0

:|xr-=Ut x=ou; 'OW=@ xDW=O |y=vDt xv}y@ ?=wH

Min cx

s: t: Ax = b0

x � 0

�OW=@ xvwoJ b0 Q=OQ@ xm CU}v syt� "OvW=@ OwOLt=v Ovv=wD|tv
:|xr-=Ut Qo = xm O}yO u=Wv ,=t}kDUt �16

Min cx

s: t: Ax � b
x � 0
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OwOLt=v p;wO x=ou; 'OW=@ xDW=O |vOW ?=wH u; p;wO Qo = w OW=@ xDW=Ov |vOW ?=wH
'OW=@ xDW=Ov ?=wH x � 0 w Ax � b x=oDUO Qo = "O} Q@ Q=mx@ =Q T=mQ=i sr� OW=@|t

"�CU= ?=wH |=Q=O wb > 0 w w � 0 w wA � 0 x=oDUO x=ou;
:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �17

Min Z = cx

s: t: Ax = b

x � 0

l} QO� OW=@ TmrBt}U pwOH xOW RwQx@ |=[a= �bi w �aij w zj � cj s}vm ZQi
QO "OvW=@|t dwQO =} CU=Q Q} R C=Q=@a =}; xm O}yO u=Wv "�TmrBt}U VwQ R= Q=QmD

"O} Qw=}@ pt=m pqODU= CQwY Qy
�aij = �@xBi

@xj "hr=
zj � cj = �@z

@xj "?
"OW=@|t p=t}=QB |ov}y@ |vatx@ p;wO uOw@ |vOW "G

pO=at x=oDUO �=y|w=Ut=v� CqO=at=v x=oDUO l} QO |Q]U C=}rta uO=O s=Hv= "O
"OyO|t CUOx@

"OvOQo OwOLt p;wO O=R; |=yQ}eDt xm OOQo|t Ea=@ p=t}=QB x@ |avYD Q}eDt uOwRi= "x
|wHDUH VwQ l} ,=DQwQ[ 'TmrBt}U VwQ =@ |]N |R} Qxt=vQ@ |xr-=Ut pL "w

"OW=@|t u=}O=Qo
=@ OOQo pL TmrBt}U VwQ xv=owO R=i xr}Uw x@ xm |]N |R} Qxt=vQ@ |xr-=Ut l} "R

"Tmar=@ w OW=@|t pL p@=k R}v TmrBt}U nQR@� M VwQ
CU= OwHwt |D}r;wO xvNQ l} 'OvW=@ |vOWv p;wO sy w p=t}=QB sy |Dkw "K

�"OwYkt `@=D wO u}@ hqDN= |va} |D}r;wO xvNQ�
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|=yQ}eDt Ctqa xm OOQo|t Ea=@ uOwtv st} Rm =t x@ st}v|t |xr-=Ut uOv=OQoQ@ "w
"OwW Zwa p;wO

|xr-=Ut l} x@ u=wD|t =Q |ivt=v |=yQ}eDt =@ |]N |R} Qxt=vQ@ |xr-=Ut l} "P
|=yQ}eDt |t=tD xm |DQwYx@ O}k I}y uOwRi= uwO@ 'Owtv p}O@D |]N |R} Qxt=vQ@

"OvW=@ O=R; xOW pY=L |xr-=Ut

"O}vm C@=F =Q T=mQ=i sr '|D}r;wO |rY= |x}[k uOQ@ Q=mx@ =@ �18
�"O} Q}o@ Q_vQO =Q Q} R p�=Ut :|}=tvy=Q�

Min Z = 0x
s: t: Ax = b

x � 0

Min W = wb

s: t: wA � c
O=R; w

:O} Q}o@ Q_vQO =Q u; p;wO w OQ=Ov=DU= CQwYx@ |]N |R} Qxt=vQ@ xr-=Ut l} �19
"OOQo Q@=Q@ � 's=k O}k Qo = &ODi=|t p;wO ?=wH |=Q@ |k=iD= xJ "hr=

O}k x@ p=t}=QB O}k l} R= |@ Q[t Qo = O};|t V}B p;wO ?=wH |=Q@ |k=iD= xJ "?
"OOQo xOwRi= p=t}=QB R= |Qo}O

uwDU l} R= |@ Q[t Qo = O};|t V}B p=t}=QB w p;wO |=y?=wH |=Q@ |k=iD= xJ "G
"OOQo xOwRi= p=t}=QB Qo}O uwDU x@ p=t}=QB
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:O} Q}o@ Q_vQO =Q Q} R p�=Ut �20

Min Z = cx

s: t: Ax � b
x � 0

Min W = wb

s: t: wA � c
w � 0

C@=F "CU= |r=NQ}e jwi p�=Ut wO R= |m} pk=OL |=y?=wH |xawtHt 'O}vm ZQi
=} OvW=@|t |r=NQ}e wO Qy =} p�=Ut R= |m} pk=OL |=y?=wH |xawtHt xm O}vm

"OvDUy OwOLt=v
O}vm C@=F "OW=@ u; |U-=Q \=kv |xawtHt Sp w |yHwOvJ l} S � Rn O}vm ZQi �21
'OvW=@|t S |U-=Q Qw=Ht x]kv wO �OvDUy |U-=Q x2 w x1� x1; x2 2 S x]kv wO
S � fx1; x2g w fx1; x2g xawtHt wO xOvvm =OH |xLiYQ@= l} Qo = \ki w Qo =
xm|Dr=L QO CU= umtt xH}Dv u}= xm O}yO u=Wv Zkv p=Ft l} =@ "Ovm =OH sy R=

"OW=@v jO=Y OW=@ OwOLt=v S
:O};|tQO Q} R CQwYx@ p�=Ut D w P xr-=Ut |mtm |=yQ}eDt |iQat R= TB �22

p=t}=QB
Min Z(x) = cx

Ax� v = b

x � 0 ; v � 0 (�)
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:O};|tQO Q} R CQwYx@ p;wO

Max W = wb

wA+ u = c

w � 0 u � 0 (��)

:s}vm ZQi

SP = f
 
x

v

!
j OvDUy � |=Q@ |vOW

 
x

v

!
g

w

SD = f(w; u) j OvW=@ �� |=Q@ |vOW(w; u)g

w (j = 1; : : : ; n) (xj ; uj) R= O v DQ= @ a p t m t |= yGwR x r-= U t u }= QO
x@ =Q Q} R G}=Dv SD 6= � w � 6= SP s}vm|t ZQi "(i = 1; : : : ;m) (wi; vi)

:O}�=tv C=@F= CkO
|Qo}O OW=@ C@Ft ,=O}m = QmPr=jwi |=yGwR |=yQ}eDt R= |m} Qo = xv}y@ ?=wH QO �1

"Tmar=@ w OW=@|t QiY
\ki w Qo = CU= OwOLt=v q=@ R= =y?=wH |xawtHt QO =yGwR u}= R= Q}eDt l} �2

"OW=@ OwOLt u}}=B R= =y?=wH xawtHt QO u ; Q_=vDt Q}eDt Qo =
\ki w Qo = CU= OwOLt=v q=@ R= =y?=wH xawtHt QO =yGwR u}= R= Q}eDt l} �3

"OW=@ QiY |vOW |=y?=wH |t=tD QO u; ptmt Q}eDt Qo =
Qo = \ki w Qo = Ow@ Oy=wN C@Ft ,=O}m = |vOW |@=wH QO =yGwR u}= R= Q}eDt l} �4

"OW=@ OwOLt q=@ R= =y?=wH xawtHt QO u; ptmt Q}eDt
:x=oDUO x=ou; �k = �kt |va}� ?} Qw= uQ=kDt T} QD=t k Qo = O}vm C@=F �23

kx � 0 x � 0
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"k�x+ �x > 0 xm OW=@|t �x Ovv=t |@=wH |=Q=O
:x=oDUO |=Q@ |r@k x=oDUO |xH}Dv uOQ@ Q=mx@ =@ �24

Ax� rb � 0 x � 0
�wA+ rc � 0 w � 0
wb� cx � 0 r � 0

"O} Q}o Q=mx@ |D}r;wO |U=U= |x}[k PN= |=Q@ =Q xH}Dv "hr=
"O} Q}o@ xH}Dv u; R= =Q |wk O}=R ptmt |x}[k "?
#CU}J |wk O}=R ptmt |x}[k |UOvy Q}@aD "G

#ODi=|tv j=iD= |U-=Q \=kv QO |wk O}=R ptmt ?=wH `kwt xJ "O
�"O} Qw=}@ Pe=m |wQ w pL =Q u; CtUk Q=yJ Qy CkO x@ "CU= syt Q=}U@ xr-=Ut u}=�

:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �25

Min cx

s: t: Ax � b
x 2 X

xm OvDUy |}=yO}k X |=R=U Ow}k ,qwtat� OW=@|t |yHwOvJ l} X u; QO xm
Sv=Qo q p;wO |xr-=Ut jwi p=t}=QB |xr-=Ut Q_=vDt �OvW=@|t |Q=mDUO p@=k |DL=Qx@

:OwW|t h} QaD Q} R CQwYx@
Min f(w)

s: t: w � 0

:u; QO xm
f(w) = wb+ Min

x2Xf(c� wA)xg
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w0 w x0 2 X w Ax0 � b |va} OW=@ p=t}=QB |vOW ?=wH x0 Qo = O}vm C@=F "hr=
:s} Q=O &w0 � 0 |va} 'OW=@ Sv=Qo q p;wO |=Q@ ?=wH l}

cx0 � f(w0)

'OQ=O |y=vDt |xv}y@ ?=wH p=t}=QB xr-=Ut w OW=@ OwOLt w x 6= � O}vm ZQi "?
:xm O}yO u=Wv

Min cx = Max f(w)

Ax � b w � 0
x � 0

:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �26

Min x1 + x2

s: t: 3x1 + x2 � 6
� x1 + x2 � 2
x1 + x2 � 8
x1; x2 � 0

:O}vm ZQi

X = fx j � x1 + x2 � 2 ; x1 + x2 � 8 ; x1; x2 � 0g

"O} Qw; CUOx@ =Q jwi |xr-=Ut Sv=Qo q p;wO �1
:O}yO u=Wv �2

f(w) = 6w + Minf0 ; 4� 2w ; 13� 14w ; 8� 24wg

"O} Qw; CUOx@ =Q xr-=Ut wO Qy xv}y@ ?=wH w O}vm sUQ =Q f(w) �3
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:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �27
Min x1 +x2 +x3
s: t: �x2 +x3 � �1

x1 �x3 � �1
�x1 +x2 � �1

x1; x2; x3 � 0

`@ Qt T} QD=t A O}vm ZQi 1"OOQo|t xr-=Ut OwN 'jwi |xr-=Ut p;wO xm O}yO u=Wv
"OW=@ xr-=Ut OwN 'jwi xr-=Ut p;wO xm O} Qw; CUOx@ c w b w A |wQ =Q |]}=QW 'OW=@

Min cx

s: t: Ax � b
x � 0

QiYQ}e ?=wH l} (I) xm O}vm C@=F "CU=m�n |x@DQt R= |U} QD=tA O}vm ZQi �28
"OvW=@ xDW=O ?=wH Ovv=wD|tv wO Qy |rw CU= QiYQ}e ?=wH |=Q=O (II) =} OQ=O

I)

8>><>>:Ax = 0
x � 0

II)
�
wA < 0

LP xm O}vm C@=F "OvW=@|t 1�n wm�1 wm�n |x@DQt R= ?}DQDx@ c w b w A �29
"OW=@|t QiY OwYkt `@=D xv}y@ Q=Okt xm OQ=O |=xv}y@ ?=wH =} CU= |vOWv =} Q} R

Min cx� wb
s: t: Ax � b

�wA � �c
x � 0; w � 0

1) Self-Dual
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j = m+1; : : : ; n 'cj � 0 w i Qy <=R=@ 0 < bi u; QO xm O} Q}o@ Q_vQO =Q Q} R|xr-=Ut �30
?=wH u}= w OQ=O OQix@ QYLvt |xv}y@ ?=wH p;wO O}vm C@=Fw O}U} wv@ =Q xr-=Ut p;wO

"O} Qw; CUOx@ =Q
Min

nX
j=m+1

cjxj

s: t: xi +
nX

j=m+1
aijxj = bi i = 1; : : : ;m

xj � 0 j = 1; : : : ; n

:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �31

Min cx

s: t: Ax = b

x � 0

u}= xm O}vm ZQi "OW=@|t m� n |x@DQt R= A w rank(A) = m < n u; QO xm
C@=F p@k |xr-=Ut G}=Dv uOQ@ Q=mx@ =@ "OW=@|t uox@DQ}e |xv}y@ ?=wH |=Q=O xr-=Ut
|xr-=Ut G}=Dv R= xO=iDU= :xHwD� "OQ=O OQix@ QYLvt |xv}y@ xr-=Ut u}= p;wO xm O}vm

�"CU= |QwQ[ p@k
:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �32

Min cx

s: t: Ax = b

x � 0

xm|Qw]x@ 'OW=@ OwHwt |x0 Qo = O}yO u=Wv "A = At w c = bt wm = n u; QO xm
"CU= xr-=Ut xv}y@ x0 CQwYu}= QO x0 � 0 w Ax0 = b

�"O}}=tv xO=iDU= |D}r;wO R= :|}=tvy=Q�
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:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �33

Min Z

s: t: z � cx = 0
Ax = b

x � 0

"O}U} wv@ =Q xr-=Ut p;wO" hr=
�O}yO K}[wD� "Ow@ Oy=wN QOkJ z Q}eDt Q=Okt |ov}y@ QO "?

:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �34

Min cx

s: t: Ax = b

x � 0

u=Wv "CU= |vOW p;wO xv w CU= |vOW p=t}=QB xv xm CU= |=x}=B B O}vm ZQi
"Owtv pL =Q xr-=Ut B R= ẁQW =@ u=wD|t xvwoJ xm O}yO

|xr-=Ut Qo = O}vm C@=F �35

Min cx

s: t: Ax � b
x � 0

p;wO 'CQwYu}= QO 'OW=@ xDW=O |vOW ?=wH xr-=Ut p;wO w OW=@v |vOW ?=wH |=Q=O
"CU= OwOLt=v

xv}y@ 'OW=@|t B |x}=B Q_=vDt xm x0 Ovv=t |vOW |U=U= ?=wH l} Qo = O}vm C@=F �36
"OW=@ pos(B) QO =yu; Ow}k CU=Q CtU b xm CU= LP Qy xv}y@ x}=B B 'OW=@
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:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �37

Min cx

s: t: Ax = b

l � x � u

"OvW=@ |y=vDt |=yQ=OQ@ u w l u; QO xm
"O}U} wv@ =Q xr-=Ut p;wO "hr=

"CU= |vOW xQ=wty p;wO xm O}yO u=Wv "?
#O} Q}o|t ?r]t u}= R= |=xH}Dv xJ OW=@ |vOW ?=wH |=Q=O p=t}=QB |xr-=Ut Qo = "G

:O} Q}o@ Q_vQO =Q Q} R p�=Ut �38

Min cx

s: t: Ax � b
x � 0

Max wb

s: t: wA � c
w � 0

Qo =
SP = fx j Ax � b ; x � 0g
SD = fw j wA � c ; w � 0g

pk=OL |vOW |=y?=wH |xawtHt xm O}vm C@=F &OW=@ |r=NQ}e SD =} SP Qo = x=ou;
"CU= OwOLt=v sy w CU= |r=NQ}e sy xr-=Ut wO R= |m}
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x1; x2 2 S xm O}vm C@=F "OW=@K |U-=Q \=kv |xawtHt S;K � Rn s}vm ZQi �39
wO |xOvvm =OH |xLiYQ@= l} Qo = \ki w Qo = &OvDUy K Qw=Ht |U-=Q |x]kv wO
OwOLt=v K xm|Dr=L QO "Ovm =OH sy R= =Q S � fx1; x2g w fx1; x2g |xawtHt

"OW=@v jO=Y ?r]t u}= xm O}yO x�=Q= Zkv p=Ft 'OW=@
xir-wt n =@ |Q=OQ@� OW=@ |=xOW xO=O Q=OQ@ w = (w1; : : : ; wn) > 0 O}vm ZQi �40
=Q L(y) 'y = (y1; : : : ; yn) |va} y 2 Rn Q=OQ@ Qy |=Q@ "�C@Ft |=yuRw R=

:s}vm|t h} QaD Q} R CQwYx@

L(y) = Maxfwi jyij j i = 1; : : : ; ng

Q=OQ@ "�yi jr]tQOk QO wi ?Q[rY=L st} Rm =t |va}�

a = (a1; : : : ; an) 2 Rn

=Q L(a � x) Ovm st}v|t xm O}@=}@ |Qw] =Q x = (x1; : : : ; xn) Ovv=t |Q=OQ@
LP CQwYx@ =Q xr-=Ut xi � xi�1 � 0 i = 1; : : : ; n � 1 xmu}= Q@ \wQWt

"O}�=tv xrwtQi
O}=a p}P G}=Dv xm O}vm C@=F |]N |R} Qxt=vQ@ xr-=Ut |D}r;wO |Qw�D uOQ@ Q=mx@ =@ �41

:OOQo|t

�xi = Maxfaj � (�=wj) j j � ig
x̂i = Minfaj + (�=wj) j j � ig

:O}vm ZQi

�x = (�x1; : : : ; �xn)

x̂ = (x̂1; : : : ; x̂n)
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Qo = xm O}vm C@=F xwqax@ "OvW=@|t xr-=Ut u}= xv}y@ |=y?=wH wO Qy x̂ w �x O}vm C@=F
'Ovm jOY xi � xi+1 i = 1; : : : ; n � 1 \}=QW QO x = (x1; : : : ; xn)

"(i = 1; : : : ; n) �xi � xi � x̂i Qo =\ki w Qo =CU= xr-=Ut xv}y@ ?=wH x x=ou;

"OW=@ ?=wH |=Q=O xm O} R=U@ |y=oDUO "CU}v ?=wH |=Q=O Q} R x=oDUO O}vm ZQi �42

Ax = 0 ; x � 0 ; cx > 0

?=wH |=Q=O Q} R x=oDUO wO R= l}t=Om "c = (1; 4) wA =

2664 1 1
0 2
�1 4

3775 O}vm ZQi �43

"CU=

I)

8>><>>:Ax � 0
cx < 0

II)

8>><>>:wA = c

w � 0

"O}yO K}[wD |t}UQD j} Q] x@ =Q xr-=Ut

"O}U} wv@ =Q K.K.T \}=QW Q} R p�=Ut R= l} Qy |=Q@ �44

a) Max cx d) Min cx

s: t: Ax � b s: t: A1x = b1
x � 0 A2x � b2

x � 0
b) Max cx e) Min cx

s: t: Ax � b s: t: Ax = b

x � 0 l � x � u
c) Min cx

s: t: Ax � b
x � 0

     irmgn.ir



168 |]N |R} Qxt=vQ@ QO |D}r;wO 2 pYi

:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �45

Min cx

s: t: Ax � b
x � 0

:O}vm ZQi xwqa@ "CU= xv}y@ ?=wH x O}vm ZQi
xj > 0 j = 1; : : : ; p
xj = 0 j = p+ 1; : : : ; n

|=Q=O Rn QO cd < 0 w dp+1; : : : ; dn � 0 w Ad = 0 x=oDUO O}yO u=Wv
"OW=@|t xv}y@ xr-=Ut u}= |=Q@ K.K.T \}=QW T=mQ=i sr uOQ@ Q=mx@ =@ "CU}v ?=wH

"OW=@|t xv}y@ xr-=Ut u}= |=Q@ K.K.T \}=QW u}= QO |@=wH Qy xm u}vJsy
:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �46

Max cx

s: t: Ax � b
x � 0

:s} Q=O |mtm Q}eDt |iQat =@
Max cx

Ax+ Ixs = b

x; xs � 0

O}yO u=Wv =Q =yu; uOw@ pO=at "O}U} wv@ xr-=Ut wO Qy |=Q@ =Q K.K.T |ov}y@ \}=QW
O}k Sv=Qo q ?}=Q[ |w=Ut xs � 0 Ow}k Q_=vDt Sv=Qo q ?}=Q[ xm O}yO u=Wv w

"OW=@|t Ax � b w Ax+ xs = b
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:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �47
Max x1 +2x2
s: t: �x1 +x2 � 1

x2 � 2
x1 +x2 � 3
x1; x2 � 0

?=wH xm O}yO u=Wv w O}�=tv pL TmrBt}U VwQ =@ =Q xr-=Ut '<=O@t R= ẁQW =@
pwOa |ov}y@ \QW R= xm |a@=vt xrLQt Qy QO "O}=tv|t jOY K.K.T \}=QW QO

"O}�=tv Q}UiD |UOvy Q_v R= =Q xrLQt Qy "O}vm XNWt =Q O}=tv|t
:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �48

Min cx

s: t: Ax = b

x � 0

OwHwt v w w Ovv=t |}=yQ=OQ@ Qo = \ki w Qo = 'CU= xr-=Ut |xv}y@ ?=wH x s}v=O|t
:xm|Qw]x@ 'OW=@

c� wA�v = 0
v � 0
vx = 0

#0 = xj w vj < 0 w i 6= j Qy <=R=@ vi � 0Qo = 'OW=@ xv}y@ x OQ=O u=mt= =};
Sv=Qo q ?}=Q[ R= |m} xm OW=@ OwHwt |=xv}y@ ?=wH 'OQ=O u=mt= =}; 'Qo}O CQ=@a x@
=QJ =} OW=@ Qw]u}= Ov=wD|t =QJ O}yO K}[wD #OW=@ |ivt '|ivt=v O}k l} Q_=vDt

"O}yO K}[wD |OOa p=Ft l} =@ =Q ?r]t "OW=@ u}vJ Ov=wD|tv
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:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �49

Min cx

s: t: Ax � b
x � 0

OW=@ xOW R=Qi= A =

"
A1
A2

#
:CQwYx@ A w OW=@ xr-=Ut |xv}y@ ?=wH x� O}vm ZQi

"A2x� > b2 w A1x� = b1 xm|Qw]x@ 's}W=@ xOwtv R=Qi=
"
b1
b2

#
CQwYx@ R}v =Q b w

"OW=@|t R}v Q} R p�=Ut |xv}y@ ?=wH x� xm O}yO u=Wv

Min cx

s: t: A1x � b1
x � 0

w

Min cx

s: t: A1x = b1

x � 0

"OW=@|t 15$ w 10$ ?}DQDx@ =yu; OwU xm O}=tv|t O}rwD pwYLt ẁv wO Pe=m l} �50
Qy "OQ}o|t =Q u}W=t Ckw Ca=U 3 w QoQ=m Ckw Ca=U 4 pw= pwYLt R= OL=w Qy
"Ovm|t hQY =Q u}W=t Ckw Ca=U 6 w QoQ=m Ckw Ca=U 7 swO pwYLt R= OL=w
?=wH "OW=@|t Ca=U 500 u}W=t w Ca=U 300,qm xv=NQ=m QO |Q=m C=a=U O=OaD
|UOvy Q_v R= =Q xv}y@ ?=wH "O}vm |UQQ@ =Q K.K.T \}=QW w O} Qw; CUOx@ =Q xv}y@

"O}yO K}[wD =Q u; |O=YDk= Q}UiD u}vJsy &O}�=tv Q}UiD
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:|]N |R} Qxt=vQ@ xr-=Ut |=Q@ K.K.T \}=QW �51

Min cx

s: t: Ax � b
x � 0

#OQ=O p}O@D u}= |R=}Dt= I}y =}; "O}�=tv p}O@D |]N CqO=at=v R= x=oDUO l} x@ =Q
:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �52

Min cx

s: t: Ax = b

x � 0

xm |vOW CyH l} xm O}�=tv xrwtQi =Q xr-=Ut "CU= xOW xO=O x |vOW ?=wH l}
�OW=@ xDW=O OwHw Qo =� OyO@ CUOx@ sOk l} QO OwYkt `@=D QO =Q Ow@y@ u} QDy@

#CU}J |rY= |xr-=Ut w xr-=Ut u}= \=@DQ=
:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �53

Min cx

s: t: Ax = b

x � 0

x]kv x� CQwYu}= QO xm � OW=@ xr-=Ut OQix@ QYLvt |xv}y@ ?=wH x� s}vm ZQi
|U-=Q |x]kv '|DU}=@ u} QDy@ |U-=Q |x]kv u}twO xm O}yO u=Wv �#=QJ "CU= |U-=Q

#OOQo hPL uOw@ OQix@ QYLvt Qo = ODi=|t j=iD= xJ "OW=@ x� Qw=Ht
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:s} Q}o|t Q_vQO Q} R CQwYx@ =Q S |x}L=v �54

S = fx j Ax = b ; x � 0g 6= �

rank(A) = m < n A = [aij ]m�n �CU= OwOLt S�

ZQi "OW=@ x0 Qw=Ht |U-=Q \=kv xk; : : : ; x1 w S |U-=Q |x]kv l} x0 O}vm ZQi
:CWwv Q} R CQwYx@ u=wD|t =Q x xm O}yO u=Wv "OW=@ S R= |=x]kv x O}vm

x = x0 +
kX
j=1

�j(xj � x0) �j � 0 j = 1; : : : ; k

"O}�=tv Q}UiD |UOvy Q_v R= =Q xH}Dv
x 2 S Qo = C=[wQit u=ty =@ O}vmC@=F "CU= OwOLt=v S O}vm ZQi jwi |xr-=Ut QO �55

:CQwYu}= QO

x = x0 +
kX
j=1

(xj � x0)�j +
lX

j=1
�jdj

�j ; �j � 0 j Qy <=R=@

"OvW=@|t xOvwWQwO Qw=Ht |U-=Q |=yCyH xawtHt fd1; : : : ; dlg u; QO xm
#CU}J V}=tv |x}[k =@ ?r]t u}= jQi

Q=Okt u} QDtm OwYkt `@=D |U-=Q |x]kv l} QO OwOLt |yHwOvJ l} QO O}yO u=Wv �56
R= x]kv Qy QO |w=Ut =} QDtm x]kv u; QO OwYkt `@=D Q=Okt Qo = \ki w Qo = OQ=O =Q OwN
OwOLt=v |yHwOvJ xm |Dr=L |=Q@ =Q ?r]t u=wD|t =}; "OW=@ u; Qw=Ht |U-=Q \=kv

"O=O s}taD CU=
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C=R=wtx@ w 1947 p=U QO 'n} RDv=O � GQH QwUiwQB \UwD TmrBt}U VwQ `=O@= R= TB
l} SD=QDU= |=yhOy x@ uO}UQ CyH QO &|t=kQ= |=yQDw}Bt=m xv}tR QO |SwrwvmD CiQW}B u;
|=ysOk |]N |R} Qxt=vQ@ xv}tR QO XNq=@ |R=Uxv}y@ |=ysD} Q=or= `=O@= w uOQ@ Q=mx@ QO
:R= OvOw@ CQ=@a sD} Q=or= l} |L=Q] QO l} SD=QDU= |=yhOy "OW xDW=OQ@ |Ovr@ Q=}U@

"OW=@ xDW=O =Q uOwtv OQo R= |W=v |=]N pk=OL "hr=
"OQ}oQ=mx@ =QC.P.U1 u=tR pk=OL "?

"O}=tv p=eW= =Q �2x_i=L u} QDtm "G
Qo}O `=wv= u; C=R=wtx@ w CiQo CQwY x}rw= TmrBt}U VwQ QO |U=U= C=LqY= wQu}= R=
CU= C=@U=Lt VwQ QO |Q=mCUO =yVwQ u}= R= |[a@ "OW `=O@= TmrBt}U |=yVwQ
=@ |NQ@ QO w xDiQo CQwY xr-=Ut X=N Q=DN=U |=v@t Q@ sD} Q=or= KqY= =yu; R= |[a@ w
xm =yVwQ u}= R= |m} "CU= xOW s=Hv= |O}OH |L=Q] p;wO ?=wH uOw@ CUO QO x@ xHwD
OW=@|t xOW KqY= TmrBt}U VwQ 'OW=@|t C=@U=Lt VwQ QO |Q=mCUO Ck}kL QO

"s}yO|t K}[wD =Q u; C=}�RH QO xm
1) Central Processing Unit 2) Cash Memory
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1xOW KqY= TmrBt}U 1�3
|=[a= |t=tDCiQo|t CQwY |QwLt C=}rta xm pwOH Qy QO |rwtatTmrBt}U VwQ QO
RwQx@ =yxv} Ry |@Uv ?}=Q[ w OwYkt `@=D Q=Okt 'CU=Q CtU Q=OQ@ |=[a= |t=tD 'pwOH

:OW|t s=Hv= p}P C=@U=Lt |va} "O}OQo|t
a) �b = B�1b =} B�b = b
b) �cj = waj � cj w = cBB�1 =} wB = cB
c) �aj = B�1aj B�aj = aj j 2 NB �|U=U=Q}e|=yQ}eDtT}Ov=|xawtHt�
d) �z = cBB�1b

|=yQ}eDt xOW RwQx@ Q}O=kt �b =Q} R CU= Q}PB=v?=vDH= (a) :C=@U=Lt R= xDUO Q=yJ u}= QO
xv}y@ u=wD|t =y�cj uDW=O =@ =Q} R CU= |QwQ[ R}v (b) C=@U=Lt "OyO|t =t x@ =Q |U=U=
QO =Q} R CU= sRq (d) |x@U=Lt "Owtv XNWt =Q pwOH Q_=vDt ?=wH uOw@v xv}y@ =} uOw@
|xDUO C=@U=Lt Ov=t|t |k=@ TB "OyO|t =t x@ =Q OwYkt `@=D |xv}y@ Q=Okt xv}y@ ?=wH
u; uOW RwQx@ =yvD wQu}= R= 'OQ=Ov CQwQ[ =y�aj |xty x@U=Lt 'xDUO u}= C=@U=Lt QO (c)

:�uOwtv st}v|t xr-=Ut QO� Qo = |va} "OOQo|t x}=B OQ=w xm CU= |QwQ[ |vwDU
zk � ck = Max

j2NBfzj � cj > 0g
s}yO s=Hv= st}v|t CUD s} Qw@Ht xOvwW OQ=w Q}eDt uOwtv XNWt CyH CQwYu}= QO

:OW=@|t Q} R CQwY x@ xm
�r =

�br
�ark

= Minf �bi
�aik
j �aik > 0g

|DQwQ[ |U=U=Q}e |=yuwDU |x}k@ uOwtv RwQx@ w CU= sRq �ak = B�1ak uDW=O |va}
"OW=@|t xOW KqY= TmrBt}U Q=m T=U= ẁ[wt u}= "OQ=Ov

:|xr-=Ut ,=OOHt

Min Z(x) = cx

s: t: Ax = b

x � 0 (1�3)

1) Revised Simplex
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w m � n |x @ DQ t R= CU= |U } Q D= t A w b � 0 u; QO x m s } Q } o| t Q _ vQO =Q
"rank(A) = m < n

R= CQwY u}= R= |m} "OW=@|t OwHwt xOW KqY= TmrBt}U VwQ R= CQwY wO
Tma K} QY CQwY |Qo}O w O}=tv|t xO=iDU= x}=B T} QD=t Tma |@ Q[rY=L sQi

"OQ@|tQ=mx@ =Q T} QD=t

Tma K} QY uOQ@ Q=mx@ =@ xOW KqY= TmrBt}U 2�3
T} QD=t

|rwOH uOQ@ Q=mx@ =@ u=wD|t =Q TmrBt}U VwQ xm OOQo|t uWwQ 'OW xDio xJu; x@ xHwD =@
CUO QO B x}=B Q_=vDt |vOW |U=U= ?=wH l} O}vm ZQi "Owtv =QH= QDtm Q=}U@ |=yx}=Q; =@
w = cBB�1 uO=O Q=Qk =@ =Q Q} R pwOH "OW=@|t XNWt B�1 |va} u; Tma w CU=

"O=O p}mWD u=wD|t
x}=B T} QD=t Tma RHS

w cB�b

B�1 �b

TmrBt}U pwOH QO pwOH u}= xm 'Ovt=v|t xOW KqY= TmrBt}U pwOH =Q pwOH u}=
QO QiY ?}=Q[ 'x}=B Tma T} QD=t Q=m ẁQWQO xmu}=Q@ \wQWt 'OOQo|t Qy=_ R}v |rwtat
'OvW=@ � CQwYx@ =yO}k w b � 0 ẁQW QO Qo = xm O} Q}o@ Q_vQO "OvW=@ xDW=O OwYkt `@=D

"Ow@ Oy=wN jO=Y jwi ?r]t
|t=tD |rw 's}yO|t s=Hv= pwOH |t=tD |wQ =Q TmrBt}U sD} Q=or= xm O}vm ZQi p=L
QO xm |R}J u}rw= OW xDio xm|Qw]u=ty u}=Q@=v@ "s} Q=Oxov u=yvB =Q jwi pwOH RH C=@U=Lt
"OW=@|t |U=U=Q}e |=yQ}eDt |t=tD |=Q@ zj � cj uDW=O 's}OvtR=}v sD} Q=or= R= xrLQt Qy

:OOQo|t x@U=Lt Q} R x]@=Q R= zj � cj |oO=U x@ OW=@|t CUO QO w uwJ

zj � cj = waj � cj
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:|x]@=Q uOQ@ Q=mx@ =@ 'zk � ck > 0 xm OW=@ OwHwt |k 2 NB Qo =
�ak = B�1ak

Qo = xD@r=� "OOQo|t XNWt xOvwWGQ=N Q}eDt 'st}v|t CUD R= xO=iDU= =@ w OOQo|t x@U=Lt
CQwYx@ �OwW|t hkwDt sD} Q=or= w OQ=O |y=vDt=v |xv}y@ xr-=Ut CQwYu}= QO �ak � 0

:Q} R
x}=B Tma RHS

w cB�b
�b1
...

B�1 �br
...

�bm

xk
zk � ck

�a1k
...

�ark
...

�amk

:u; QO xm
�br
�ark

= Min
� �bi

�aik
j �aik > 0

�
,=k}kO #=QJ� OyO|t =t x@ =Q �b w B�1 w w xOWRwQx@ 'jwi pwOH QO |QwLt pta xwqa x@

�"O} Qw=}@ Pe=m |wQ =Q C=}�RH s=tD w u=}@ =Q ?r]t
xmu; \QW x@ OW=@|t ?Q=kDt pL=Qt R= |y=vDt O=OaD QO xOW KqY= TmrBt}U VwQ
xYqN,q}P "OOQo xO=iDU= pw= pYi QO xOW QmP |=yVwQ R= uO=Di= QwOx@ R= |Q}owrH CyH

:s}vm|t QmP Cr=L u}= QO =Q TmrBt}U xOW KqY= VwQ
"CU= xOW xO=O ,=L} QY x}=BT} QD=tTma|Dkw xOWKqY=TmrBt}U VwQ xYqN
B�1 w u; Q_=vDt B O}vm ZQi w O} Qw; CUOx@ x}rw= |vOW |U=U= ?=wH l} "x}rw= sOk

:|x]@=Q R= =Q w "OW=@ CUO QO

w = cBB�1

"O}yO p}mWD =Q Q} R xOW KqY= TmrBt}U pwOH w �b = B�1b O}yO Q=Qkw O}�=tv x@U=Lt
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x}=B Tma RHS

w cB�b

B�1 �b

:O}vm x@U=Lt |U=U=Q}e |=yQ}eDt |t=tD |=Q@ "|rY= sOk

zj � cj = waj � cj (j 2 NB)

zk � ck = Maxfzj � cjg

CQwYu}=Q}e QO w OW=@|t xv}y@ ?=wH 'pwOH Q_=vDt ?=wH 'O} wWhkwDt zk�ck � 0 Qo =
:O}yOQ=Qk

�ak = B�1ak

=Q
 
zk � ck

�ak

!
uwDU �ak 6� 0 Qo = "OQ=O |y=vDt=v xv}y@ xr-=Ut CQwYu}= QO �ak � 0 Qo =

:OOQo|t p}P pw=OH uOt; OwHw x@ QHvt xm O}yO Q=Qk QwmPt pwOH CU=Q CtU QO

x}=B Tma RHS

w cB�b

B�1 �b

xk
zk � ck

�ak

:O}�=tv XNWt =Q xOvwWGQ=N Q}eDt xH}Dv QO w Q}eDt T}Ov= p}P x]@=Q R=
�br
�ark

= Min
� �bi

�aik
j �aik > 0

�
hPL,qt=m =Q xk xOW xi=[= uwDU w "O}�=tv RwQx@ =Q pwOH u}= |QwLt C=}rta s=Hv= =@

"O}vm Q=QmD =Q C=}rta w O}�=tv
s}�=tv|t xi=[= 's}yO|t K}[wD =Q xOW KqY= TmrBt}U VwQ |OOa p=Ft l} =@
CQwY =@ xOW KqY= TmrBt}U VwQ R= LP pL CyH |QDw}Bt=m |=yOm |t=tD xm

"Ovvm|t xO=iDU= OQw; s}y=wN ,=Oa@ xm T} QD=t Tma |@ Q[pY=L
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"O}�=tv pL xOW KqY= TmrBt}U VwQ =@ =Q Q} R xr-=Ut "p=Ft 1�2�3
Min Z = �x1 �2x2 +x3 �x4 �4x5 +2x6

s: t: x1 +x2 +x3 +x4 +x5 +x6 � 6
2x1 �x2 �2x3 +x4 � 4

x3 +x4 +2x5 +x6 � 4
x1; x2; x3; x4; x5; x6 � 0

:R= Ow @ O y=wN CQ= @ a x } rw= x }= B 'x9 w x8 w x7 | m t m |= yQ } e D t | iQ a t = @
"�b = b w w = cBB�1 = (0; 0; 0) w B = [a7; a8; a9] = I3

"pw= Q=QmD
x}=B Tma RHS

Z 0 0 0 0
x7 1 0 0 6
x8 0 1 0 4
x9 0 0 1 4

:s} Q=O zj � cj = waj � cj x@ xHwD =@ w = (0; 0; 0) =Hu}= QO

z1 � c1 = 1 z2 � c2 = 2 z3 � c3 = �1
z4 � c4 = 1 z5 � c5 = 4

z6 � c6 = �2
"OOQo|t x}=B OQ=w x5 TB k = 5 w zk � ck = 4Q@=v@

�a5 = B�1a5 = Ia5 = (1; 0; 2)t

:=Pyr 
zk � ck

�ak

!
=

0BBBBB@
4
1
0
2

1CCCCCA
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w
� = Min

�6
1 ;

4
2
�

= 2 =
�b9

�a37 > 0
:CW=O s}y=wN =Q p}P pw=OH w Ow@ Oy=wN |QwLt w[a �a35 = 2 xH}Dv QO

Z 0 0 0
x7 1 0 0 6
x8 0 1 0 4
x9 0 0 1 4

x5
4
1
0
2

:s} Q=O x5 uwDU hPL w |QwLt C=}rta s=Hv= R= TB

Z 0 0 �2 �8
x7 1 0 � 1

2 4
x8 0 1 0 4
x5 0 0 1

2 2

:s} Q=O zj � cj = waj � cj OOHt xHwD =@ w = (0; 0;�2) =Hu}= QO "swO Q=QmD

z1 � c1 = 1 ; z2 � c2 = 2 ; z3 � c3 = �3
z4 � c4 = �1 ; z6 � c6 = �4
z9 � c9 = �2

:s} Q=O w Ow@ Oy=wN xOvwWOQ=w Q}eDt x2 w k = 2 TB

�a2 = B�1a2 =

26641 0 �12
0 1 0
0 0 12

3775
2664 1
�1
0

3775 =

2664 1
�1
0

3775
:s} Q=O pwOH CU=Q CtU QO

 
zk � ck

�ak

!
Q=OQ@ uO=O Q=Qk =@
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z 0 0 �2 8
x7 1 0 � 1

2 4
x8 0 1 0 4
x5 0 0 1

2 2

x2
2
1
�1
0

:s} Q=O =Q Q} R pwOH x2 uwDU hPL w |QwLt C=}rta s=Hv= R= TB
z �2 0 �1 �16
x2 1 0 � 1

2 4
x8 0 1 � 1

2 8
x5 0 0 1

2 2
|x@U=Lt pwtQi x@ xHwD =@ ,=OOHt "OW=@|t w = (�2; 0;�1) =Hu}= QO "swU Q=QmD

:s} Q=O zj � cj
z1 � c1 = �1 ; z2 � c2 = �4
z4 � c4 = �2 ; z6 � c6 = �5
z9 � c9 = �1

xr-=Ut xv}y@ ?=wH 'pwOH Q_=vDt ?=wH TB zj � cj � 0 s} Q=O j 2 NB Qy <=R=@ uwJ
:|va} 'OW=@|t

x� = (0; 4; 0; 0; 2; 0; 0; 8) ; z� = �16
"s}UQ|t C=}rta u=}=B x@ CQwYu}O@ w

x}=BT} QD=tTma uOQ@ Q=mx@ =@ xOW KqY=TmrBt}U 3�3
1?Q[rY=L sQi CQwYx@

u; QO xm s}vm|t QmP =Q xOW KqY= TmrBt}U VwQ OQ@ Q=m R= |Qo}O ẁv CtUk u}= QO
Qw;O=} ,q@k "OwW|t xO=O |D=tOkt |=yT} QD=t ?Q[pY=L CQwYx@ x}=B T} QD=t Tma
1) Product Form of Inverse
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aj |va} u; s=j uwDU w OW=@ CUO QO [a1; : : : ; am] = B OQivt=v T} QD=t Qo = xm s}OW
:CU= Q=QkQ@ jwi |=yT} QD=t Tma u}@ Q} R x]@=Q OOQo u} Ro}=H a Ovv=t |Q=OQ@ =@

B�1
New = EjB�1

xOW xO=O Q=Qk a Q=OQ@ s=i uwDU |=Hx@ xm CU= B R= pY=L T} QD=t BNew u; QO xm
OW=@|t OQivt=v T} QD=t BNew xm xOw@ |DQwYx@ |v} Ro}=H xm CU= u}= Q@ ZQi w CU=

:u; QO w
Ej = [e1; : : : ; ej�1; �; ej+1; : : : ; em]

w
� = (� �

�j
; : : : ;� �

�j�1
;

1
�j
;��j+1

�j
; : : : ;��m

�j
)

w
(�1; �2; : : : ; �m) = B�1a

:CWwv Q} R CQwYx@ =Q B OQivt=v T} QD=t Tma u=wD|t jwi ?r]t R= xO=iDU= =@
B = EmEm�1 : : : E1 (2�3)

xOW xO=O Q=Qk Q_=vDt � Q=OQ@ u; s=k uwDU |=Hx@ xm CU= |v=m} T} QD=t Ek u; QO xm
"CU=

|D=tOkt |=yT} QD=t ?Q[pY=L CQwYx@ =Q x}=B T} QD=t Tma xm 2�3 |xrO=at
|=ysOk |t=tD 'CQwYu}= uOQ@ Q=mx@ =@ "Ov} wo T} QD=t Tma |@ Q[pY=L sQi Ovm|t u=}@
xOvRwt; '?r]t pt=m u=}@ R= p@k "O=O CQwY '|QwLt pta s=Hv= uwO@ u=wD|t =Q TmrBt}U

"s}yO Q=Qk xar=]t OQwt =Q |D=tOkt T} QD=t l} QO Q=OQ@ l} ?Q[ xm CU=
=@ |D=tOkt T} QD=t E O}vm ZQi "E QO AJ CtU R= c Ovv=t Q=OQ@ l} ?Q[ "hr=

:s} Q=O c = (c1; : : : ; cm) CQwYx@ |Q=OQ@ c w r C}a[w QO g OL=wQ}e |vwDU Q=OQ@
cE = (c1; : : : ; cm)[e1; e2 : : : ; er�1; g; er; : : : ; em] (�)
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g = (g1; : : : ; gm)t :u; QO xm
:R= Ow@ Oy=wN CQ=@a 'pY=L

cE = (c1; : : : ; cr�1;
mX
i=1

cigi; cr+1; : : : ; cm)t = (c1; : : : ; cg; : : : ; cm)

(3�3)

:|va} "E QO CU=Q CtU R= a Ovv=t |Q=OQ@ ?Q[ "?

Ea = [e1; : : : ; er�1; g; er+1; : : : ; em]a

:u; QO xm

a = (a1; : : : ; am)t

=(a1 + g1ar; a2 + g2ar; : : : ; grar; : : : ; am + gmar)t

=(a1; : : : ; ar�1; 0; ar+1; : : : ; am)t+

ar(g1; g2; : : : ; gm)t

:Qo}O CQ=@a x@
Ea = â+ arg (4�3)

xOW xO=O Q=Qk QiY OOa u; s=r |xir-wt |=Hx@ xm CU= a Q=OQ@ R= pY=L Q=OQ@ â u; QO xm
"CU=

?}=Q[ Q=OQ@ |x@U=Lt "s}vm|t QmP =Q xOW KqY= TmrBt}U VwQ C=tOkt u}= =@
:OOQo|t x@U=Lt Q} R CQwYx@ w 's=t Q=QmD QO w = cBB�1 |va} TmrBt}U

w = cBB�1
t = cB:Et�1:Et�2; : : : ; E2:E1

3�3 pwtQi j@] =Q (cBEt�1) =OD@= "OOQo|t x@U=Lt u}vJ |Q=QmD CQwYx@ w x@U=Lt
OvQw;|tCUOx@ =Q (cBEt�1)Et�2 (cBEt�1) Q=OQ@ uOQ@ Q=mx@ =@TBU w Ovvm|t x@U=Lt
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'w |x@U=Lt R= TB "OwW|t xO}t=vBTRAN1 VwQ u}= "OvyO|t xt=O= =Q VwQ u}ty w
:pwtQi R=

waj � cj = zj � cj
:Qo = =yzj � cj x@U=Lt R= TB "OOQo|t x@U=Lt |U=U=Q}e |=yQ}eDt |t=tD |=Q@

zk � ck = Maxfzj � cjg

x}=B OQ=w =Q xk 'zk � ck > 0 Qo = CQwYu}=Q}e QO s}OQo|t hkwDt OW=@ QiY =} |ivt
"s}�=tv|t XNWt =Q xOvwWGQ=N Q}eDt p}P VwQ R= xO=iDU= =@ s}vm|t

�ak uwDU 'OW=@|t xOvwWOQ=w Q}eDt 'xk Q}eDt xmu}=x@ xHwD =@ "�b w �ak uwDU |x@U=Lt
:OOQo|t x@U=Lt p}P |x]@=Q R=

�ak = B�1
t ak = Et�1Et�2 : : : E2E1ak

OOQo|t x@U=Lt E2(E1ak) TBU w (E1ak) =OD@= 4�3 |xrO=at R= xO=iDU= =@ R}v =Hu}= QO
�ak � 0 Qo = "OW=@|t hwQat FTRAN2 x@ VwQ u}= "Ovm|t =O}B xt=O= VwQ u}ty w
=@ CQwYu}=Q}e QO "OQ=O |y=vDt=v xv}y@ ?=wH xr-=Ut Cr=Lu}= QO =Q} R 's}OQo|t hkwDt
xOvwWGQ=N Q}eDt xm O}vm ZQi "s}�=tv|t XNWt =Q xOvwWOQ=w Q}eDt st}v|t CUD s=Hv=
:O};|t CUOx@ Q} R CQwYx@ g OL=wQ}e |vwDU Q=OQ@ =@ Et |D=tOkt T} QD=t 'OW=@ xBr

g =
�
��a1k

�ark
; : : : ;

1
�ark

; : : : ;��amk
�ark

�t
w

Et = [e1; : : : ; g; : : : ; em]

:Ow@ Oy=wN u}vJ CU=Q CtU Q=OQ@ w
B�1
t+1b = EtB�1

t b = Et(B�1
t b)

1) Backward Transform process(BTRAN) 2) Forward Transformation Pro-

cess(FTRAN)
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1x}=B Tma uOwtv RwQx@ 4�3
Tma xm s}v=O|t |Qw;O=} x@ sRq =Hu}= QO "OOQo|t RwQx@ Et O}rwD =@ x}=B T} QD=t Tma
l} Q=QmD Qy QO "OwW|t xO=O |D=tOkt |=yT} QD=t ?Q[pY=L CQwYx@ xm x}=B T} QD=t
x}=BT} QD=tTma xm O};|t sRq OwW O=} R Q=Okt u}= |Dkw "OOQo|t xOwRi= u; x@ ?Q[ pt=a
|D=tOkt T} QD=t l} "OQw; CUOx@ |D=tOkt T} QD=t m ?Q[pY=L CQwYx@ ,=OOHt =Q
C}akwt r w OL=wQ}e Q=OQ@ g u; QO xm Owtv ^iL QDw}Bt=m QO (g; r)t CQwYx@ u=wD|t =Q

"OW=@|t Im QO u;

xO=iDU= =@ w xOW KqY= TmrBt}U VwQ uOQ@ Q=mx@ =@ =Q Q} R |xr-=Ut "p=Ft 2�4�3
:O}�=tv pL x}=B T} QD=t Tma |@ Q[pY=L CQwY R=

Min z = �x1 �2x2 �x3
s: t: x1 +x2 +x3 � 4

�x1 +2x2 �2x3 � 6
2x1 +x2 � 5
x1; x2; x3 � 0

"Ow@ Oy=wN x6 w x5 w x4 pt=W |rY= x}=B x6 w x5 w x4 |mtm |=yQ}eDt |iQat =@
"pw= Q=QmD

�b = (4; 6; 5)t

xB = (xB1 ; xB2 ; xB3)
t = (x4; x5; x6)t = (4; 6; 5)t

xN = (x1; x2; x3)t = (0; 0; 0)t

z = 0 w = 0 = cBI = (0; 0; 0)

1) Updating the Basic Inverse
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:s} Q=O zj � cj = waj � cj x@ xHwD =@

z1 � c1 = 1
z2 � c2 = 2
z3 � c3 = �1

:Ow@ Oy=wN xOvwWOQ=w Q}eDt x2 w k = 2 u}=Q@=v@

�a = B�1a2 = Ia2 = (1; 2; 1)t

:OwW|t ?=NDv= Q} R CQwYx@ st}v|t CUD R= xO=iDU= =@ xOvwWGQ=N Q}eDt

Min
� �b1

�a12
;

�b2
�a22

;
�b3
�a32

�
= Min

�4
1 ;

6
2 ;

5
1
�

= 3

Oy=wN u}vJ g |v=m} Q}e Q=OQ@ =@ E1 |D=tOkt T} QD=t w "OW=@|t xOvwWGQ=N Q}eDt x5 TB
"Ow@

g =

2664� �a12
a221

�a22
� �a32

�a22

3775 =

2664�12
12
�12

3775
"OwW|t xO=O u=Wv

"
g

2
#

CQwYx@ E1 u}=Q@=v@
:s}vm|t RwQx@ =Q �b "swO Q=QmD

�b = E1

26644
6
5

3775 =

26644
0
5

3775+ 6
2664�12

12
�12

3775 =

26641
3
2

3775
xB =

2664xB1
xB2
xB3

3775 =

2664x4
x2
x6

3775 =

26641
3
2

3775 ; xN =

2664x1
x5
x6

3775 =

26640
0
0

3775
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z = 0� �b2(z2 � c2) = �6
w = cBE1 = (0;�2; 0)E1 = (0;�1; 0)

z1 � c1 = 2
z3 � c3 = 1

"Ow@ Oy=wN xOvwWOQ=w Q}eDt x1 w k = 1 u}=Q@=v@

�a1 = E1a1 = E1

2664 1
�1
2

3775 =

26641
0
2

3775+ (�1)

2664�12
12
�12

3775 =

2664 32
�12
52

3775
:O};|t CUOx@ Q} R |x]@=Q R= xOvwWGQ=N Q}eDt T}Ov=

Min
� �b1

�a11
;

�b3
�a31

�
= Min

(1
32
;

2
52

)
=

2
3

"OwW|t GQ=N x4 w OOQo|t OQ=w x1 TB "xB1 = x4 |va} r = 1 TB
:CU= xOW xO=O Q} R CQwYx@ E2 |v=m} Q}e uwDU

g =

2664 1
�a11
� �a21

�a11
� �a31

�a11

3775 =

2664 23
13
�13

3775
"OOQo|t \@[

"
g

1
#

CQwYx@ E2 w
"�CU= xR=Ov= xJ =D =yxO=O ^iL QO |} wHxiQY xm OwW xHwD�

:CWPo xJu; x@ xHwD =@ �b uOwtv RwQx@ "swU Q=QmD

�b = E2

26641
3
2

3775 =

26640
3
2

3775+ 1
2664 23

13
�53

3775 =

2664 23
103
�13

3775
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xB =

2664xB1
xB2
xB3

3775 =

2664x1
x2
x6

3775 =

2664 23
103
13

3775
xN =

2664x4
x5
x3

3775 =

26640
0
0

3775

z = �6� �b1(z1 � c1) = �22
3

w = cBE2E1 = (cBE2)E1 = (�4
3 ;�

1
3 ; 0)

z3 � c3 = �5
3

z5 � c5 = �1
3

"CU= xv}y@ ?=wH TB zj � cj � 0 'j Qy <=R=@ u}=Q@=v@

x� = (x1; x2; x3; x4; x5; x6) = (
2
3 ;

10
3 ; 0; 0; 0; 13)

z� = �22
3

TmrBt}U w xOW KqY= TmrBt}U VwQ u}@ xU}=kt 5�3
=@ xOW KqY= TmrBt}U QO "OQ}o CQwY wO u}= u}@ |=xU}=kt xm OUQ|t Q_vx@ =Hu}= QO
TmrBt}U QO xm|DQwY QO 'OW=@|t (m+1)� (m+1) u; xR=Ov= xm s}vm|t Q=m |rwOH
OW=@ nQR@m x@ C@Uv n Qo = "OQ}o|t CQwY Q=m (m+1)� (n+1) xR=Ov= QO |rwOH =@
|} wHxiQY QDw}Bt=m x_i=L QO C=aq]= \@[ QO �CU= Qw]u}ty |rta p�=Ut QO xm �
a=b =Q} R xOW xDiQo Q_vQO ?Q[ u=wva x@ s}UkD� =y?Q[ O=OaD "OQ}o|t CQwY O=} R Q=}U@
xOt; Q} R pwOH QO =y`tH w �a+ (�b) |va} a� b =Q} R `tH u=wva x@ j} QiD w a:1b |va}

"Ov}=tv C=@F= =Q =aO= u}= CLY u} QtD u=wva x@ u=oOvv=wN "CU=
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xOW KqY= TmrBt}U w TmrBt}U |=yVwQ |xU}=kt
|QwLtpta =yzj � cj pm

TmrBt}U =y?Q[ (m+ 1)(n�m+ 1) m(n�m) + n+ 1
=y`tH m(n�m+ 1) m(n�m+ 1)

xOWKqY=TmrBt}U =y?Q[ (m+ 1)2 m(n�m)m(n�m) + (m+ 1)2

=y`tH (m)(m+ 1) m(n-m) m(n+ 1)

�1�3� pwOH

TmrBt}U VwQ Q=QmD pqN QO R=}vOQwt C=}rta O=OaD xm OOQo|t x_Lqt �1�3� pwOH R=
QDW}@ QO p=LQy@ xm O}�=tv xHwD "OW=@|t xOW KqY= TmrBt}U VwQ R= QDtm |OL =D
|=[a= O=OaD = d� d u; |r=oJ |va} 'OW=@|t 1xOvm =QB |SwrwvmD T} QD=t |rta p�=Ut
R= xOW KqY= TmrBt}U VwQ QO OW=@|t 5100 R= QDtm �=[a= pm O=OaD Q@ s}UkD QiYQ}e
w zj = waj O}vm xHwD "zj � cj |x@U=Lt QO XNq=@ "Owtv xO=iDU= u=wD|t C}akwt u}=

waj =
mX
i=1

wiaij

Oy=wNQ@ QO =Q |=x_Lqt p@=k |} wHxiQY xm Owtv |WwBsWJ QiY |=[a= R= u=wD|t w
"OwW xaH=Qt �� x@ OQwt u}= QO QDW}@ `q]= |=Q@ "CW=O

2p;wO TmrBt}U VwQ 6�3
"O}=tv|t pL p=t}=QB TmrBt}U pwOH QO ,=t}kDUt =Q p;wO |xr-=Ut 'p;wO TmrBt}U VwQ
s} wQ|t p;wO R= |Qo}O |vOW |U=U= ?=wH x@ p;wO |vOW |U=U= ?=wH l} R= Q=QmD Qy QO
"OW=@|t |vOWv p=t}=QB w OW=@|t OwOLt=v p;wO xm OwW xH}Dv =} OOQo pY=L |ov}y@ =D
p;wO 'uOw@ |vOW p=t}=QB R= CU= CQ=@a |ov}y@ \QW K.K.T \}=QW j@] xm OwW xHwD
Q}UiD xm s} R=OQB|t ?r]t u}= |UQQ@ x@ lv}= "O}=R ptmt \}=QW uOw@ Q=QkQ@ w uOw@ |vOW
1) Sparce 2) Dual Simplex Method
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:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut #CU}J TmrBt}U pwOH QO uOw@ |vOW p;wO

Min Z(x) = cx

s: t: Ax � b
x � 0

CU}v |vOW ,=DQwQ[ xm OW=@ jwi |xr-=Ut |=Q@ |=x}=B B O}vm ZQi
|mtm |=yQ}eDt

z x1 : : : xn xn+1 : : : xn+m RHS

z 1 z1 � c1 : : : zn � cn zn+1 � cn+1 : : : zn+m � cn+m cB�b

xB1 0 �a11 : : : �a1n �a1n+1 : : : �a1n+m �b1
...

...
...

...
...

...
...

xBm 0 �am1 : : : �amn �amn+1 : : : �amn+m �bm

"�b = B�1b � 0 Qo = |va} &(i = 1; : : : ;m) �bi � 0 Qo = CU= |vOW p=t}=QB jwi pwOH
:Qo = CU= xv}y@ pwOH xwqa x@

zj � cj � 0 j = 1; 2; : : : ;m+ n

:s} Q=O j = 1; : : : ; n |=Q@ w = cBB�1 s}vm|t h} QaD
zj � cj = waj � cj

waj � cj � 0 x m CU= u; sR r DU t j = 1; : : : ; n |=Q @ zj � cj � 0 wQu }= R=
w an+i = ei xwq ax @ &wA � c |Q=Q kQ @ sR r D U t s y u; x m j = (1; : : : ; n)

:s} Q=O u}=Q@=v@ (i = 1; : : : ;m) cn+i = 0

zn+i � cn+i = wan+i � cn+i

= w(�ei)� 0
= �wi
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CW=O s}y=wN CQwYu}= QO (i = 1; : : : ;m) zn+1 � cn+i � 0 Qo = xwqax@
Qw]x@ OW C@=F q=@ QO xJu; "OOQo|t pY=L w � 0 u}=Q@=v@ '(i = 1; : : : ;m) wi � 0
?r]t u}= (j = 1; 2; : : : ;m + n) zj � cj � 0 Qo = "OOQo|t u=}@ u}vJ xYqN
|vOW 'Qo}O CQ=@a x@ "w = cBB�1 u; QO xm w � 0 w wA � c xm CU= u; sRrDUt

:s} Q=O |ov}y@ QO �j Qy <=R=@� zj � cj |va} CU= |ov}y@ u=R}t u=ty p;wO uOw@
w� = cBB�1

N� = p;wO OwYkt `@=D xv}y@ Q=Okt = (cBB�1)b = cB(B�1b) = cB�b = z�

q=@ ?r=]t |Ov@`tH u}=Q@=v@ "OvW=@|t |w=Ut p;wO w p=t}=QB OwYkt `@=D xv}y@ Q=Okt |va}
:s}vm|t u=}@ p}P |x}[k CQwYx@ =Q

|va}� |vwv=m CQwYx@ p=t}=QB |xr-=Ut uOwtv st}v|t |ov}y@ QO "x}[k 3�6�3
xwqax@ "OW=@|t p;wO |xv}y@ ?=wH w� = cBB�1 '�j Qy <=R=@ zj � cj � 0
uQ=kDt p}rLD xm O}vm xHwD "(i = 1; : : : ;m) |=Q@ w�i = �(zn+i� cn+i) = �zn+i

=@ OW=@|t B x}=B Q_=vDt xm xv}y@ pwOH |=Q@ "OW=@|t Q=QkQ@ R}v |w=UD |=yO}k Cr=L |=Q@
w�aj � cj � 0 sRrDUt zj � cj � 0 |ov}y@ \}=QW ,=OOHt 'w� = cBB�1 uO=O Q=Qk

:s} Q=O w CU= |vOW p;wO w� |va} &OW=@|t j = 1; : : : ; n |=Q@
z� = cB(B�1b) = (cBB�1)b = w�

C=tOkt u}= =@ "OW=@|t p;wO OwYkt `@=D xv}y@ Q=Okt |w=Ut p=t}=QB OwYkt `@=D xv}y@ |va}
"s} R=OQB|t p;wO TmrBt}U VwQ K} QWD x@

:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut "p;wO TmrBt}U VwQ 4�6�3
Min Z = cx

s: t: Ax � b
x � 0
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Qot 'OW=@|t pmWt Q=}U@ xr-=Ut |=Q@ |vOW |U=U= ?=wH l} uOwtv =O}B 'OQ=wt |[a@ QO
l} uOwtv =O}B Cq=L R= |[a@ QO "s}�=tv xO=iDU= |avYD |=yQ}eDt R= pt=m Qw]x@ xmu}=
Qy <=R=@ |va}� OW=@|t umtt &CU= |vOW p;wO |rw OW=@|tv |vOW p=t}=QB ,=DQwQ[ xm x}=B
xm Ow@ Oy=wN O}it Q=}U@ |Dr=L u}vJ QO "�uOwtv st}v|t |xr-=Ut |=Q@ zj � cj � 0 j
uOw@ Q=QkQ@ w p;wO uOw@ |vOW ^iL =@ xm &Owtv `=O@= TmrBt}U VwQ R= |Qo}O CQwY

"OQ@@ |vOW p=t}=QB CtU x@ =Q xr-=Ut 'O}=R ptmt \}=QW
:O} Q}o@ Q_vQO =Q Q} R pwOH Qw_vt u}= |=Q@

z x1 : : : xj : : : xk : : : xn RHS

z 1 z1 � c1 : : : zj � cj : : : zk � ck : : : zn � cn cB�b

xB1 0 �a11 : : : �a1j : : : �a1k : : : �a1n �b1
...

...
...

...
...

...
...

xBr 0 �ar1 : : : �arj : : : �ark : : : �arn �br
...

...
...

...
...

...
...

xBm 0 �am1 : : : �amj : : : �amk : : : �amn �bm

uOwtv st}v|t ẁv R= xr-=Ut� (j = 1; : : : ; n) zj � cj � 0 jwi pwOH QO O}vm ZQi
xv}y@ ?=wH l} Q_=vDt pwOH x=ou; (i = 1; : : : ;m) �bi � 0 jwi pwOH QO Qo = �OW=@|t
"�OW=@|t Q=QkQ@ O}=R ptmt \}=QW xQ=wty TmrBt}U pwOH QO xm s} wW|t Qw;O=}� OW=@|t
w |QwLt Q]U u=wva x@ s=r Q]U ?=NDv= =@ "�br < 0 xm CU= |r TB 'OW=@v u}vJ Qo =
Ovv=t |DU=Q CtU Q=Okt l} u=wD|t '|QwLt uwDU u=wva x@ �ark < 0 =@ k Ovv=t |vwDU
s}DUy Q=wO}t= u}vJ u}= |QwLt C=}rta R= xr=@vO l} pqN QO "OQw; CUOx@ �br > 0
|QwLt uwDU xvwoJ xm CU= u}= Ov=t|t |k=@ xm |r=wU "s}UQ@ p=t}=QB xv}y@ ?=wH x@ xm
C@=F "OwW ^iL p;wO uOw@ |vOW |QwLt pta s=Hv= R= TB xm|Qw]x@ 's}�=tv ?=NDv= =Q
pta s=Hv= R= TB p;wO uOw@ |vOW 'OOQo ?=NDv= Q} R st}v|t |xOa=k =@ k uwDU xm s}vm|t

"OW Oy=wN ^iL |QwLt
zk � ck

�ark
= Min

�
zj � cj

�ark
j �ark < 0

�
(5�3)
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:xm O}vm xHwD

(zj � cj)New = (zj � cj)� �arj
�ark

(zk � ck) (�)

:Qo = TB zk � ck � 0 w �ark < 0 (�) QO
:CW=O s}y=wN �arj � 0 "hr=

(zj � cj)New � (zj � cj)Old � 0

:|DU}=@ Cr=Lu}= QO �arj < 0"?

(zj � cj)� �arj
�ark

(zk � ck) � 0

:Qo}O CQ=@a x@
(zj � cj) � �arj

ark
(zk � ck)

:=}
zk � ck
ark

� zj � cj
�arj

:|va}
zk � ck

�ark
= Min

�
zj � cj

�arj
j �arj < 0

�
:|va} "s}vm C@=F s}DU=wN|t xm Ow@ |R}J u=ty u}= w

(zj � cj)New � 0 &j Qy <=R=@

xOt; CUOx@ O}OH x}=B x=ou; OQ}PB CQwY 4�3 j@] xOvwWOQ=w uwDU Qo = xYqN Qw]x@
`@=D Q=Okt xwqax@ "Ov=t|t |k=@ |vOW p;wO xr-=Ut Qo}O CQ=@a x@ 'Ow@ Oy=wN |vOW p;wO

:=@ Q@=Q@ 'OwYkt

cBB�1b� zk � ck
�ark

:�br � cBB�1b �#=QJ�
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QDO@ OwYkt `@=D Q=Okt |va} "Ov=t|t C@=F =} Ovm|t =O}B V}=Ri= =} OwYkt `@=D Q=Okt |va}
"OOQo|tv

x@ p;wO |vOW |U=U= ?=wH l} R= QmPr=jwi VwQ xm CU= u; OW xDio p=Lx@ =D xJu;
"OOQo|tv QDO@ p;wO OwYkt `@=D Q=Okt xm|DQwYx@ OwQ|t p;wO Qo}O |vOW |U=U= ?=wHl}
u=wvax@ �br < 0 O}vm ZQi "CU= syt Q=}U@ xm O} Q}o@ Q_vQO =Q |@r]t ẁ[wt p}tmD |=Q@
|va} OvW=@|t |ivt=v �br > 0 RH u; |=[a= |t=tD w CU= xO}OQo ?=NDv= |QwLt Q]U

:xrO=at QO
xBr +

X
j2NB

�arjxj = �br < 0 (6�3)

� 0 xrO=at AJ CtU |va} xj � 0 w arj � 0 |t=tD w xBr � 0 xrO=at u}= QO
u}= QO xm OwW|tv Ci=} 0 � xj I}y |DQ=@ax@ CU= |ivt u; CU=Q CtU |rw OW=@|t
Ow@ u}= Q@ ZQi uwJ "CU= |vOWv p=t}=QB |va} OvQ=oR=U=v Ow}k |va} "O}=tv jOY xrO=at
l} =Q p;wO u} QtD u=wva x@� "OW=@|t OwOLt=v p;wO xm OwW|t xH}Dv 'CU= |vOW p;wO xm
"�bd > 0 xm O} Qw; CUOx@ u; |=Q@ |=xOvwWQwO |vOW CyH w O} Q}o@ Q_vQO pkDUt xr-=Ut

"�uOwtv st}v|t ẁv R= xr-=Ut |=Q@� p;wO TmrBt}U VwQ xYqN 5�6�3
=O}B VwQ� zj � cj � 0 'j Qy <=R=@ xm O}�=tv =O}B p=t}=QB |=Q@ B Ovv=t x}=B l} "x}rw= sOk

�"OW Oy=wN xDio pYi u}tyQO |=x}=B u}vJ uOwtv
"|rY= sOk

QO "CU= xv}y@ ?=wH 'pwOH Q_=vDt ?=wH 'O} wW hkwDt �b = B�1b � 0 Qo = �1
CQwYx@ ,qwtat ?=NDv= VwQ �br < 0 xm O}�=tv ?=NDv= r Ovv=t |Q]U CQwYu}=Q}e

:OW=@|t Q} R
�br = Min

��bi j �bi < 0	
"CU= |vOWv p=t}=QB w CU= OwOLt=v p;wO 'O} wW hkwDt �j Qy <=R=@� �arj � 0 Qo = �2
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:O}�=tv ?=NDv= Q} R pwtQi j@] |QwLt uwDU u=wva x@ s=k uwDU CQwYu}=Q}eQO
zk � ck

�ark
= Min

�
zj � cj

�arj
j arj < 0

�
sOk QO �1� x@ w O}yO s=Hv= |QwLt C=}rta '�ark |QwLt w[a uDW=O ^wLrt =@ �3

"O}OQoQ@ |rY=
"s}�=tv|t uWwQ |r=Ft =@ =Q QmPr=jwi VwQ

:O}�=tv pL p;wO TmrBt}U VwQ =@ =Q Q} R |xr-=Ut "p=Ft 6�6�3
Min z = 2x1 + 3x2 + 4x3

s: t: x1 + 2x2 + x3 � 3
2x1 � x2 + 3x3 � 4
x1; x2; x3 � 0

:O};|tQO Q} R CQwYx@ xr-=Ut x5 w x4 Q}eDt |iQat =@
Min z = 2x1 +3x2 +4x3

x1 +2x2 +x3 �x4 = 3
2x1 �x2 +3x3 �x5 = 4
xj � 0 j = 1; 2; 3; 4; 5

"OOQo Qy=_ I T} QD=t |SwrwvmD T} QD=t QO =D s}vm|t ?Q[ ��1� OOa QO |w=UD |=yO}k
Min z = 2x1 +3x2 +4x3

�x1 �2x2 �x3 +x4 = �3
�2x1 +x2 �3x3 +x5 = �4
xj � 0 j = 1; 2; 3; 4; 5

:Ow@ Oy=wN u}vJ x}rw= TmrBt}U pwOH
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z x1 x2 x3 x4 x5 RHS

z 1 �2 �3 �4 0 0 0
x4 0 �1 �2 �1 1 0 �3
x5 0 �2 1 �3 0 1 �4

z x1 x2 x3 x4 x5 RHS

z 1 0 �4 �1 0 �1 4
x4 0 0 � 5

2
1
2 1 � 1

2 �1
x1 0 1 � 1

2
3
2 0 � 1

2 2

z x1 x2 x3 x4 x5 RHS

z 1 0 0 � 9
5 � 8

5 � 1
5

28
5

x2 0 0 1 � 1
5 � 2

5
1
5

2
5

x1 0 1 0 7
5 � 1

5 � 2
5

11
5

xm OW=@|t CUO QO p;wO w p=t}=QB |=y?=wH 'zj � cj � 0 'j Qy <=R=@ w �b � 0 uwJ
:R= OvDQ=@a

x� = (x�1; x�2; x�3; x�4; x�5) = (
11
5 ;

2
5 ; 0; 0; 0)

w� = (w�1; w�2) = (
8
5 ;

1
5)

Q_=vDt xm 5 w 4 |=yuwDU QO Q_=vDt zj � cj |xv} Qk ?}DQDx@ w�2 w w�1 xm O}vm xHwD
`@=D Q=Okt '|r=wDt |=ypwOH QO xm O}�=tv xHwD Qw]u}ty "OvW=@|t x5 w x4 |=yQ}eDt

"�uOwtv st} Rm =t ẁv R= p;wO |xr-=Ut |=Q@� "CU= xOwtv V}=Ri= ?DQt OwYkt
"CU= ?Q=kDt VwQ p;wO TmrBt}U VwQ

|va}� OW=@|t ?Q=kDt |vox@D ?=}e QO p;wO TmrBt}U VwQ xm s}vm|t C@=F =OD@=
l} R= p;wO TmrBt}U VwQ xm O}�=tv xHwD "�Ovm|t pL pL=Qt R= |y=vDt O=OaD QO =Q xr-=Ut
O}�=tv xHwD Qw]u}ty w OwQ|t Qo}O |vOW |U=U= ?=wH l} x@ p;wO |vOW |U=U= ?=wH
� (zk�ck)

�ark :�br = � =@ Q@=Q@ |Oa@ Q=QmD x@ |Q=QmD R= OwYkt `@=D Q=Okt wO u}@ hqDN= xm
OW=@|t C@Ft � Q=Okt TB �ark < 0 w �(zk � ck) > 0 w �br < 0 uwJ xm 'OW=@|t
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QO OOQo|tv Q=QmD |=x}=B I}y w O}=tv|t OwaY ,=O}m = Cr=L u}= QO OwYkt `@=D |va}
pL xm O}W=@ xDW=O xHwD� "O}=tv|t pL =Q xr-=Ut pL=Qt R= |y=vDt O=OaD QO sD} Q=or= xH}Dv
w |vOWv p=t}=QB xm OOQo|t xH}Dv =} OUQ|t xv}y@ ?=wH x@ xm CU= |vat u}=x@ xr-=Ut
=QJ "�(zk � ck) > 0 xm OW xO=iDU= |@r]t R= xrLQt u}= QO "�OW=@|t OwOLt=v p;wO

#�(zk � ck) > 0
"OW=@|t uox@DQ}e xr-=Ut s}OQm ZQi xm O}W=@ xDW=O xHwD p=wU u}= x@ uO=O ?=wH |=Q@
Q} R ?r]t x@ xHwD =@ OW=@|t QiY u; Q=Okt TB OW=@|t |U=U=Q}e Q}eDt l} xk uwJ

:|va}
(cj � waj)xj = 0 j = 1; : : : ; n
wi(aix� bi) = 0 i = 1; : : : ;m

p=L "OW=@|t QiY hr=Nt |Qo}O w QiY |m} jwi ?Q[ pt=wa R= |vox@DQ}e Cr=L QO
"O} Q}o@ Q_vQO =Q (zk � ck)xk = (ck � wak)xk = 0 |x]@=Q

OQwt xm Ow@ |R}J u=ty u}= w �(zk � ck) > 0 |va} ck � zk > 0 |DU}=@ TB
QO sD} Q=or= uOw@ ?Q=kDt C=@F= "Owtv u}t[D =Q sD} Q=or= |y=vDt ?Q=kD w CiQo Q=Qk xO=iDU=
uOw@ ?Q=kDt Cr=L u}= QO TBU w s}vm|t u=}@ ,q}P xm OQ=O |D=tOkt x@ R=}v |vox@D Cr=L

" s}�=tv|t C=@F= =Q u;
Q=mx@ =@ xm s}yO|t u=Wv #Owtv =O}B xr-=Ut |=Q@ p;wO |vOW ?=wH l} u=wD|t xvwoJ
OQw; CUOx@ xr-=Ut |=Q@ |vOW p;wO ?=wH l} u=wD|t xQ=wty |avYD O}k l}vmD uOQ@
xm CU= u}= Q@ ZQi p;wO TmrBt}U VwQ uOQ@ Q=mx@ QO �OW=@ |vOW p;wO xm|DQwY QO�
CQwYx@ |@=wH u}vJ uOQw; CUOx@ |=Q@ "OW=@|t CUO QO p;wO |vOW |U=U= ?=wH l}

:s}vm|t pta p}P
x@ =Q nP

j=m+1
xj � M O}k "OvyO|t =Q x}rw= x}=B p}mWD pw= uwDU m xm s}vm ZQi

u=Wv ,q}P x}rw= pwOH CU= |oQR@ Q=}U@ OOa l} M > 0 =Hu}= QO "s}vm|t xi=[= xr-=Ut
"OW=@|t |avYD O}k Q_=vDt |mtm Q}eDt 'xn+1 u; QO xm &CU= xOW xO=O
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z x1 : : : xm xm+1 : : : xn xn+1 RHS

z 1 0 : : : 0 zm+1 � cm+1 : : : zn � cn 0 cB�b

xn+1 0 0 : : : 0 1 : : : 1 1 M

x1 0 1 : : : 0 �a1m+1 : : : �a1n 0 �b1
...

...
...

...
...

...
...

...

xm 0 0 : : : 1 �amm+1 : : : �amn 0 �bm

|=yQ}eDt |t=tD u}=Q@=v@ O}=tv|t OwOLt =Q |U=U=Q}e |=yQ}eDt |t=tD |i=[= O}k u}=
?=wH l} uOQw; CUOx@ |=Q@ "OW Oy=wN OwOLt p=t}=QB |xr-=Ut |t=tD xH}Dv QO w |U=U=

:s}vm ZQi O}OH pwOH QO p;wO |vOW |U=U=

zk � ck = Maxfzj � cjg

u=wva x@ =Q xn+1 Q}eDt w s}vm|t ?=NDv= |QwLt xOvwWOQ=w uwDU u=wva x@ =Q s=k uwDU
:s} Q=O |QwLt C=}rta s=Hv= R= TB "s} Q}o|tQ=mx@ xOvwWGQ=N Q}eDt

(zj � cj)New = (zj � cj)� arj
�ark

(zk � ck)

(zj � cj)New = 0 TB (j = 1; : : : ;m) aj = 0 CQwYu}= QO zj � cj "hr=
:TB �arj = 1 w �ark = 1 xmu}= x@ xHwD =@ zj � cj 6= 0 "?

zj � cj � (zk � ck) � 0

:=Q} R
zk � ck = Maxfzj � cjg

:TB
(zj � cj)New � 0 j Qy <=R=@

"OW=@|t |vOW p;wO pwOH Q_=vDt ?=wH |va}
:O=O Oy=wN MQ Q} R Cr=L xU R= |m} p;wO TmrBt}U VwQ uOQ@ Q=mx@ =@
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"Ow@ Oy=wN |vOWv p=t}=QB Cr=Lu}= QO "OQ=O |y=vDt=v ?=wH p;wO xm �1

O}k Cr=Lu}= QO x�n+1 > 0 w xOt; CUOx@ p;wO w p=t}=QB |=Q@ |=xv}y@ ?=wH �2
"OW=@|t CUO QO p=t}=QB xv}y@ ?=wH w CU= O�=R Px�j < M

"CU= xOt; CUOx@ p;wO w p=t}=QB |=Q@ xv}y@ ?=wH w x�n+1 = 0 �3

x@ s}yO|t X}NWD Cr=L wO OW=@|t p=ai xOW xi=[= �|avYD� O}OH O}k Cr=L u}= QO
:p}P KQW

:Cr=Lu}= QO "zn+1 � cn+1 < 0 "hr=

(�c)d0 = zn+1 � cn+1 < 0

xv}y@ x]kv Q@ Q=t xm xOW |iQat |avYD O}k u}= w "CU= |U=U=Q}e Q}eDt l} xn+1 Q}eDt
OwYkt `@=D O@=} V}=Ri=M xmu=vJsy "�OQ=Po|t OL� O}=tv|t OwOLt =Q p=t}=QB ?=wH CU=
u}=Q@=v@ �OOQo|t xn+1 V}=Ri= Ea=@ M V}=Ri= Ck}kL QO� O@=}|t Vy=m d0 |=DU=Q QO
"CU= xOW xO=O u=Wv �2�3� pmW QO |t}UQD j} Q] x@ ?r]t "Ow@ Oy=wN OwOLt=v p=t}=QB

-

6

�

	

9

rr
r s

x2

x1

x1 + x2 = M

x� = qt:s:

�c
D

B

A

C

�1�3� pmW

"zn+! � cn+1 = (�c)d = 0 Cr=Lu}= QO zn+1 � cn+1 = 0 Cr=Lu}= QO "?
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-

6

9

r r
s

x2

x1

x1 + x2 = M

x� = qt:s:B

A

o

0

H
�C

xHQO90

�2�3� pmW
|x]kv l} k x]kv CU= xv}y@ ?=wH BH \Ns}v |t=tD w B |U-=Q x]kv =Hu}= QO

"CU= xv}y@ w CU= |U=U=Q}e

=Q p;wO TmrBt}U VwQ s}vm ZQi "O} Q}o@ Q_vQO =Q Q} R pwOH "p=Ft 7�6�3
:s} Q@ Q=mx@ Q} R pwOH =@ x]@=Q QO s}y=wN|t

z x1 x2 x3 x4 x5 RHS

z 1 0 1 5 �1 0 0
x1 0 1 2 �1 1 0 4
x5 0 0 3 4 �1 1 3

z x1 x2 x3 x4 x5 x6 RHS

z 1 0 5 1 0 0 0
x6 0 0 1 1 1 0 1 M

x1 0 1 2 �1 1 0 0 4
x5 0 0 3 4 �1 1 0 3

=Q jwi pwOH "OW=@|t x6 u; |mtm Q}eDt xm x2 + x3 + x4 �M |avYD O}k uOwRi= =@
"CW=O s}y=wN

:xm CU= K[=w pwOH u}= R=

Max(zj � cj) = z3 � c3 = 5 = ��c3
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:s} Q=O |QwLt pta s=Hv= R= TB "Ow@ Oy=wN xOvwWGQ=N x6 Q}eDt w xOvwWOQ=w x3 Q}eDt TB
z x1 x2 x3 x4 x5 x6 RHS

z 1 0 �4 0 �6 0 �5 �5M
x3 0 0 1 1 1 0 1 M

x1 0 1 3 0 2 0 1 M + 4
x5 0 0 �1 0 �5 1 �4 �4M + 3

TmrBt}U VwQ uOQ@ Q=mx@ =@ CU= |vOW p;wO TB zj� cj � 0 |t=tD jwi pwOH QO
"OW=@|t xOvv=wN xOyax@ u} QtD u=wvax@ C=}rta xt=O= "Owtv pL =Q xr-=Ut u=wD|t p;wO
Qw;O=} "OW=@|t (�cj ; �aj)t > 0 |U=U=Q}e uwDU Qy Q_=vDt jwi pwOH QO xm OwW xHwD
|=yQ}eDt w wm+n; : : : ; wm+1 p;wO |=yQ}eDt ptmt xn; : : : ; x1 |=yQ}eDt xm s} wW|t
u=wD|t R}v Q} R CQwYx@ xm 'OvW=@|t xn+m; : : : ; xn+1 |=yQ}eDt ptmt 'wm; : : : ; w1

:O=O u=Wv
p=t}=QB |U=U= |=yQ}eDtz }| {
x1; : : : ; xm;

p=t}=QB |U=U=Q}e |=yQ}eDtz }| {
xm+1; : : : ; xn ; xn+1; : : : ; xn+m

l l l l l l
wm+1; : : : ; wm+m| {z }
p=wO |U=U=Q}e |=yQ}eDt

; w2m+1; : : : ; wn+m; w1; : : : ; wm| {z }
p;wO |U=U= |=yQ}eDt

xH } D v QO w O v DUy |U=U= |=yQ } e Dt xm; : : : ; x1 x m xOW ZQ i jw i Q=Ow t v QO
"OvW=@|t |U=U=Q}e |=yQ}eDt xm+n; : : : ; xm+1

wm+m; : : : ; wm+1 w|U=U= |=yQ}eDtwm; : : : ; w1; wn+m; : : : ; w2m+1 ,=v}a
"OvW=@|t p;wO |U=U=Q}e |=yQ}eDt

z x1 : : : xm xm+1 : : : xn xn+1 : : : xn+m RHS

z 1 �c1 : : : �cm �cm+1 : : : �cn 0 : : : 0 0
x1 0 a11 : : : a1m a : : : a1n �1 0 : : : 0 b1

x2 0 a21 : : : a2m a2m+1 : : : a2n 0 �1 : : : 0 b2
...

...
...

...
...

...
...

...
...

xm 0 am1 : : : amm amm+1 : : : amn 0 : : : �1 bm
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p;wO�p=t}=QB sD} Q=or= 7�3
p;wO |twO w TmrBt}U p=t}=QB |rw= xm =Q TmrBt}U |=ysD} Q=or= R= ẁv wO p=Lx@ =D
|vOW |U=U= ?=wH l} =@ =Q xr-=Ut TmrBt}U p=t}=QB QO xm s}Dio "s}OQm QmP Ow@ TmrBt}U
xDWQ l} s=Hv= =@ 'O}=R ptmt \}=QW ^iL =@ w s}vm|t ẁQW �OW=@ OwHwt xm|DQwY QO�
xH}Dv u}= x@ =D� s} Qw;|t CUOx@ p;wO |=Q@ |vOW |U=U= ?=wH l} |QwLt C=}rta R=
T=U= ?=wH l} R= TmrBt}U p;wO VwQ QO "�OQ=O |y=vDt=v xv}y@ ?=wH xr-=Ut xm s}UQ|t
?=wH l} x@ OwHw CQwY QO 'O}=R ptmt \}=QW ^iL =@ w s}vm|t ẁQW p;wO |=Q@ |vOW

"s}UQ|t p=t}=QB |vOW |U=U=
xm OwW|t xO}t=v p;wO � p=t}=QB sD} Q=or= xm s}yO|t K}[wD =Q |WwQ CtUk u}= QO
|U=U= ?=wH |=Hx@ sD} Q=or= xm Cw=iD u}= =@ 'OW=@|t TmrBt}U p;wO sD} Q=or= x}@W QDW}@
CQwY QO O}=R ptmt ]}=QW ^iL =@ w O}=tv|t ẁQW p;wO |vOW ?=wH l} R= p;wO |vOW
:O} Q}o@ Q_vQO =Q Q} R p;wO � p=t}=QB p�=Ut "OUQ|t p;wO |vOW |U=U= ?=wH l} x@ OwHw

Min z(x) = cx

P ) s: t: Ax = b

x � 0

Max W (w) = wb

D) s: t: wA � b
w O=R;

=@ "�j Qy <=R=@� waj � cj |va} &OW=@ p;wO |=Q@ x}rw= |vOW ?=wH l} w O}vm ZQi
|aU "O}=tv Q=}DN= C@Ft Q=Okt Ov=wD|t xj x=ou; waj = cj Qo = &O}=R ptmt \}=QW x@ xHwD

:O}vm ZQi "s}�=tv ?=NDv= p=t}=QB |=Q@ |vOW ?=wH l} =yQ}eDt u}= u}@ R= s}vm|t

Q = fj j waj = cjg
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C@Ft Q}O=kt Ovv=wD|t xm OW=@|t p=t}=QB |=yQ}eDt |t=tD T}Ov= |xawtHt Q Ck}kL QO
R= p=t}=QB |=yQ}eDt |=Q@ p=t}=QB |vOW ?=wH l} xm O}=tv|t |aU pw= R=i "Ov}=tv Q=}DN=

:O}=tv|t pL =Q Q} R |xr-=Ut |va} "O}; CUOx@ =yT}Ov= u}= u}@

Min
X
j2Q

0xj + 1xa

s: t:
X
j2Q

ajxj + Ixa = b

xj � 0 j 2 Q
xa � 0

"s} Qw; CUOx@ xr-=Ut |=Q@ |vOW ?=wH l} pw= R=i QO =D s} Q@|tQ=mx@ =Q |avYD |=yQ}eDt
R= |[a@ xm CU= u; |Q=Pos=v Cra "Ovt=v|t 1xOW OwOLt p=t}=QB xr-=Ut =Q jwi |xr-=Ut

"Ov}=tv Q=}DN= C@Ft Q}O=kt Ovv=wD|t p=t}=QB |=yQ}eDt
Q=Okt s}vm ZQi "O};|t CUOx@ xr-=Ut |=Q@ xv}y@ ?=wH l} 'jwi xr-=Ut pL R= TB
l} CQwY u}= QO 'x0 = 0 |Dkw "x0 > 0 =} x0 = 0 "OW=@ x0 OwYkt `@=D |xv}y@
|avYD |=yQ}eDt |t=tD =Q} R 'CU= xO}OQo pY=L p=t}=QB |xr-=Ut |=Q@ |vOW |U=U= ?=wH
'O}=tv|t jOY R}v O}=R ptmt \}=QW QO xOt; CUOx@ ?=wH xwqax@ 'OvW=@|t QiY =@ Q@=Q@
Qo = "j 2 (f1; 2; : : : ; ng � Q) = �Q =} j 2 Q =} =Q} R "0 = (waj � cj)xj |va}
?=wH u}=Q@=v@ "xj = 0 CQwYu}= QO j 2 �Q Qo = w waj � cj = 0 CQwYu}= QO j 2 Q
"OW=@|t xr-=Ut |=Q@ xv}y@ ?=wH l} |va} 'Ovm|t jOY K.K.T \}=QW QO xOt; CUOx@
l} |DU}=@ p=Lu}= QO "OW=@|tv |vOW p=t}=QB pY=L ?=wH CQwYu}= QO x0 > 0 Qo =
OwOLt |xr-=Ut x@ =Q =yQ}eDt R= |[a@ OwQw xR=H= xm s} R=U@ u=vJ p;wO |=Q@ |vOW ?=wH
u}vJ 'Q=mu}= "OyO@ =tx@ �u; uOWv QDO@ pk=OL =}� OwYkt `@=D |r=tDL= p}rLD CyH QO xOW
OwOLt |xr-=Ut QO p=t}=QB |=yQ}eDt xm OOQo|t KqY= |DQwYx@ w Q=OQ@ xm OQ}o|t CQwY
xr-=Ut OQ=w Ow@vQ QO u; T}Ov= xm Q}eDt l} pk=OL xwqa x@ w Ovv=t@ |k=@ u; QO p=t}=QB xOW
1) Restricted Primal Problem(RPP)
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QO "OOQo|t x0 Q=Okt QO p}rkD Ea=@ xm CU= |DQwYx@ Q}eDt u}= uOWOQ=w xwqax@ "OOQo
xr-=Ut 'p;wO |xr-=Ut� O} Q}o@ Q_vQO =Q Q} R pw= R=i |xr-=Ut 'p;wO Q=OQ@ u}vJ uDN=U CyH

�QmPr=jwi xOW OwOLt

Min wb

vaj � 0 j 2 Q
v � 1
v O=R;

|rY= Q}eDt l} Qo = CQwYu}= QO "OW=@ QmPr=jwi |xr-=Ut '|xv}y@ ?=wH v� O}vm ZQi
OwQw \}=QW "v�aj = 0 |DU}=@ x=ou; 'OW=@ xOW OwOLt |xr-=Ut x}=B R= |w[a xj Ovv=t
"O}=tv jOY v�aj > 0 x]@=Q QO u; Q_=vDt O}k xm CU= u; xOW OwOLt |xr-=Ut QO x}=B x@
pL xr-=Ut =Q} R 'OQ=Ov =Q C}Y=N u}= p=t}=QB xOW OwOLt xr-=Ut QO |Q}eDt I}y p=LQyx@
"s}�=tv|t x@U=Lt =Q v�aj 'j 62 Q |t=tD |=Q@ "CU= xO}OQo R=QL= |ov}y@ \}=QW w xOW
u}= =@ 'Owtv xOW OwOLt p=t}=QB |xr-=Ut OQ=w u=wD|t =Q xj 'CQwYu}= QO 'v�aj > 0 Qo =
Cr=L u}= QO =Q xj xm s}DUy |y=Q uOwtv =O}B p=@vO x@ u}=Q@=v@ "OyO Vy=m =Q x0 xm OwYkt

"s}�=tv xOW OwOLt |xr-=Ut OQ=w
:s} R=U|t Q} R CQwYx@ � > 0 =@ =Q w0 p;wO Q=OQ@
w0 = w + �v�

:TB

w0aj � cj = (w + �v�)aj � cj
= (waj � cj) + �v�aj (7�3)

:s} Q=O j 2 Q Qy |=Q@ xm O}W=@ xDW=O xHwD
waj � cj = 0 ; v�aj � 0
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:xm CU= u; sRrDUt 7�3 |xrO=at u}=Q@=v@

w0aj � cj = 0 j 2 Q Qy <=R=@

:OW=@ xOW OwOLt xr-=Ut x}=B Q}eDt xj 'j 2 Q Qo = XNq=@

w0aj � cj = 0 ; v�aj = 0

w j 62 Q Qo = w0aj � cj � 0 =Q} R &Ov=t@ |k=@ xr-=Ut QO Ov=wD|t CQwYu}= x@ xj TB
:CQwYu}= QO v�aj � 0

w0aj � cj = (waj � cj) + �v�aj � 0

"w0aj�cj � 0 xm OOQo ?=NDv=|DQwY x@ �|DU}=@ CQwYu}= QO v�aj > 0 w j 62 Q Qo =
Qo = =Q} R waj � cj < 0 'j 62 Q |=Q@ w "waj � cj � 0 j Qy <=R=@ xm O}W=@ xDW=O xHwD

:|DU}=@ v�aj > 0 w j 62 Q Qy |=Q@ TB "Ow@ Q QO T}Ov= u}= waj � cj < 0

w0aj � cj � 0

=}
(waj � cj) + �v�aj � 0

=}
�v�aj � �(waj � cj)

=}
�� = Minf�(waj � cj)

v�aj
j v�aj > 0g (8�3)

: s} Q=O j 62 Q l} |=Q@ pk=OL 6�3 |x]@=Q R= �� = � u}= =@

w0aj � cj = 0
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:s} Q=O 's}t=v@ k =Q T}Ov= u}= Qo =

w0ak � ck = 0

?=wH w0 |va} w0aj � cj � 0 s} Q=O j = 1; : : : ; n Qy <=R=@ TB "v�ak > 0 xwqa x@
"OOQo|t p=t}=QB xOW OwOLt |xr-=Ut OQ=w xk TB "OW=@|t p;wO |vOW

T}Ov= |}=yQ}eDt xJ O}OH |xr-=Ut QO xm CU= u; O};|t V}B xm |r=wU =Hu}= QO "xHwD
#OvR=U|t =Q O}OH Q |xawtHt =yu;

QNew = fj j j = k =} w0aj � cj = 0g
= fkg [ fj j v�aj = 0& Ow@ |U=U= |r@k |xr-=Ut QO xj g

'xm OW=@|t f1; 2; : : : ; ng R= |=xawtHtQ} R O}OH Q TB

k 62 QOld ; k 2 QNew =Q} R &CU}v |w=Ut s}Ok Q

:s} Q=O Cr=L wO j 2 QNew |=Q@ xwqa x@
6�3 j@] CQwYu}= QO j = k "hr=

w0ak � ck = 0

:s} Q=O j 6= k w j 2 QNew "?

w0aj � cj = (waj � cj) + ��v�aj

=0 + 0 = 0

:s} Q=O j 2 QNew Qy |=Q@ TB

w0aj � cj = 0
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OOQo|tv QDO@ OwYkt `@=D TB 'O@=}|t V}=Ri= xOW OwOLt |xr-=Ut x}L=v Oa@ uwJ xwqa x@
'p;wO |vOW Q=OQ@ KqY= =@ xmu; xYqN �O}vR@ |OOa p=Ft w O}vm jtaD |QOk x]@=Q u}= QO�
Q}eDt l} uOW OQ=w xR=H= xm s} Qw;|t CUOx@ CU= |vOW p;wO xm w0 Ovv=t |O}OH Q=OQ@
"OQ=O =Q OwYkt `@=D p}rkD |}=v=wD xm OyO|t =t x@ xOW OwOLt p=t}=QB |xr-=Ut x@ =Q O}OH

xt=O= |v=tR =D VwQ q=@ ?r]t QO "OOQo|t OwOLt=v p;wO xm|Dr=L 8�7�3
x@ =} OOQo|t pY=L p=t}=QB |vOW |U=U= ?=wH l} Cr=Lu}= QO xm 'x0 = 0 xm O@=}|t
Q_vQO Cr=Lu}= QO "v�aj � 0 s} Q=O 'j 62 Q Qy <=R=@ w x0 > 0 xm s}UQ|t xH}Dv u}=

:O} Q}o@
w0 = w + �v�

� > 0: Qy <=R=@ s} Q=O v�aj � 0 w w0aj � cj � 0 'j Qy <=R=@ uwJ

w0aj � cj = (waj � cj) + �v�aj � 0 j Qy <=R=@

:xwqax@ w CU= |vOW p;wO |=Q@ 0 < � Qy <=R=@ w0 |va}

w0b = (w + �v�)b = wb+ �v�b

w O@=}|t V}=Ri= � V}=Ri= =@ w0b TB 0 < x0 = v�b |D}r;wO |wk |x}[k j@]

w0b �! +�

� �!1

|vOWv p=t}=QB |D}r;wO |=}=[k x@ xHwD =@ xm CW=O Oy=wN |y=vDt=v |xv}y@ p;wO xr-=Ut |va}
"OOQo|t

#�Ovm|tv QDO@ =Q u; =}� OOQo|t x0 Vy=m Ea=@ xk |iQat =QJ "xHwD
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:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut ?r]t C=@F= |=Q@
Min

X
j2Q

0x+ 1xa

s: t:
X
j2Q

ajxj + Ixa = b

xj � 0 j 2 Q
xa � 0

:s} Q=O TB OW=@ QmPr=jwi |xr-=Ut Q_=vDt |xv}y@ x}=B B O}vm ZQiwX
j2Q0

x�jaj +
X
j2L

ejx�aj = b

x�j � 0 j 2 Q0 � Q
x�a � j 2 L � f1; 2; : : : ;mg

:CU= u}vJ p=t}=QB xOW OwOLt O}OH |xr-=Ut

Min
X
j2Q0

0xj +
X
j2L

xaj + 0xk

s: t:
X
j2Q0

ajxj +
X
j2L

xaj + akxk = b

xj � 0 j 2 Q0 [ fkg
xaj � 0 j 2 L

:|va} wak � ck = zk � ck < 0 xwqax@
x0
New = x0

Old � (zk � ck)xk
xNew = x0

Old + �
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"0 � � = �(zk � ck)xk u; QO xm
=O}B Vy=m � > 0 xR=Ov=x@ x0 &OW=@ C@Ft Q=Okt =@ x}=B QO O}OH xv}y@ QO xk Qo = TB
QDO@ OwYkt `@=D Q=Okt Cr=L Qy QO Ow@ Oy=wN x0

New = x0
Old CQwYu}=Q}e QO "Ovm|t

"O@=}|t Vy=m ,=O}m = x0 'OvW=@ uox@DQ}e p=t}=QB xOW OwOLt p�=Ut Qo = |va} "OOQo|tv

"�uOwtv st}v|t xr-=Ut |=Q@� p;wO � p=t}=QB sD} Q=or= xYqN 9�7�3
'j Qy <=R=@ xm O}vm ?=NDv= u=vJ =Q w Q=OQ@ "x}rw= sOk
waj � cj � 0

"|rY= sOk
O}vm ZQi �1

Q = fj j waj � cj = 0g

:O}�=tv pL =Q Q} R xOW OwOLt p=t}=QB |xr-=Ut

Min
X
j2Q

0xj + 1xa

s: t:
X
j2Q

ajxj + Ixa = b

xj � 0 j 2 Q
xa � 0

"OW=@ OwYkt `@=D |xv}y@ Q=Okt x0 O}vm ZQi
K.K.T \}=QW QO jwi xr-=Ut pL R= pY=L ?=wH CQwYu}= QO 'x0 = 0 Qo =

"OW=@|t xv}y@ w Ovm|t jOY
QmPr=jwi p=t}=QB xOW OwOLt xr-=Ut p;wO xv}y@ ?=wH v� s}vm ZQi 'x0 > 0 Qo =

"OW=@
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'OQ=O |y=vDt=v |xv}y@ p;wO |xr-=Ut "s}OQo|t hkwDt 'v�aj � 0 'j Qy <=R=@ Qo = �2
:CQwYu}=Q}e QO "CU= |vOWv p=t}=QB xH}Dv QO

�� = Min
j

��(waj � cj)
v�aj

j v�aj > 0
�
> 0

pw= sOk x@ w OW=@|t p;wO |vOW ?=wH l} xm w + ��v 'w |=H x@ O}yO Q=Qk w
"OQoQ@

"s}yO|t K}[wD QDW}@ =Q jwi ?r]t p=Ft l} pL =@ uwvm =

:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut "p=Ft 10�7�3
Min 3x1 +4x2 +6x3 +7x4 +x5
s: t: 2x1 �x2 +x3 +6x4 �5x5 �x6 = 6

x1 +x2 +2x3 +x4 +2x5 �x7 = 3
x1 ; x2 ; x3 ; x4 ; x5 ; x6 ; x7 � 0

w1 w w2 pw= w swO O}k |w=UD CQwY Q]=Nx@ xm O}vm xHwD "CU= u}vJ jwi xr-=Ut p;wO
"OQ=Ov |Dtqa C}OwOLt Q} R |xr-=Ut QO

Max 6w1 +3w2
s: t: 2w1 +w2 � 3

�w1 +w2 � 4
w1 +2w2 � 6
6w1 +w2 � 7
�5w1 +2w2 � 1
�w1 � 0

�w2 � 0
w1 ; w2 O=R;

|=yO}k QO Q}O=kt u}= uO=O Q=Qk =@ OW=@|t w = (0; 0) p;wO |x}rw= |vOW ?=wH l}
:u}=Q@=v@ �OvDUy nvD� OvW=@|t p=ai |QN; O}k wO \ki xm OOQo|t x_Lqt 'p;wO

Q = f6; 7g

     irmgn.ir



p;wO�p=t}=QB sD} Q=or= 7�3 217

u}vJ p=t}=QB xOW OwOLt |xr-=Ut 'OvwW xDiQo Q_vQO |avYD |=yQ}eDt u=wvax@ x9 w x8 Qo =
"Ow@ Oy=wN

Min x8 +x9
s: t: �x6 +x8 = 6

�x7 +x9 = 7
x6 ; x7 ; x8 ; x9 � 0

:R= CU= CQ=@a jwi xr-=Ut |xv}y@ ?=wH

(x6; x7; x8; x9) = (0; 0; 6; 3)

:Ow@ Oy=wN u}vJ jwi xOW OwOLt p=t}=QB xr-=Ut p;wO u}=Q@=v@ "x0 = 9 > 0 w

Max 6v1 +3v2
�v1 � 0

�v2 � 0
v1 � 1

v2 � 1
OvDUy O=R; v1; v2

|DU}=@ 'OvW=@|t |U=U= x9 w x8 uwJ xm OOQo|t x_Lqt 'O}=R ptmt\}=QW uOQ@ Q=mx@ =@
w "OvW=@ nvD QN; O}k wO

v� = (v�1; v�2) = (1; 1)

:s} Q=O �j Qy |=Q@� v�aj |x@U=Lt =@
v�a1 = 3 v�a3 = 3 v�a5 = �3
v�a2 = 0 v�a4 = 7

w
�� = Min

��(�3)
3
�(�6)

3
�(�7)

7
�

= 1 > 0
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w

w0 = w + �v�

= (0; 0) + 1(1; 1) = (1; 1)

xm OOQo|t x_Lqt s}�=tv|t x@U=Lt =Q Q ,=OOHt '(1; 1) = w0 |vOW ?=wH uDW=O =@
:TB "OvW=@|t nvD sQ=yJ w pw= O}k

Q = f1; 4g

:OyO|t =tx@ Q} R CQwYx@ =Q p=t}=QB xOW OwOLt |xr-=Ut xm

Min x8 +x9
s: t: 2x1 +6x4 +x8 = 6

x1 +x4 +x9 = 3
x1 ; x4 ; x8 ; x9 � 0

:R= CU= CQ=@a jwi |xr-=Ut |xv}y@ ?=wH

(x1; x4; x8; x9) = (3; 0; 0; 0)

xm s} Q=O |rY= |xr-=Ut |=Q@ xv}y@ ?=wH l} u}=Q@=v@ "x0 = 0 OwYkt `@=D |xv}y@ Q=Okt w
:CU= Q} R CQwYx@

(x�1; x�2; x�3; x�4; x�5; x�6) = (3; 0; 0; 0; 0; 0)

w� = (w�1; w�2) = (1; 1)

p;wO�p=t}=QB sD} Q=or=|rwOH CQwY s}�=tv|UQQ@ =Q jwi sD} Q=or=|�=Qoty xmv}= R= p@k p=L
"s}vm|t x�=Q= =Q

     irmgn.ir



p;wO�p=t}=QB VwQ |rwOH CQwY 8�3 219

1p;wO�p=t}=QB VwQ |rwOH CQwY 8�3
QiY Q]U ?}=Q[ ẑj � ĉj w |rY= |xr-=Ut |=Q@ QiY Q]U ?}=Q[ zj � cj O}vm ZQi

:s} Q=O xj Ovv=t |Q}eDt Qy |=Q@ CQwYu}= QO OW=@ xOW OwOLt p=t}=QB |xr-=Ut |=Q@
zj � cj = waj � cj w ẑj � ĉj = vaj � 0 = vaj

:s} Q=O u}vJsy
waj � cj
vaj

=
zj � cj
ẑj � ĉj

w
(waj � cj) + �vaj = (zj � cj) + �(ẑj � ĉj)

p=t}=QB VwQ pwOH QO "s}yO s=Hv= pwOH QO ,=t}kDUt =Q |QwQ[ C=}rta s=tD s}v=wD|t =t
u}twO w OyO|t =Q zj � cj Q}O=kt Q]U u}rw= "CU= OwHwt OwYkt `@=D Q]U wO p;wO �
s} Q@|t Q=mx@ |r@k p=Ft |=Q@ =Q pwOH VwQ '?r]t uOW uWwQ |=Q@ "ẑj � ĉj Q}O=kt Q]U

:pwOH u}= QO "Ow@ Oy=wN Q} R CQwYx@ QmPr=jwi p=Ft x}rw= pwOH
zj � cj = waj � cj = �cj w = (0; 0)

x1 x2 x3 x4 x5 x6 x7 x8 x9 RHS

�3 �4 �6 �7 �1 0 0 0 0 0
0 0 0 0 0 0 0 �1 �1 0
2 �1 1 6 �5 �1 0 1 0 6
1 1 2 1 2 0 �1 0 1 3

Q@=Q@ CU=Q CtU Q=Okt w 6= 0 |Dkw "OW=@|t QiY Q@=Q@ z Q]U QO CU=Q CtU w[a w
O}vm |aU 'OW=@|t p;wO |vOW ?=wH l} w = (1; 0) xmu}= x@ xHwD =@� Ow@ Oy=wN wb

"�O}�=tv x@U=Lt =Q w u}= |=Q@ pwOH Q_vOQwt Q}O=kt
|DU}=@ OvW=@|t |U=U= |=yQ}eDt 'xOW OwOLt p=t}=QB |=Q@ x9 w x8 |=yQ}eDt uwJ
swO Q]U w pw= Q]U OwYkt u}= |=Q@ "s}�=tv QiY xr-=Ut u}= OwYkt `@=D QO =Q =yu; ?}=Q[
1) Tableau Form of the Primal-Dual Method
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|=yQ}eDt pwOH u}= QO "Ow@ Oy=wN Q} R CQwYx@ pwOH w s}�=tv|t xi=[= Q]U u}= x@ =Q
"Ov=xOW xO=O u=Wv � Ctqa =@ xOW OwOLt p=t}=QB |xr-=Ut

x1 x2 x3 x4 x5
�x6

�x7
�x8

�x9 RHS

z �3 �4 �6 �7 �1 0 0 0 0 0
x0 3 0 3 7 3 �1 �1 0 0 9
x8 2 �1 1 6 �5 �1 0 1 0 6
x9 1 1 2 1 2 0 �1 0 1 3

?=wH l} zj � cj � 0 '� Ctqa =@ =yQ}eDt |t=tD |=Q@ xOW OwOLt |xr-=Ut QO uwJ
:O};|t CUOx@ Q} R x]@=Q R= � w 0 < x0 = 9 xm s} Q=O pw= R=i |=Q@ xv}y@

� = Min
��(zj � cj)

ẑj � ĉj ; ẑj � ĉj > 0
�

= Min
�
�(�3

3);�(�6
3);�(�7

7) = 1 > 0
�

:O}OH wa0j � cj = zj � cj uOQw; CUOx@ |=Q@ u}=Q@=v@

wa0j � cj = (waj � cj) + �vaj = (zj � cj) + �(ẑj � ĉj)

:CW=O s}y=wN s}�=Ri=|t z Q]U x@ =Q x0 Q]U Q@=Q@ l}
�x1 x2 x3

�x4 x5 x6 x7
�x8

�x9 RHS

z 0 �4 �3 0 �4 �1 �1 0 0 9
x0 3 0 3 7 �3 �1 �1 0 0 9
x8 2 �1 1 6 �5 �1 0 1 0 6
x9 1 1 2 1 2 0 �1 0 1 3

xr-=Ut QO =yQ}eDt u; pw=OH u}= QO xmu}= uDW=O ^wLrt =@ |QwLt C=}rta s=Hv= R= TB
Q} R CQwYx@ |Oa@ pw=OH 'zj � cj = 0 =yu; |=Q@ xm OOQo|t Qy=_ xOW OwOLt p=t}=QB

"OvOQo|t Qy=_
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�x1 x2 x3
�x4 x5 x6 x7

�x8
�x9 RHS

z 0 �4 �3 0 �4 �1 �1 0 0 9
x0 4

6
7
6

11
6 0 � 17

6 � 1
6 �1 � 7

6 0 2
x4 2

6 � 1
6

1
6 1 � 5

6 � 1
6 0 1

6 0 1
x9 4

6
7
6

11
6 0 17

6
1
6 �1 � 1

6 1 2
�x1 x2 x3

�x4 x5 x6 x7
�x8

�x9 RHS

z 0 �4 �3 0 �4 �1 �1 0 0 9
x0 0 0 0 0 0 0 0 �1 �1 0
x4 0 � 3

4 � 3
4 1 � 9

4 � 1
4

2
4

1
4 � 2

4 0
x1 1 7

4
11
4 0 17

4
1
4 � 6

4 � 1
4

6
4 3

:Ow@ Oy=wN Q} R CQwYx@ xv}y@ ?=wH u}=Q@=v@ x0 = 0 |}=yv pwOH QO uwJ

(x�1; x�2; x�3; x�4; x�5; x�6; x�7) = (3; 0; 0; 0; 0; 0; 0)

'p;wO�p=t}=QB VwQ "Ow@ Oy=wN 9 =@ Q@=Q@ �OwYkt `@=D |xv}y@ Q=Okt� OwYkt `@=D Q=Okt w
"CU=Qoty VwQ

xDU=m x0 Q=Okt R= Q=QmD Qy QO OW=@ uox@DQ}e xOW OwOLt p=t}=QB xr-=Ut xm|Dr=L QO
Q=QmD 'xrLQt l} QO Q_=vDt Q Qy xm CU= |vat u}O@ u}= w �CU= |rwRv ,=O}m =�OwW|t
TB �#=QJ� OW=@|t 2n QFm =OL =yQ u}= O=OaD uwJ "Q � f1; 2; : : : ; ng w OOQo|tv
pL=Qt Q_=vDt =yQ xm O}vm xHwD� O}=tv|t pL =Q xr-=Ut 'pL=Qt R= |y=vDt O=OaD QO sD} Q=or=

"�O} Qw=}@ Pe=m |wQ CkO x@ w O}vm C@=F "OvW=@|t R}=tDt
sD} Q=or= xm O}W=@ xDW=O xHwD '|vox@D Cr=L QO p;wO � p=t}=QB VwQ |}=Qoty C=@F= |=Q@

"O}=tv|t pL =Q Q} R |xr-=Ut ,=iQY

Min a

s: t: Ax+ Ixa = b

x; xa � 0
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xm |U=U=Q}e |=yQ}eDt 'Cw=iD u}= =@ 'OW=@|t TmrBt}U VwQ pw= R=i ,=t=tD w ,qt=m |va}
Qy QO "OvOQo|t ?=NDv= w Q=OQ@ j} Q] R= xm OvDUy |D}OwOLt |=Q=O OvOQo|t x}=B OQ=w
Ci=} |j =} xO}OQo pL xr-=Ut CQwYu}= QO �j Qy <=R=@� ẑj � ĉj = vaj � 0 Qo = pwOH
w OwOLt=v p;wO xr-=Ut 'x0 > 0 Qo = p@k Cr=L QO "zj � cj = vaj > 0 xm OwW|t
QO (x;w) GwR CQwYu}= QO 'x0 = 0 Qo = Qo}O hQ] R= "Ow@ Oy=wN |vOWv p=t}=QB xr-=Ut
|=yCQwYQ}e QO "OvW=@|t xr-=Ut xv}y@ ?=wH xH}Dv QO w Ovvm|t jOY K.K.T \}=QW
|Q}eDt xm CU= u; xOvvmu}t[D'w Q=OQ@ |Q=mCUO =@ 'xO}OQov pL pt=m Qw]x@ xr-=Ut jwi
xJu=O@ xHwD =@ "OOQo OQ=w Ov=wD|t u}=Q@=v@ OW=@|t Q QO ẑj � ĉj = vaj > 0 =@ xjOvv=t
|D}OwOLt =@ s} Q@|tQ=mx@ pw= R=i pL CyH =Q TmrBt}U p=t}=QB VwQ Ck}kL QO 'OW xDio
uOQ@ Q=mx@ =@ xH}Dv QO "OvQ=O xOW OwOLt p=t}=QB xr-=Ut x@ uOW OQ=w CyH =yQ}eDt |=Q@ xm
xvwoJ xOvwWOQ=w Q}eDt xm CU= u; R= pkDUt VwQ u}= xm OW xDio ,q@k xm wm} Rmr VwQ
"O}=tv|t pL =Q xr-=Ut pL=Qt R= |y=vDt O=OaD QO VwQ 'uO=Di= QwO x@ uwO@ 'OOQo ?=NDv=

"�OwW|t Q=Po =w xOvv=wN |xOya x@ u} QtD u=wva x@ VwQ K}[wD C=}�RH�

1Q=Ou=Qm |=yQ}eDt |=Q@ TmrBt}U sD} Q=or= 9�3
:CQwYx@ 'OvW=@|t Q=Ou=Qm =yQ}eDt ,qwtat '|rta p�=Ut QDW}@ QO
lj � xj � uj j = 1; : : : ; n

xJ lj < uj xm CU= u}= Q@ ZQiw OwW|t xO}t=v q=@ u=Qm uj w u}�=B u=Qm lj u; QO xm
u}= |=Q@ LP xr-=Ut "Owtv hPL xr-=Ut R= =Q u; u=wD|t w xj = lj = uj CQwYu}=Q}e QO

:Ow@ Oy=wN Q} R CQwYx@ =yQ}eDt ẁv
Min cx

s: t: Ax = b

l � x � u
1) The Simplex Method For Bounded Variables
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xDWPo pwYi QO xm |Dq}O@D =@ u = (u1; : : : ; un)t w l = (l1; : : : ; ln)t u; QO xm
xm CU= u}= Q@ =t ZQi xD@r=�Owtv p}O@D OQ=Ov=DU= CQwYx@ =Q jwi xr-=Ut u=wD|t OW xDio

:Q} R CQwYx@ �O}yO K}[wD CkOx@ #=QJ CU= |y=vDt lj j = 1; : : : ; n

x1 = x� l x+ x2 = u

:Ow@ Oy=wN Q} R CQwYx@ xr-=Ut 'CQ=@a u}= uO=O Q=Qk =@

Min cx

s: t: Ax = b

x� x1 = l

x+ x2 = u

sm |rw u} QDxO=U VwQ u}= "OW=@|t p}O@D p@=k OQ=Ov=DU= CQwYx@ |DL=Qx@ jwi xr-=Ut xm
2n+m x@ m R= =yO}k O=OaD w 3n x@ n R= =yQ}eDt O=OaD =Q} R "Ow@ Oy=wN VwQ u} QDu=tOv=Q

"O@=}|t V}=Ri=
0 � x�l � u�l s}U} wv@ Q} RCQwYx@ =Q l � x � u|=yO}k xmCU= u; Qo}OVwQ

:Ow@ Oy=wN u}vJ xr-=Ut '|mtm Q}eDt uOwRi= w u1 = u� l x� l = x1 uO=O Q=Qk =@

Min cx

s: t: Ax = b

x1 + x2 = u

x1; x2 � 0
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=}
Min k + cx1

s: t: Ax1 = b1

x1 + x2 = u

x1; x2 � 0
CU= |D@=F Q=Okt k

u; u=wD|tv xm OOQo|t xr-=Ut uOW nQR@ Ea=@ Cq}O@D u}= p=L Qy QO xm OOQo|t x_Lqt
"Owtv pL |@ wN u=tOv=Q =@ =Q

TmrBt}U VwQ xOW KqY= xm 'Q=Ou=Qm |=yQ}eDtTmrBt}U VwQ jwi pmWt `iQ |=Q@
&O}=tv|t |krD 0 � x Ovv=t =Q l � x w x � lu |=yO}k xm xOW |L=Q] |DQwYx@ 'OW=@|t
�Ow@ Oy=wN m�m u=ty B xR=Ov=� OyO V}=Ri= =Q �B |va}� 1|Q=m x}=B xR=Ov= xmu}= uwO@
R= R}v VwQ u}= TmrBt}U VwQ Ovv=t "Ovt=v|t 2xOQWi x}=B VwQ '|WwQ u}vJ 'wQu}= R=
XNWt =} w OUQ@ xv}y@ ?=wH x@ =} C}=yv QO =D OwQ|t Qw=Ht x]kv x@ |vOW |U-=Q x]kv l}

"OQ=O |y=vDt=v xv}y@ xr-=Ut xm O}=tv
:|xr-=Ut |vOW x}L=v xm OwW xHwD

Min cx

s: t: Ax = b

l � x � u
:OwW|t h} QaD Q} R Ow}k xr}Uw x@

Ax = b

x � u
�x � �l

1) Working Basis 2) Compact Basis
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pk=OL xm CU= u; R= x]kv l} |vOW |x}L=v |U-=Q x]kv 'CWPo |r@k pwYi QO xJu; Ovv=t
S =Q xr-=Ut u}=|vOW x}L=v Qo = "OvQPo|t u; R=|]N pkDUt |=yxLiYQ@= R=|}=Dn xDUOl}
�rank(A) = m xmu}= ZQi =@� OvQPo|t Ax = b xLiYQ@= m 'S \=kv |t=tD R= s}t=v@
=} (j = 1; : : : ; n) xj � uj |=yO}k R= n � m pk=OL 'S |U-=Q \=kv QO TB
u}�=B w q=@ |=yu=Qm |t=tD xm xOW u}= Q@ ZQi� OvW=@|t p=ai (j = 1; : : : ; n) xj � lj

�#=QJ OOQo|t Q_vhQY =yu; R= CQwYu}= Q}e QO "OvDUy |y=vDt
x]kv x0 u}=Q@=v@ p = n�m u; QO xm S � Rp xm OOQo|t xH}Dv CWPo xJu; R=
|=yO}k pL R= xm OvQ}o Q=Qk OwN u}�=B =} q=@ u=Qm QO pkDUt Q}eDt� p Qo = CU= S |U-=Q
p R= V}@ Qo = "OW Oy=wN pY=L |U-=Q x]kv u=ty xm OQix@ QYLvt ?=wH l} |w=UD
�'�OvQPo@ u; R= =} OvW=@ p=ai�OvW=@ nvD x0 QO l � x � u |=yO}k R= q > p� q ,qFt
u; |vox@D xHQO q � p w Ow@ Oy=wN S |=Q@ uox@D |U-=Q |x]kv l} x0 CQwYu}= QO
Cw=iD w O} Qw=}@ Pe=m |wQ |U-=Q |x]kv |x}rw= h} QaD x@ xHwD =@ =Q ?r]t C=}�RH "OW=@|t

"O}U} wv@ x � 0 |=yQ}eDt |U-=Q \=kv =@ x]@=Q QO |r@k pqODU= =@ =Q u;
"s}vm|t u=}@ xr-=Ut |=Q@ =Q BFS h} QaD C=tOkt u}= =@ lv}=

l � x � u wAx = b x=oDUO "�BFS�|vOW|U=U=?=wHh} QaD 11�9�3
R= �x ?=wH "CU= m |x@DQ w m � n |x@DQt R= |U} QD=t A u; QO xm &O} Q}o@ Q_vQO =Q
CQwYx@ u=wD@ =Q A Qo = 's}�wo|t x=oDUO u}= |=Q@ |U=U= ?=wH l} '=Q Ax = b x=oDUO
wrank(B) = m w xOw@ OQivtQ}e `@ QtT} QD=tl}B xm|DQwYx@ Owtv R=Qi= [B;N1; N2]

w xN2 = uN2 w xN1 = lN1 w x = (xB; xN1 ; xN2)

�xB = B�1 �B�1N1lN1 �B�1N2UN2

"OwW|t xO}t=v |vOW |U=U= ?=wH l} '�x CQwYu}= QO 'lB � �xB � UB Qo = xwqax@
|U=U=Q}e |=yQ}eDt =Q xN2 w xN1 w |U=U= Q}eDt =Q xB "Ovt=v|t |Q=m x}=B =QBT} QD=t
"OvW=@|t OwN |q=@ u=Qm QO |�=yQ}eDt xN2 w OwN u}�=B u=Qm QO |�=yQ}eDt xN1 xm 'Ovt=v|t
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=Q u; CQwYu}=Q}eQO 'Ov} wo uox@DQ}e |U-=Q |x]kv =Q �x 'lB < �xB < uB Qo = xwqax@
"Ovt=v|t uox@D

R=Qi= l} OW=@|t |vOW |U=U= ?=wH l} Q_=vDt xm =Q A R= [B;N1; N2] R=Qi=
=yQ}eDt |t=tD Qo = \kiw Qo = OvDUy Qw=Ht |vOW |U=U= R=Qi= wO "Ov} wo|t |vOW |U=U=
"Ov=xOW C}@FD Q_=vDt u=Qm QO w �R=Qi= wO Qy QO� OvDUy sy pFt |U=U=Q}e Q}eDt l} RH

xOvvmh} QaD |xLiYQ@= p = n�m R= ?=NDv= Qy �x uox@D|U-=Q \=kv |=Q@ xm O}vm xHwD
Q=t xm Ov}=tv|t XNWt |}=Dn pkDUt xDUO l} Ax = b O}k m x=Qtyx@ l � x � u R=

"OW=@|t �x =@ \@DQt |vOW |U=U= R=Qi= l} Q_=vDtw 'OvW=@|t �x Q@

:OW=@ xOW h} QaD Q} R |=y|w=Ut=v |xr}Uwx@ S O}vm ZQi "p=Ft 12�9�3

x1 + x2 � 5
�x1 + 2x2 � 4

0 � x1 � 4
�1 � x2 � 4

"OW=@|t �3�3� pmW CQwYx@ x}L=v
6

-r
s

ss

x2

x1

x2 = l2
v8 = (4;�1)v4 = (0;�1)

x1 = l1

r

v2 = (0; 2)x4 = l4

v1 = (2; 3)

v3 = (4; 1)
x3 = l3

x1 = u1

x2 = u2

?
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�3�3� pmW
:O};|t CUOx@ Q} R x=oDUO x4 w x3 |mtm |=yQ}eDt |iQat =@
x1 +x2 +x3 = 5
�x1 +2x2 +x4 = 4

0 � x1 � 4
�1 � x2 � 4
0 � x3 <1
0 � x4 <1

xm OvDU}v QDW}@ 10 w 6 R= ?}DQDx@ u4 w u3 xm Ci=} QO u=wD|t |L]U |UQQ@ l} =@
"Owtv u} Ro}=H � &< |=H x@ w =yu; |q=@ u=Qm1 |=H x@ u=wD|t

CQwYu}O@ 'Q=mu}= "s} Qw;CUOx@ =Qjwi x=oDUO|vOW|U=U=|=y?=wHs=tDs}y=wN|t
pL x}=B u}= x@ C@Uv =Q x=oDUO w s}�=tv G=QNDU= x}=B l} |rw= O}k wO R= xm OwW|t s=Hv=
|=yQ}eDtTBU w s} Qw;CUOx@ |U=U=Q}e |=yQ}eDt?ULQ@ =Q|U=U= |=yQ}eDt |va} &s}vm
:s}vm|t ?=NDv= Q} R CQwYx@ =Q |rw= x}=B "s}yO Q=Qk u; |q=@ w u}�=B u=Qm QO =Q |U=U=Q}e

B = [a2; a4] =

"1 0
2 1

#
; B�1 =

" 1 0
�2 1

#
:s} Q=O CU=Q CtU x@ x3 w x1 p=kDv= =@ w B�1 QO pw= O}k wO ?Q[ =@

x2 = 5� x1 � x3

x4 = �6 + 3x1 + 2x3

:CW=O s}y=wN "s}yO|t Q=Qk u}�=B u=Qm R}v x3 |=H x@ w u; u}�=B u=Qm 'x1 |=H x@ p=L
1) x1 = 0 ; x3 = 0 =) x2 = 5 ; x4 = �6
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:OW=@|tv |vOW '|U=U= ?=wH u}= 'x4 < 0 uwJ

2) x1 = 4 ; x3 = 0 =) x2 = 1 ; x4 = 6

:u}=Q@=v@
(x1; x2; x3; x4) = (4; 1; 0; 6)

CQwY u}tyx@ x=oDUO Qo}O |vOW |U=U= |=y?=wH "OW=@|t |vOW |U=U= ?=wH l}
:Ow@ Ovy=wN CQ=@a |vOW |U=U= |=y?=wH 's}yO s=Hv= =Q Q=mu}= Qo = "O};|t CUOx@

(2; 3; 0; 0) ; (0; 2; 3; 0) ; (4; 1; 0; 6)

(0;�1; 6; 6) ; (4;�1; 2; 10)

u=Wv pmW QO xm v5 w v4 'v3 'v2 'v1 \=kv (x1; x2) xLiY x@ \=kv u}= uOwtv Q} wYD =@
"O};|t CUOx@ CU= xOW xO=O

pmW V}=tv Ck}kL QO p = 4 � 2 = 2 u}=Q@=v@ m = 2 w n = 4 p=Ft u}= QO
xHwD "OW=@|t pkDUt |=yQ}eDt |=[i QO |va} x2 w x1 |Oa@ p = 2 |=[i QO �3�3�

,qFt "OvW=@|t nvD xLiYQ@= QO |U-=Q |x]kv Qy QO xm O}vm
"x4 = l4 w x3 = l3 'v1 QO

x3 = l3 w x1 = u1 'v3 QO x4 = l4 w x1 = l1 'v2 QO
x2 = l2 w x1 = u1 'v5 QO x2 = l2 w x1 = u1 'v4 QO

\=kv w |vOW |U=U= |=y?=wH 'OW xDio ,q@k xm|Qw]u=ty wQu}= R= "OvW=@|t Pi=v
|va} OvQ=O |Q=m x}=B l} v5 w v4 |U-=Q \=kv xm O}�=tv x_Lqt "OvW=@|t syQ@ j@]vt |U-=Q
C}@FD x2 w x1 |U=U=Q}e |=yQ}eDt xm |�=yu=Qm QO =yu; hqDN= p=LQyx@ B = [a3; a4]

|U-=Q \=kv |t=tD xm OwW xHwD "Ov=xOQw; OwHwx@ R}=tDt |U-=Q |x]kv wO xH}Dv QO xm &Ov=xOW
"CU= |vOW |U=U= R=Qi= l} Q_=vDt =yu; R= l} Qy w OvW=@|t uox@DQ}e =Hu}= QO
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1|vOW |U=U= ?=wH uOwtv QDy@ 10�3
"Owtv XNWt =Q |vOW |U=U= ?=wH u=wD|t xvwoJ xm s}v=O|t CWPo xm |D=tOkt =@
OW=@v |r=N |vOW x}L=v xmu; \QWx@ 'OQ=O OwHw |U=U= xv}y@ ?=wH xm s}v=O|t u}vJsy
CW=O xHwD O}=@ CQwY Qy QO �"O}yO K}[wD =Q ?r]t ,=k}kO #=QJ� "OW=@ |y=vDt xv}y@ w
q=@ R= QmPr=jwi |xr-=Ut =yBFS O=OaD� CU= |oQR@ OOa |vOW |U=U= |=y?=wH O=OaD xm
|=Q@ w Cmn x@ A R= GQNDUt |=yx}=B O=OaD xmu}= |=Q@ "OOQo|t OwOLt 2n�mcmn OOa x@
l} |DU}=@ u}=Q@=v@ �CU= OwHwt |U=U=Q}e |=yQ}eDt C}@FD CyH CQwY 2n�m x}=B Qy

"OQw; CUOx@ Qo}O BFS x@ BFS l} R= CmQL |=Q@ l}D=tDU}U VwQ
|U=U=Q}e |=yQ}eDt xm O}vm ZQi w CU= CUO QO B Ovv=t |=x}=B l} O}vm ZQi
CQwYx@ R}v x R=Qi= u}= j@]Q@ wA = [B;N1; N2] |va} "Ov=xOW R=Qi=N2 wN1 CQwYx@
=Q =yO}k sy w OwYkt `@=D sy c = [cB; cN1 ; cN2 ] w CU= xO}OQo R=Qi= [xB; xN1 ; xN2 ]

:CWwv Q} R CQwYx@ �pkDUt |=yQ}eDt |va}� |U=U=Q}e |=yQ}eDt ?ULQ@ u=wD|t
XB = B�1b�B�1N1XN1 �B�1N2XN2 (9�3)

z = cBXB + cN1XN1 + cN2XN2

= cB(B�1b�B�1N1XN1 �B�1N2XN2) + cN1XN1 + cN2XN

= cBB�1b+ (cN1 � cBB�1N1)XN1 + (cN2 � cBB�1N2)XN2

(10�3)

= �z �X
j2J1

xj(zj � cj)�X
j2J2

(zj � cj)xj (11�3)

w xN2 = uN2 w xN1 = lN1 u; QO xm OW=@ |vOW QmPr=jwi ?=wH 'O}vm ZQi
CU=Q CtU uwDU "OwW|t xO=O u=Wv Q} R pwOH |xr}Uwx@ ?=wH u}= "lB � xB � uB
CQ=@a w s}yO|t u=Wv b̂ w ẑ x@ =Q Q=OQ@ u}= Q=Okt u}= ?}DQDx@ xm xB w z |ak=w Q=Okt
7�3 CqO=at QO xN2 = uN2 w xN1 = lN1 |Q=Po}=H R= pY=L Q=OQ@ w Q=Okt R= CU=

�#=QJ� OW=@|tv B�1b =@ Q@=Q@ b̂ w cBB�1b =@ Q@=Q@ ẑ xm s}vm|t O}m =D "8�3 w
1) Improving a Basic Feasible Solution
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z xB xN1 xN2 RHS

z 1 0 �cN1 + cBB�1N1 cBB�1N2 � cN2 ẑ

xB 0 I B�1N1 B�1N2 b̂

|=Q@ "s}�=tv QDy@ =Q OwYkt `@=D Q=Okt |U=U=Q}e |=yQ}eDt KqY= =@ xm s}vm|t |aU p=L
s}vm|t QmP =Q 11�3 pwtQi ,=OOHt Qw_vt u}=

z = �z �X
j2J1

(zj � cj)xj �X
j2J2

(zj � cj)xj

|xawtHt J2 w OvDUy OwN u}�=B u=Qm QO xm CU= |�=yQ}eDt T}Ov= |xawtHt J1 u; QO xm
"zj � cj = cj � cBB�1aj w OvQ=O Q=Qk OwN |q=@ u=Qm QO xm OW=@|t |�=yQ}eDt T}Ov=
QDy@� OOQo|t OwYkt `@=D Vy=m Ea=@ xj V}=Ri= &zj � cj > 0 Qo = 'j 2 J1 |=Q@
zj � cj < 0 Qo = ,=v}a "lj R= OwN u}�=B u=Qm R= xj uO=O V}=Ri= |va} �OwYkt `@=D uOW
Ovv=t "OOQo|t OwYkt `@=D uOW QDy@ Ea=@ OwN |q=@ u=Qm R= xj Vy=m 'j 2 J2 |=Q@
|=yQ}eDt x}k@ w s}yO|t Q}}eD =Q |U=U=Q}e |=yQ}eDt R= |m} \ki |rwtat TmrBt}U VwQ
u; xm |Q}eDt T}Ov= u}=Q@=v@ "s} Q=O|txov C@=F 'OvDUy u=WOwN K]U QO xm =Q |U=U=Q}e

:OOQo|t XNWt Q} R |x]@=Q R= s}t=v|t k =Q

MaxfMax
j2J1

(zj � cj) ; Max
j2J2

(cj � zj)g (12�3)

XNWt Ovm Q}}eD |DU}=@ xm Q}eDt T}Ov= k x=ou; 'OW=@ C@Ft jwi st} Rm =t Q=Okt Qo =
QO k 2 J2 Qo = w O@=}|t V}=Ri= OwN u}�=B u=Qm R= xk CQwYu}= QO k 2 J1 Qo = "OOQo|t
QiY jwi st} Rm =t Q=Okt Qo = "s}yO|t Vy=m uk |va} OwN |q=@ u=Qm R= =Q xk Cr=Lu}=
CU= xv}y@ ?=wH pwOH Q_vOQwt ?=wH xm Ow@ Oy=wN |vat u}O@ 'OwW QiY R= QDmJwm =}

"�O}yO K}[wD =Q ?r]t ,=k}kO #=QJ�
|t=tD |=Q@ zj � cj � 0 Qo = xOW xO=O |vOW |U=U= ?=wH l} |=Q@ 'xYqN Qw]x@
"CU= xv}y@ ?=wH CQwYu}= QO 'OvQ=O Q=Qk OwN |q=@ u=Qm QO xm |U=U=Q}e |=yQ}eDt
u}�=B u=Qm QO xk Qo = s}vm|t ?=NDv= OW xDio xm |=xOa=k j@] =Q xk Q}eDt CQwYu}=Q}eQO
u}= "s}yO|t Vy=m =Q u; OW=@ OwN |q=@ u=Qm QO Qo = w s}yO|t V}=Ri= =Q u; OW=@ OwN
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Vy=m =} V}=Ri= wQu}= R= "OQ@v u}@ R= =Q ?=wH uOw@ |vOW xm OW=@ |=xvwo x@ |DU}=@ Q}}eD
:OQ}o|t CQwY Q} R |xOa=k j@] Q}eDt

1lk |va} OwN |rai K]U R= xk V}=Ri= 11�3
xHwD "OW=@|t OwN |vwvm K]U R= xk V}=Ri= �k u; QO xm xk = lk + �k O}vm ZQi
w ẑ Q@=Q@ pwOH QO z Q=Okt w Ovvm|tv Q}}eD |U=U=Q}e |=yQ}eDt R= l}I}y xm O}W=@ xDW=O
:s} Q=O 10�3 w 9�3 CqO=at QO xk = lk + �k uO=O Q=Qk =@ "OW=@|t b̂ =@ Q@=Q@ b Q=OQ@ 

xB
xk

!
=

 
b̂

lk

!
+

 ��ak
1
!

�k (13�3)

z = ẑ + �k(�zk � ck) (3� 13a)

xk xJ Qy w �OwW|t QDy@� Ovm|t =O}B Vy=m OwYkt `@=D TB �#=QJ� zk � ck > 0 uwJ
Ovm|t pik pt=a OvJ =Q xk V}=Ri= =t= "O@=}|t Vy=m QDW}@ OwYkt `@=D 'O@=} V}=Ri= QDW}@

:R= OvDQ=@a xm
2 OvUQ|t OwN u}�=B u=Qm x@ |U=U= Q}eDt �1

:CQwYu}= QO OUQ|t OwN u}�=B u=Qm x@ |U=U= Q}eDt l} '
1 = �k <=R=@ s}vm ZQi

lB � xB = b̂��k�ak

:u}=Q@=v@
�k�ak � b̂� lB

uOw@ |vOW uOQwN syx@ uwO@ x=wNrO xR=Ov=x@ u=wD|t =Q �k CQwYu}= QO &�ak � 0 Qo =
l}I}y 'xk V}=Ri= =@ xm CU= |vat u}O@ u}= w� "
1 =1 Cr=L u}= QO xm &O=O V}=Ri=
CUOx@ Q} R x]@=Q R= 
1 CQwYu}=Q}e QO "�OvUQ|tv OwN u}�=B u=Qm x@ |U=U= |=yQ}eDt R=
1) Increasing xk from its current level lk 2) A Basic Variable Drops to its

Lower Bound
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:O};|t


1 =

8>><>>: Min1�i�mf
b̂i�lBi

�aik j �aik > 0g = b̂r�lBr
�ark �ak 6� 0

1 �ak � 0
(14�3)

"OW=@|t OwN u}�=B u=Qm x@ uO}UQ |=Q@ O}Ov=m xBr |U=U= Q}eDt Cr=L u}= QO
V}=Ri= R= |Q=Okt 
2 O}vm ZQi 1 OUQ|t OwN |q=@ u=Qm x@|U=U= Q}eDtl} �2
xDW=O |DU}=@ TB "OUQ|t OwN |q=@ u=Qm x@ |U=U= |=yQ}eDt R= |m} u; <=R=@ xm OW=@ xk

:s}W=@
b̂� �ak�k � uk

:wQu}= R=
��ak�k � uk � b̂

:O};|t CUOx@ Q} R |x]@=Q R= 
2 CQwYu}=Q}e QO 
2 =1 CQwYu}= QO �ak � 0 Qo =


2 =

8>><>>: Min1�i�m
n
uBi�b̂��aik j �aik < 0

o
= uB�b̂r��ark �ak 6� 0

1 �ak � 0
(15�3)

"OW=@|t OwN |q=@ u=Qm x@ uO}UQ O}Ov=m xBr |U=U= Q}eDt Cr=L u}= QO

u}= 'lk R= xk V}=Ri= =@ 2"OUQ|t VOwN |q=@ u=Qm x@ OwN xk 13�11�3
"OW=@|t uk � lk Q@=Q@ Q=Okt u}= w "OUQ|t VOwN |q=@ u=Qm x@ Q}eDt

R= R=Ht V}=Ri= Q=Okt w OyO|t CUOx@ =Q xk V}=Ri= Q=Okt st} Rm =t Cr=L xU u}=
:O};|t CUOx@ Q} R |x]@=Q

�k = Minf
1; 
2; uk � lkg (16�3)

1) A Basic Variable Reaches its upper Bound 2) xk Itself Reaches its Upper

Bound
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CtU x@ OwYkt `@=D w O=O V}=Ri= C}=yv|@ =D u=wD|t =Q xk CQwYu}= QO '�k =1 Qo =
CUOx@ O}OH |vOW |U=U= ?=wH l} '�k <1 Qo = Qo}O hQ] R= "CiQ Oy=wN �1
"OwW|t KqY= 13�3 pwtQi j@] |U=U= |=yQ}eDt w xk = lk + �k u; QO xm O};|t

V }=R i= |U=U=Q }e |=yQ } e Dt |D kw pwOH uOw t v RwQx @ 14�11�3
"OW=@|t O}OH |U=U= ?=wH xOvvmTmavt xm OOQo RwQx@ |DU}=@ |Q=H pwOH "Ov@=}|t
Q}eDt u=wva x@ sy R=@ xk w OwW|tv Zwa |Q=m x}=B Cr=L u}= QO "�k = uk � lk Qo =
Q=OQ @ w ẑ Q=Okt =yv D pwOH QO "O v=t|t |k= @ OwN |q= @ u=Qm QO pwOH QO |U=U=Q}e
w O }OH ẑ = ẑ � (zk � ck)�k |va } "O vOQo|t KqY= 'xk C=Q}}e D x @ xHw D = @ '̂b
xk CQwYu}= QO 'OwW 
2 =} 
1 =@ Q@=Q@ �k Qo = Qo}O hQ] R= "O}OH b̂ = b̂ � �ak�k

xDWPo |=ypwtQi j@] r T}Ov= u; QO xm OwW|t GQ=N x}=B R= xBr w OOQo|t x}=B OQ=w
xOt; CUOx@ 14�3 pwtQi j@] r T}Ov= CQwYu}= QO �k = 
1 Qo = "OOQo|t XNWt
=@ CQwY "CU= xO}OQo XNWt 15�3 pwtQi R= r T}Ov= CQwYu}= QO '�k = 
2 Qo = w
Qw]x@ RHS w OOQo|t RwQx@ �|ivt xJ OW=@ C@Ft xJ� �ark u; QO xm |QwLt pta s=Hv=
QO xm b̂ s=r |xir-wt RH 'OOQo|t RwQx@ 3-13a pwtQi j@] RHS "OwW|t x@U=Lt xv=o =OH

"OwW|t xO=O Q=Qk lk + �k O}OH b̂

x}@W Q=}U@ Cr=L u}= 1uk |va} OwN |q=@ u=Qm R= xk Vy=m 15�11�3
=Q ?r]t u}= xYqN Q=}U@ Qw]x@ ,q}P "s}O=O|t V}=Ri= OwN u}�=B u=Qm R= =Q xk xm |Dr=L
QO xm xk = uk ��k w zk � ck < 0 Cr=L u}= QO xm O}W=@ xDW=O xHwD "s}vm|t QmP

:s} Q=O CWPo xJu; x@ xHwD =@ "OW=@|t xk Vy=m Q=Okt |xOvyOu=Wv �k > 0 u; 
xB
xk

!
=

 
b̂

uk

!
+ �k

 
âk
�1
!

(17�3)

z = ẑ + �k(zk � ck) (18�3)

1) Decreasing xk From its Current Level uk
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:CU= xOW xO=O Q} R CQwYx@ uk � lk w 
2 w 
1 |x@U=Lt =@ �k Vy=m st} Rm =t


1 =

8>><>>:Min
n
b̂i�lBi��aik j �aik < 0

o
= b̂r�lBr��ark �ak 6� 0

1 �ak � 0
(19�3)


2 =

8>><>>:Min
n
uBi�b̂i

�aik j �aik > 0
o

= uB�b̂r
�ark �ak 6� 0

1 �ak � 0
(20�3)

�k <1 Qo = "OQ=O |y=vDt=v xv}y@ w Ow@ Oy=wN OwOLt=v xr-=Ut CQwYu}= QO �k =1 Qo =
|=yQ}eDt w xk = uk � �k xm O};|t CUOx@ O}OH |vOW |U=U= ?=wH l} x=ou;

"OOQo|t KqY= 17�3 pwtQi j@] |U=U=

"O@=}|t Vy=m |U=U=Q}e Q}eDt |Dkw pwOH uOwtv RwQx@ 16�11�3
OwN u}�=B u=Qm x@ =t= Ov=t|t |U=U=Q}e sy R=@ xk CQwYu}= QO '�k = uk � lk Qo =

"OOQo|t KqY= 18�3 w 17�3 j@] RHS w O@=}|tv Q}}eD pwOH "Ovm|t \wkU
xBr w OOQo|t OQ=w xk CQwYu}= QO 'OW=@ xOW xO=O 
2 w 
1 |xr}Uwx@ �k Qo =
pwOH "OOQo|t XNWt 20�3 =} 19�3 R= xOvwWOQ=w Q}eDt |=Q@ rT}Ov= xm OwW|t GQ=N
=} C@Ft Ov=wD|t �ark =Hu}= QO� �ark u; |QwLt w[a xm |QwLt pta =@ RHS RH x@
'OOQo|t RwQx@ 18�3 w 17�3 |=ypwtQi j@] Q@ RHS uwDU "OwW|t RwQx@ �OW=@ |ivt

�O}OH b̂ Q=OQ@ QO�Ow@ Oy=wN uk ��k =@ Q@=Q@ xm u; s=r |xir-wt RH

"x}rw= |vOW |U=U= ?=wH l} uOQw; CUOx@ 17�11�3
=yQ}eDt |t=tD uOwtv C}@FD =@ u=wD|t 'OW=@v CUO QO |@U=vt |vOW |U=U= ?=wH Qo =
=} TmrBt}U pw= R=i p=ta= =@ w |avYD Q}eDt uOwtv xi=[= =@ w u=WOwN u}�=B�q=@ u=Qm QO
QO Q=m u}= "OQw; CUOx@ �OwHw CQwY QO� |vOW |U=U= ?=wH l} TmrBt}U nQR@�M

:OQ}PB|t s=Hv= Q} R CQwYx@ xrLQt Q=yJ
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"s}�=tv|t C}@FD OwN |=yu=Qm R= |m} QO =Q |rY= |=yQ}eDt |t=tD �1
x@U=Lt =Q b̂ Q=OQ@ xOW xO=O Q}O=kt j@] Q@ RHS �uOwtv KqY=� uOwtv s}_vD =@ �2

"s}�=tv|t
"b̂ � 0 =D s}vm|t ?Q[ ��1� QO =Q Q_vOQwt Q]U 'CQwQ[ CQwY QO �3

xr-=Ut pw= R=i =} TmrBt}U nQR@�M uOQ@ Q=mx@ w |avYD |=yQ}eDt uwDU uOwRi= =@ �4
"s}�=tv|t pL =Q

1uO=Di= QwOx@ w |vox@D &|y=vDt ?Q=kD 12�3
?=wH l} x@ '|vOW |U=U= ?=wH l} R= QmPr=jwi VwQ 'Q=QmD Qy QO '|vox@D ?=}e QO
O=OaD QO |DU}=@ wQu}= R= "�OwYkt `@=D x@ uO}WN@ Ow@y@ CyH QO� OwQ|t |vOW |U=U=
xr-=Ut xm O}=tv XNWt =} OUQ@ xv}y@ ?=wH l} x@ |va} 'OW=@ =Qoty pL=Qt R= |y=vDt
uox@D |QwLt pta l} xm OQ=O OwHw u=mt= u}= |vox@D Cr=L QO p=LQyx@ "OW=@|t OwOLt=v
=t= 'OwW|t Zwa |Q=m x}=B wQu}= R= "OvDUy QiY |w=Ut 
2 w 
1 u; QO xm s}yO s=Hv=
u=mt= 'xH}Dv QO '�Ow@ Oy=wN |U-=Q x]kv u=ty QO VwQ |va}� Ov=t|t C@=F |U-=Q |x]kv
=yQ=@ uox@D |vOW |U=U= ?=wH Q_=vDt =yx}=B R= xr=@vO l} |va} 'OQ=O OwHw uO=Di= QwOx@
O}=tv |Q}owrH uO=Di= QwOx@ R= xm s}�=tv x�=Q= |WwQ |DU}=@ wQu}= R= "hkwD uwO@ OwW Q=QmD
u=}@ Q} R CQwYx@ xm wm} Rmr VwQ ,qFt "�OW xDio |ivt=v |=yQ}eDt =@ x]@=Q QO xJu; Ovv=t�
|t=tD |=Q@ O}vm ZQi "�CU= |QwQ[ Q=}U@ ?r]t x�=Q= VwQ w pqODU= QO CkO� "OOQo|t
B�1 |=yQ]U 'O};|t V}B sD} Q=or= |=QH= pwOH QO xm uox@D |vOW |U=U= |=y?=wH
|=yQ}eDt |=Q@ w C@Ft wm} Rmr OvDUy OwN u}�=B u=Qm QO uox@D |U=U= |=yQ}eDt Q_=vDt xm
|vOW |U=U= R=Qi= l} "OW=@ |ivt wm} Rmr OvDUy OwN |q=@ u=Qm QO xm uox@D |U=U=
"s}t=v|t 2|wk |vOW |U=U= R=Qi= '=Q Ovm jOY C}Y=N u}= QO xm [B;N1; N2] Ovv=t
xO=iDU= |avYD |=yQ}eDt R= CQwQ[ CQwY QO "OQw; CUOx@ |R=Qi= u}vJ u=wD|t xQ=wty
1) Finite Convergence:Degeneracy and Cycling 2) Strongly Feasible Basic

Partition
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Ovv=t |=x}=B xm O}vm ZQi w O} Q}o@ Q_vQO =Q Q} R pwOH ?r]t uOW uWwQ |=Q@ "OOQo|t
:CQwY xm OW=@ CUO QO I = B = [a1; a2; a3]

xB = B�1b�B�1N1xN1 �B�1N2xN

:OW=@|t Q} R pwOH CQwYx@
z x1 x2 x3 x4 x5 x6 x7 RHS

z 1 0 0 0
x1 0 1 0 0 1 �1 1 �1 1
x2 0 0 1 0 1 2 �1 1 2
x3 0 0 0 1 1 �1 �1 1 6

1 � x1 � 6 2 � x2 � 7 1 � x3 � 6 0 � xj � 3 j = 4; 5; 6; 7

swO w pw= Q]U w OvDUy OwN u}�=B u=Qm QO |U=U= Q}eDt u=wvax@ x2 w x1 pwOH u}= QO
u=Qm QO x3� OW=@|tv |ivt wm} Rmr B�1 swU Q]U =t= OW=@|t C@Ft wm} Rmr I = B�1

�s}vm|t xi=[= pwOH x@ Q} R CQwYx@ =Q V1 |avYD Q}eDt "CU= VOwN |q=@
z x1 x2

6x3
0
V1

0x4
0x5

0x6
0x7 RHS

z 1 0 0 0 0 2 2 4 3
x1 0 1 0 0 0 1 �1 �1 �2 1
x2 0 0 1 0 0 1 2 �1 1 2
V1 0 0 0 1 1 1 �1 �1 1 0

OwN u}�=B u=Qm QO jwi pwOH |U=U= |=yQ}eDt |t=tD CQwYu}O@ xm OOQo|t x_Lqt
|U=U=Q}e Q}eDt x3 jwi pwOH QO "OW=@|t C@Ft wm} Rmr 'B�1 |=yQ]U |t=tD w OvDUy

"OQ=O Q=Qk OwN |q=@ u=Qm QO xm OOQo|t ?wULt
^iL |=Q@ Qo}O CQ=@a x@ 'OQ=Oxov =Q |wk |vOW x}=B uox@D |QwLt pta xmu}= |=Q@
xk s}vm ZQi w �k <1 s}vm ZQi "s}vm|t pta Q} R CQwYx@ |wk |U=U= |vOW R=Qi=
xk Qo = "s}yO V}=Ri= =Q u; s}y=wN|t w OW=@|t OwN u}�=B u=Qm QO w "CU= xOvwWOQ=w Q}eDt
xk = uk s}yO Q=Qk Qo = CQwYu}= QO �k = uk � lk |va} 'OwW pik VOwN |xr}Uwx@
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'Ov=t |k=@ |wk |vOW R=Qi= Qo = 's}Owtv KqY= =Q CU=Q CtU w � �k = uk � lk|va}�
CtU "OW=@ xOvwWOQ=w Q}eDt xk = x6 xm jwi pwOH QO ,qFt CU}v |QwLt pta x@ |R=}v

:Ow@ Oy=wN Q} R CQwYx@ CU=Q

x1 = 1 + x6

x2 = 2 + x6

V1 = 0 + x6

l} xm OOQo|t V1 = 3 w x2 = 5 w x1 = 4 xH}Dv QO "OUQ|t 3 x@ QiY K]U R= x6
=Q} R "Ov=t|t |k=@ Qw]u=ty '|wk |U=U= |vOW R=Qi= w CU= uox@DQ}e |vOW |U=U= ?=wH
V}=Ri= s}vm ZQi CQwYu}=Q}e QO "OW=@|tv OwN |q=@ =} u}�=B u=Qm QO |U=U= Q}eDt I}y
|q=@ u=Qm x@ xk OwN =}� OvUQ@ OwN u}�=B =} q=@ u=Qm x@ =yQ}eDt R= |[a@ xm OW Ea=@ 'xk

:s} Q}o|t Q_vQO CQwYu}= QO �OUQ@ VOwN
S1 = fi j CU= OwN |q=@ u=Qm QO O}OH C}a[w QO xi & �aik < 0g

"OvO}UQ u=WOwN |q=@ u=Qm x@ =y xi'xk = lk + �k |Dkw |va}
S2 = fi j CU= xO}UQ OwN u}�=B u=Qm x@xi & �k + lk = xk <=R=@ & �aik > 0g

XNWt Q} R CQwYx@ OQix@ QYLvt Qw]x@ =Q rT}Ov= 'OW=@B�1 s=i Q]UB�1
i O}vm ZQi

:O}�=tv
B�1
r

�ark
= Lexico Min

(
B�1
i

�aik
j i 2 S1 [ S2

)
(21�3)

:s}vm|t C@=F �s} Qw;|t CUO x@ =Q (i 2 S1 [ S2) B�1
i

�aik st}v|t wm} Rmr |va}�
"Ovm|t ^iL =Q |wk |U=U= |vOW R=Qi= 'QwmPt VwQ "hr=

"OOQo|t XNWt OQix@ QYLvt Qw]x@ r "?
xm OvW=@|t ?U=vDt B�1 Q]U QO 'OW=@v u}vJ Qo = =Q} R "CU= |y}O@ �?� CtUk

"OW=@|t Zk=Dv QO jB�10j 6= 0 ZQi =@ ?r]t u}=
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C=@F= |rm Cr=L QO =Q ?r]t TBU w s}vR|t |r=Ft =OD@= �hr=� CtUk C=@F= |=Q@
"s}vm|t

:s} Q=O =Q Q} R pwOH |=xrLQt QO O}vm ZQi "p=Ft 18�12�3
x1 x2 x0 x4 x3 RHS

x1 1 0 0 �1 0 1
x2 0 1 0 �2 0 2
x3 0 0 �1 2 1 8

1 � x � 5
2 � x1 � 10
0 � x3 � 8

0 � x4 � 5 "

Q]U w OvDUy OwN u}�=B u=Qm QO x2 w x1 =Q} R CU= |wk |vOW |U=U= R=Qi= 'jwi R=Qi=
B�1 swU Q]U w CU= OwN |q=@ u=Qm QO x3 w "OvW=@|t C@Ft wm} Rmr B�1 swO w pw=

:s} Q=O CqO=at R= "OOQo|t OQ=w x4 Q}eDt "CU= |ivt wm} Rmr

x1 = 1 + x4

x2 = 2 + 2x4

x3 = 8� 2x4

Q} R CQwYx@ RHS TB �#=QJ� O=O V}=Ri= OL=w 4 = �4 = �k xR=Ov= x@ u=wD|t =Q x4
:Ow@ Oy=wN

x1 = 5 q=@ u=Qm QO
x2 = 10 q=@ u=Qm QO
x3 = 0 u}�=B u=Qm QO
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:s}vm|t XNWt =Q r T}Ov= p=L

Lexico Min

(
B�11�1 ;

B�12�2 ;
B�132

)
=

Lexico Min
�

(�1; 0; 0); (0;�1
2 ; 0); (0; 0;�1

2)
�

(�1; 0; 0) =
B�11�1 TB r = 1

:Ow@ Oy=wN Q} R CQwYx@ |Oa@ pwOH TB
#
x1

#
x2

#
x3 x4 RHS

x4 �1 0 0 1 5
x2 �2 1 0 0 10
x3 2 0 �1 0 0

|q=@ u=Qm QO x2 w x4 =Q} R� |ivt wm} Rmr B�12 w |ivt wm} Rmr B�11 xm OOQo|t x_Lqt
�"OQ=O Q=Qk OwN u}�=B u=Qm QO x3� CU= C@Ft wm} Rmr B�13 w �OvDUy OwN

|rrN pqODU= C}rm x@ xmu}= uwO@ "s}�=tv|t C=@F= |rm Cr=L QO =Q ?r]t u}= p=L
Q} R CQwYx@ pwOH w OvyO p}mWD =Q B�1 pwOH pw= uwDU m s}vm|t ZQi OwW OQ=w

:OW=@
x1 : : : xm : : : xk : : :

xB1 �11 : : : �1m : : : �a1k : : : b̂1
...

...
...

...

xBr �r1 : : : �rm : : : �ark : : : b̂k
...

...
...

...

xBm �m1 : : : �mm : : : �amk : : : b̂m

B�1 = [�ij ]m�m xm
: : : ; S2; S1 |=yxawtHt ?ULQ@ uOwtv ?DQt R= TB Q_=vDt TmrBt}U pwOH

:Ow@ Oy=wN Q} R CQwYx@
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xk

�11 : : : �1m �aik
... < 0 u=Qm QO =yQ}eDt

S1
...

... (i = 1; ... : : : ; l) OvDUy OwN |q=@
�l1 : : : �lm

...

�l+11 : : : �l+1m �aik
... > 0 u=Qm QO =yQ}eDt

S1
...

... (i = l + 1; ... : : : ; h) OvDUy OwN u}�=B
�h1 : : : �hm

...

�h+11 : : : �h+1m
... u=Qm u}@ =yQ}eDt

...
...

... OvDUy OwN u}�=B w q=@
�m1 : : : �m

...

=} 
1 TB �xr=Ut ZQi j@]� OwW|t ZQi uox@D QwLt pta jwi pwOHQO |QwLt pta
"�k = 0 w OvDUy QiY |w=Ut 
2

"r 2 S2 =} CU= S1 x@ jraDt =} r TB "OW=@|t OwN u}�=B u=Qm QO xk
|q= @ u=Q m QO xk "OOQ o| t GQ=N xr w OwW| t OQ=w xk T B "r 2 S1 "h r=
x H } D v QO �ark < 0 w (�r1; : : : ; �rm) < 0 ZQ i j @ ] T B "C U= Ow N�

�r1
�ar1 ; : : : ;

�rm
�arm

�
= (B�1)r

�ark > 0
"Ow@ Oy=wN C@Ft wm} Rmr B�1 Q_=vDt xOW RwQx@ Q]U xOW x}=B OQ=w xm}=xk |=Q@ |va}
uwJ "OOQo|t GQ=N x}=B R= xr Q}eDt w OOQo|t x}=B OQ=w u}�=B u=Qm QO xk "r 2 S2 "?

:xH}Dv QO (B�1
r > 0) TB r 2 S2�

�r1
�ar1

; : : : ;
�rm
�arm

�
=

(B)�1
r

�ark
> 0

"�ark > 0 =Q} R
:Ow@ Oy=wN Q} R CQwYx@ (B�1)Newi CQwYu}= QO i 6= r Qo =

(B�1
New)i = (B�1

Old)i � �aik
�ark

(B�1
Old)r

= �aik(
(B�1

Old)i
�aik

� B�1
Old

�ark
)

     irmgn.ir



uO=Di= QwOx@ w |vox@D &|y=vDt ?Q=kD 12�3 241

"�#=QJ� CU= C@Ft wm} Rmr RDv=QB pN=O
:s} Q=O i 2 S1 Qo =

(B�1
New)i < 0 �#=QJ�

:s} Q=O i 2 S2 Qo =
(B�1

New)i > 0 �#=QJ�

"CU= C@=F smL w
s}yO Vy=m s}y=wN|t w OW=@|t OwN |q=@ u=Qm QO xOvwWOQ=w Q}eDt xm s}vm ZQi ,=v}a
C=[wQit u=ty =@� s} Q}o|t Q_vQO =Q Q} R pwOH ,=OOHt OW=@|t QiY |w=Ut 
2 =} 
1 |rw

"�j@=U
xk

�11 �12 : : : �1m �aik
... < 0 u=Qm QO |U=U= |=yQ}eDt

S1
...

... (i = 1; ... : : : ; l) OvW=@|t OwN u}�=B
�l1 �l2 : : : �lm

...

�l+11 �l+12 : : : �l+1m �aik
... > 0 u=Qm QO |U=U= |=yQ}eDt

S1
...

... (i = l + 1; ... : : : ; h) OvW=@|t OwN |q=@
�h1 �h2 : : : �hm

...

�h+11 �h+12 : : : �h+1m
... u=Qm u}@ |U=U= |=yQ}eDt

...
...

... OvW=@|t OwN u}�=B w q=@
�m1 �m2 : : : �m

...

:|va}
S1 = fi j CU= |U=U= xi & xi = li & �aik < 0 xk = uk ��k |Dkwg

|Dkw
S2 = fi j CU= |U=U= xi & xi = ui & �aik > 0 xk = uk ��kg
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pta =Q} R Ow@ xOW R}v ZQi u}ty� �k = 0 TB OvW=@|t QiY |w=Ut 
2 =}
1 uwJ
"�OQ}o|t CQwY uox@D |QwLt

:OQ}o|t CQwY Q} R |xOa=k j@] xOvwWGQ=N Q}eDt T}Ov= 'r T}Ov= CQwYu}= QO
(B�1)r

�ark
= Lexico Max

�
(B�1)i

�aik
j i 2 S1 [ S2

�
:uox@D |QwLt pta s=Hv= R= TB xm s}vm|t C@=F

"OOQo|t XNWt OQix@ QYLvt Qw]x@ r �1
"Ov=t |k=@ |wk |U=U= |vOW R=Qi= �2

h0 Ovv=t T}Ov= wO pk=OL '|DU}=@ 'OwWv XNWt OQix@ QYLvt Qw]x@ r Qo = "�1� C=@F=
xm|Qw]x@ 'OW=@ OwHwt l0 w

(B�1)h0
�ah0k

=
(B�1)l0

�al0k

=}
(B�1)h0 = �(B�1)l0

:u; QO xm
� =

�ah0k
�al0k

"CU= Zk=vD u}= w OvW=@|t ?U=vDt B�1 Q]U wO |va}
wO CQwYu}= QO �k = 0 w Ovm|t lQD =Q x}=B xr w OOQo|t x}=B OQ=w q=@ u=Qm QO xk

:ODi=|t j=iD= Cr=L
|U=U= Q}eDt OwN |q=@ u=Qm QO xk w CU= OwN u}�=B u=Qm QO xr w i 2 S1 "hr=

:TB (B�1)r > 0 OQ}o|t
(B�1)r

�ark
< 0

�"O}yO K}[wD =Q ?r]t ,=k}kO #=QJ�
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x}=B OQ=w q=@ u=Qm QO xk w Ovm|t lQD =Q x}=B xm xOw@ u}�=B u=Qm QO xr w i 2 S2 "?
:xr-=Ut ZQi x@ xHwD =@ 'OOQo|t

(B�1)r < 0

:TB �ark > 0 w

( B
New

�1)r = (B
Old
�1)r=�ark < 0

"CU= C@=F �2� smL w
:s} Q=O i 6= r w i 2 S1 [ S2 s}vm ZQi p=L

( B
New

�1)i = �aik
��

�i1 ; : : : ; �im
�aik

)� (
�r1 ; : : : ; �rm

�ark

��
wQu}= R= �#=QJ� CU= |y}O@ smL �aik Ctqa x@ xHwD =@ w CU= |ivt wm} Rmr f0g pN=O

"Ov=t|t |k=@ |wk |U=U= |vOW R=Qi= Cr=L Qy QO
:s} Q}o|t Q_vQO Q} R CQwYx@ =Q L Q=OQ@ p=L

L = (ẑOld; CB1B
�11 )� (ẑNew; CB2B

�12 )

=
zk � ck

�ark
(0; �r1; �r2; : : : ; �rm)

:s}yO|t X}NWD Cr=L wO
:CQwYu}= QO zk � ck > 0 "hr=

1
�ark

(0; �r1; �rm; : : : ; �rm) > 0 �CU= u}�=B u=Qm QO xk =Q} R�

:TB
L > 0

:CQwYu}= QO zk � ck < 0 "?
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:TB �CU= VOwN |q=@ u=Qm QO xk�
1

�ark
(0; �r; �rm; : : : ; �rm) < 0

:TB
L > 0

jwi VwQ =@ xm OwW|t C@=F |oO=Ux@ p=L "CU= |rwRv wm} Rmr |va} CU= C@=F smL w
"�O}�=tv C=@F=� ODi=|tv QwOx@ |vox@D Cr=L QO TmrBt}U VwQ

st}v|t ẁv R=� Q=Ou=Qm|=yQ}eDt|=Q@TmrBt}UVwQ xYqN 19�12�3
"�uOwtv

|=yQ}eDt R= CQwQ[ CQwY QO� O}�=tv =O}B xr-=Ut |=Q@ |vOW |U=U= ?=wH l} "pw= sOk
|U=U=Q}e |=yQ}eDt xN2 w xN1 w |U=U= |=yQ}eDt xB O}vm ZQi "�O}vm xO=iDU= |avYD

:u; QO xm =Q Q} R pwOH "OvW=@ OwN |q=@ u=Qm w u}�=B u=Qm QO ?}DQDx@
ẑ = cBB�1b+ (cN1 � cBB�1N1)lN1 + (cN2 � cBB�1N2)uN2

b̂ = B�1b�B�1N1lN1 �B�1N2uN2

"O}yO p}mWD
"|U=U= sOk

q=@ u=Qm QO =yQ}eDt |t=tD |=Q@ w zj � cj � 0 u}�=B u=Qm QO =yQ}eDt |t=tD |=Q@ Qo = �1
R= k T}Ov= CQwYu}=Q}e QO CU= xv}y@ ?=wH 'pwOH Q_=vDt ?=wH 'zj � cj � 0

:x]@=Q

Max
�

Max
j2J1

fzj � cjg ; Max
j2J2

fcj � zjg
�

|xawtHt?}DQDx@ |va} Ov=xOWh} QaD ,q@k xm OvDUy xawtHt u=ty J2 w J1 "O} Qw;CUOx@
CyH =Q Ovr@ |xOa=k u=wD|t ,=v}a "q=@ u=Qm w u}�=B u=Qm QO |U=U=Q}e |=yQ}eDt T}Ov=
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=@ O}vm ZQi Qw_vt u}= |=Q@ "O=O s}taD QmPr=jwi sD} Q=or= x]@=Q QO uO=Di= QwOx@ R= |Q}owrH
xOW u}=Q@ ZQi xm x � u |=yO}k w l = 0 '�OW=@ xDW=O CQwQ[ Qo =� |@U=vt Cq}O@D

:CQwYx@ |mtm Q}eDt |iQat =@ 0 < ui <1

x+ Is = u ; s � 0

Ax = b x=oDUO |=Q@ [B;N1; N2] Ovv=t|vOW|U=U= R=Qi= Qy |=Q@ xm O}�=tv xHwD "s}U} wv@
:x=oDUO |=Q@ |=x}=B l} '0 � x � u w8>>>>>><>>>>>>:

Ax = b

x+ Is = u

s � 0 x � 0

(�)

n�m w sN1 w sB w xN2 w xB R= OvDQ=@a |U=U= Q}eDtm+n u; QO xm 'OOQo|t Q_=vDt
"Tmar=@ w sN2 w xN1 R= OvDQ=@a OvDUy QiY K]U QO xm |U=U=Q}e Q}eDt

Qo = p=L "s 2 Rn w x 2 Rn =Q} R CU= Q}eDt 2n |=Q=O (�) x=oDUO O}�=tv xHwD
:CQwYx@ ,qFt =Q =yQ}eDt

x1; x2; : : : ; xn; s1; s2; : : : ; sn

"OQ@ Q=mx@ uO=Di= QwOx@ R= |Q}owrH OQwt QO Ovr@ |xOa=k u=wD|t |oO=U x@ s}�=tv ?DQt
x@ 'OwN |q=@ u=Qm QO xk Qo = w "OW=@ OwN u}�=B u=Qm QO xk Qo = O} wQ@ 2 |xrLQt x@ �1

"O} wQ@ 3 |xrLQt
:u; QO xm lk + �k x@ lk R= xk Q}eDt �2

�k = Min(
1; 
2; uk � lk)

QO "OQ=O |y=vDt=v |xv}y@ xr-=Ut "O} wW hkwDt �k = 1 Qo = "O@=}|t V}=Ri=
"O}OQoQ@ pw= sOk x@ u; uOwtv RwQx@ w pwOH uOwtv KqY= =@ CQwYu}=Q}e
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xr-=Ut 'O} wW hkwDt �k =1 Qo = "Ovm|t =O}B Vy=m uk��k x@ uk R= xk Q}eDt �3
"O}OQoQ@ pw= sOk x@ w xOwtv RwQx@ =Q pwOH CQwYu}=Q}e QO "OW=@|t OwOLt=v

T}Ov= =@ OvDUy OwN u}�=B u=Qm QO xm =Q |U=U=Q}e |=yQ}eDt 'uOW XNWt CyH "xHwD
"O}�=tv XNWt u T}Ov= =@ OvW=@|t OwN |q=@ u=Qm QO xm |�=yu; w l

"s}yO|t K}[wD =Q QmPr=jwi ?r=]t p=Ft l} pL =@ uwvm =
"CU= QFwt Q=}U@ sD} Q=or= j}ta lQO QO xr-=Ut pL C=}�RH x@ xHwD

"O}�=tv pL Q=Ou=Qm |=yQ}eDt |=Q@TmrBt}U VwQ =@ =Q Q} R |xr-=Ut "p=Ft 20�12�3

Min Z = �2x1 � 4x2 � x3

s: t: 2x1 + x2 + x3 � 10
x1 + x2 � x3 � 4
0 � x1 � 4
0 � x2 � 6
1 � x3 � 4

xr-=Ut OvDUy OwOLt +1 x@ q=@ R= w QiY x@ u}�=B R= xm x5 w x4 |mtm |=yQ}eDt |iQat =@
:O};|tQO Q} R CQwYx@

Min Z = �2x1 �4x2 �x3
s: t: 2x1 +x2 +x3 +x4 = 10

x1 +x2 �x3 +x5 = 4
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0 � x1 � 4
0 � x2 � 6
1 � x3 � 4
0 � x4 <1
0 � x5 <1

OwN u}�=B u=Qm QO |U=U=Q}e |=yQ}eDt w x5 w x4 R= OvDQ=@a |U=U= |=yQ}eDt pw= xrLQt QO
w OW=@|t �1 Q@=Q@ OwYkt `@=D Q=Okt xm O}�=tv xHwD "x3 = 1 w x1 = x2 = 0 R= OvDQ=@a
"OvW=@|t 4 + 1 = 5 w 10� 1 = 9 Q@=Q@ ?}DQDx@ x5 w x4 |U=U=Q}e |=yQ}eDt Q}O=kt

"pw= Q=QmD
lx1

lx2
lx3 x4 x5

x4 2 1 1 1 0 9
x5 1 1 �1 0 1 5

zj � cj 2 4 1 0 0 �z = �1

xm OW=@|t 4 OOa 'OwN u}�=B u=Qm QO |U=U=Q}e |=yQ}eDt |=Q@ zj � cj Q=Okt st} Rm =t
w �a2 =

"1
1
#

"O@=}|t V}=Ri= OwN u}�=B u=Qm R= xk = x2 u}=Q@=v@ "CU= x2 Q_=vDt

� =Minf
1; 
2; u2 � l2g = Minf
1; 
2; 6g

1 =Min

�9� 0
1 ;

5� 0
1
�

= 5

:TB r = 2 |va} "OW=@|t xB2 = x5 Q_=vDt xm

�2 = Minf5;1; 6g = 5

�#=QJ� 
2 =1 =Q} R
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:TB

ẑ =� 1� (4)(5) = �21

b̂ =

 
x4
x5

!
=

 9
5
!
� y2�a2 � =

 9
5
!
�
 1

1
!

5 =

 4
0
!

"Ow@ Oy=wN u}vJ |QwLt pta s=Hv= R= TB jwi pwOH TB
"swO Q=QmD

lx1 x2
lx3 x4

lx5

x4 1 0 2 1 �1 4
x2 1 1 �1 0 1 5

zj � cj �2 0 5 0 �4 �21
5 =@ Q@=Q@ zj � cj Q=Okt st} Rm =t "OvW=@|t OwN u}�=B u=Qm QO |U=U=Q}e |=yQ}eDt |t=tD

:u}=Q@=v@ OW=@|t x3 Q_=vDt xm CU=

�a3 =

 2
�1
!

w
�3 = Min(
1; 
2; 4� 1)

:xm


1 =
4� 0

2 = 2

2 =

6� 5
1 = 1

�3 = Minf2; 1; 3g = 1 TB
"r = 2 ; xBr = xB1 = x2 Q_=vDt xm
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:xm CU= |vat u=O@ u}= w

x3 = 1 + �3 = 1 + 1 = 2
ẑ = �21� (z3 � c3)�3 = �21� 5� 1 = �26

 
x4
x2

!
=

 4
5
!
� �a�3 =

 4
5
!
�
 2
�1
!

1 =

 2
6
!

pwOH "O}=tv|t lQD =Q x}=B w OUQ|t OwN |q=@ u=Qm x@ x2 "OOQo|t x}=B OQ=w x3 =Hu}= QO
"Ow@ Oy=wN Q} R CQwYx@ |QwLt pta s=Hv= R= TB

"swU Q=QmD
lx1

ux2 x3 x4
lx5

x4 3 2 0 1 1 2
x3 �1 �1 1 0 �1 2

zj � cj 3 5 0 0 1 �26
u}=Q@=v@ "CU= x1 Q_=vDt xm OW=@|t 3 u}�=B u=Qm QO |=yQ}eDt |=Q@ zj � cj Q=Okt st} Rm =t

:=Hu}= QO "O@=}|t V}=Ri= x1

�a1 =

 3
�1
!

w

�1 = Min(
1; 
2; u1 � l1)

= Min(
1; 
2; 4)


1 =
2� 0

3 =
2
3


2 =
4� 2

1 = 2
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:TB r = 3 ; xBr = xB2 = x3 Q_=vDt xm �1 = Min(23 ; 2; 4) = 23 TB

ẑ = �26� (z1 � c1)�1 = �26� (3)(
2
3) = �28 

x4
x3

!
=

 2
2
!
� �a1�1 =

 2
2
!
�
 3
�1
!

(
2
3) =

 0
83

!
"OwW|t GQ=N x}=B R= x4 w OOQo|t x}=B OQ=w x1 =Hu}= QO

:Ow@ Oy=wN u}vJ |QwLt C=}rta s=Hv= R= TB pwOH "sQ=yJ Q=QmD

x1
ux2 x3

lx4
lx5

x1 1 23 0 13 13 23
x3 0 �13 1 13 �23 83

zj � cj 0 3 0 �1 0 �28
|=yQ}eDt |t=tD |=Q@ w C@Ft=v u}�=B u=Qm QO |U=U=Q}e |=yQ}eDt |t=tD |=Q@ zj � cj uwJ
OQix@ QYLvt jwi xv}y@ ?=wH OW=@|t xv}y@ ?=wH TB "CU= |ivt=v q=@ u=Qm QO |U=U=

w z5 � c5 = zj � cj = 0 =Q} R OW=@|tv

� = Min

( 2313

)
= 2 > 0

:TB

x1 =
2
3 �

1
3x5

x3 =
8
3 +

2
3x5

:s} Q=O 2 x@ QiY R= x5 V}=Ri= =@

x1 = 0
x3 =

8
3 +

4
3 =

12
3 = 4 1 � 4 � 4
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:CU= Q} R CQwYx@ Qo}O xv}y@ ?=wH l} TB

x� = (0; 6; 4; 0; 2)

ẑ = �6� 4� 4 = �28

1xDi=} s}taD |q=@ u=Qm 13�3
'Owtv|t |Q=mCUO =Q xj � uj CQwYx@ |=yO}k xm s}Owtv QmP =Q |�=yVwQ p=Lx@ =D
Ea=@ O}k u}= xmu}= uOw@ Ck}kL QO� O}=tv ^wLrt |Q=m x}=B QO =Q =yO}k u}= xmu}= uwO@
|�=yO}k 'Ov=wD|t xm|Qw]x@ 'xDi=} s}taD VwQ u}= "�OW|tv |Q=m x}=B |x@DQt uOW nQR@
^wLrt uwO@ |va} VwQ u=ty =@� O}=tv |Q=mCUO =Q Ov}=tv|t jOY Q} R C}Y=N QO xm

"�|Q=m x}=B QO =yu; uDW=O
|O}k |va} '=yQ}eDt R= ẁtHt CQwYx@ CU= q=@ u=Qm O}k l} &xawtHt QO O}k Qy �1

:CQwYx@X
(xj j j 2 fj1; j2; : : : ; jkg) � u0

:O};|tQO Q} R CQwYx@ |mtm Q}eDt |iQat =@ xmX
(xj j j 2 fj1; j2; : : : ; jkg) + s1 = u0

"OOQo|t Qy=_ O}k l} QO QFm =OL 'pOt QO Q}eDt Qy �2
s}taD |q=@ u=Qm |=yO}k '=Q Ov}=tv|t jOY �2� w �1� X=wN QO xm =yO}k R= |=xawtHt
VwQ "OvyO|t u=Wv GUB2 |=yO}k =@ Q=YDN= CQwYx@ =Q =yO}k u}= xm "Ovt=v|t xDi=}
B xm s} wW|t Qw;O=}� |Q=m x}=B QO GUB x@ \w@ Qt |=yO}k uDW=O ^wLrt uwO@ LP pL
|q=@ u=Qm l}vmD =Q �s} Q=O u; Tma uDW=O x@ R=}v xrLQt Qy QO xm CU= |U} QD=t '|Q=m x}=B
u=yH xe@=v w O}ki O=DU= \UwD VwQ u}= "s}t=v|t �Q=YDN= |=Q@� GUBT =} xDi=} s}taD
1) Generalized Upper Bounding(GUB) 2) Generalized Upper Bound lenstraint
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xm =Q GUB |=yO}k Ov=wD@ GUBT Qo = "OW `=O@= 1967 p=U QO n} RDv=O GQH QwUiwQB
'Ov=wD|t '1=yQ}eDt uOwtv T=}kt =@ 'O}=tv |Q=mCUO O}=tv|t jOY �2� w �1� X=wN QO
'xrLQt u}= QO "Ovm |Q=mCUO 'O}=tv|t jOY �2� C}Y=N QO \ki xm =Q |�=yO}k xawtHt

"s}yO|t Q=Qk EL@ OQwt =Q GUB |rm CQwY

:OW=@|t GUB R= |=xvwtvQ} R LP "p=Ft 21�13�3
Max 2x1 +3x2 +4x3 +5x4 +6x5
s: t: 3x1 +x2 +x3 +x4 +x5 = 10

�x1 +3x2 +4x3 +x4 +x5 = 12
x2 +x3 +s1 = 5 GUB O}k

x4 +x5 +s2 = 7 GUB O}k
"OvDUy |ivt=v =yQ}eDt |t=tD

"OvQ}o|t Q=Qk xDUO wO QO =yO}k xm u; QO xm 'O} Q}o@ Q_vQO OQ=Ov=DU= CQwYx@ LP l}
C}Y=N QO xm OvDUy |�=yO}k '|Oa@ O}k p w OvW=@|t |rm Q=DN=U |=Q=O pw= O}k m
"Ovt=v|t GUB |=yO}k =} xDi=} s}taD |q=@ u=Qm |=yO}k =Q =yu; xm Ov}=tv|t jOY �2�
R= |Q=m x}=B Tma xm OW=@|t xOW KqY= TmrBt}U VwQ R= |Y=N Cr=L GUBT

^iL |=Hx@ �CU= GUB Q}e |=yO}k O=OaD m u; QO xm � O}=tv|t ^iL =Q m |x@DQt
R=}v OQwt |r�=Ut u}vJ pL |=Q@ |rwtat TmrBt}U QO xm m + p |x@DQt R= x}=B Tma
Tma uOQ@ Q=mx@ =@ TmrBt}U VwQ =@ LP l} pL |=Q@ R=}v OQwt Q}O=kt s=tD "OW=@|t
Qy R= TB \ki w "OW=@|t |UQDUOp@=k |rY= |=yxO=O R= xO=iDU= =@ w |Q=m x}=B T} QD=t
'OW=@ |oQR@ OOa �GUB |=yO}k O=OaD� p |Dkw "OOQo|t RwQx@ |Q=m x}=B Tma xrLQt
C.P.U2 R= xOW xO=iDU= u=tR COt QO p}rkD w |rY= x_i=L R= xO=iDU= QO |} wHxiQY
|=yO}k xm OW=@ QO=k |DU}=@ OQi 'GUB C=R=}Dt= R= xO=iDU= |=Q@ OW=@|t Q}osWJ Q=}U@
Vv=O I}y OQi w OW=@ |rm Q=DN=U |=Q=O Q_vOQwt LP Qo = "OyO X}NWD =Q GUB x@ \w@ Qt
"O}=tv p=ta= O}k u}= X}NWD CyH |Y=N VwQ |DU}=@ 'OW=@ xDW=Ov u; =@ x]@=Q QO |r@k
OQ=Ov=DU= CQwYx@ LP |xr-=Ut l} CQwQ[ CQwY QO &=yuwDUw =yQ]U uOwtv ?DQt =@
1) Scaling of Variables 2) Central Processing Unit
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"CU= xOW xO=O u=Wv �4�3� pmW QO |rm CQwY u}= xm "Owtv pL GUBT =@ u=wD|t =Q

m

O}k

pO}k
GUB

: : :

: : :

. . .

=

=

Min

s: t:

"OvW=@|t |ivt=v xr-=Ut |=yQ}eDt |t=tD�4�3� pmW

xm |@}=Q[ |t=tD "Owtv pL GUBT =@ u; u=wD|t xmLP pOt l} Q=DN=U �4�3� pmW
nQR@ ?r=kQ} R l} Q=@ |=y?r=kR= l} Qy "OvW=@|t QiY =@ Q@=Q@ OvW=@|t =y?r=k R= GQ=N
l}I}y QO xm OW=@ |�=yQ}eDt O=OaD n0 O}vm ZQi "OvW=@|t GUB |=yO}k V}=tv =yO}k
QO xm �QiYQ}e ?}=Q[ =@ |va}� OW=@ |�=yQ}eDt O=OaD ni w OOQo|tv Qy=_ GUB =yO}k R=

:O}vm ZQi (i = 1; 2; : : : ; p) OW=@|t OwHwt GUB =yO}k R= l} Qy

S0 = f1; 2; 3; : : : ; n0g
St = fn0 + n1 + � � �+ nt�1 + 1; : : : ; n0 + n1 + � � �+ nt�1 + ntg
t = 1; : : : ; p
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:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut =ys h} QaD uOW uWwQ |=Q@
Min 2x1 +3x2 +4x3 �x4 �x5 �x6

2x1 �x2 +x3 +x4 +2x5 +2x6 = 10
x1 +2x2 +3x3 +4x4 �5x5 �6x6 = 11

2x3 +4x4 = 5
6x5 +7x6 = 7

xj � 0 j = 1; : : : ; 6
=Hu}= QO

S0 = f1; 2g
S1 = f2 + 1; 2 + 2g = f3; 4g
S2 = f4 + 1; 4 + 2g = f5; 6g

OvOQo|tv Qy=_ G[B |=yO}k R= l}I}y QO xm OvDUy |�=yQ}eDt 'j 2 S0 |=Q@ xj Q}eDt
(t = 1; : : : ; p) "j 2 St |=Q@ xj |=yQ}eDt w jwi p=Ft QO x2 w x1 |=yQ}eDt Ovv=t
xj |�=yQ}eDt Q=OQ@ xt O}vm ZQi "OvOQo|t Qy=_ G [B s=t O}k QO xm OvDUy |�=yQ}eDt

:jwi p=Ft QO ,qFt (t = 0; 1; : : : ; p)j 2 St xm OvW=@
x0 = (x1; x2) ; x1 = (x3; x4) ; x2 = (x5; x6)

:CWwv Q} R CQwYx@ u=wD|t =Q Q_v OQwt LP CQwYu}= QO
Min z(x) = c0x0 +c1x1 +c2x2 + : : : +cpxp

s: t: A0x0 +A1x1 +A2x2 + : : : +Apxp = b

d1x1 = d1
d2x2 = d2
: : :

dpxp = dp

xt � 0 t = 0; 1; 2; : : : ; p
(22�3)
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Aj "OvW=@|t |Q]U |=yQ=OQ@ (t = 0; 1; : : : ; p)dt w Qr=mU= dp; : : : ; d1 xm O}vm xHwD
xj |=yxir-wt Q@=Q@ u; |=yuwDU O=OaD xm OW=@|t uwDU O=OaD w Q]U m =@ T} QD=t l}
pkDUt '=yO}k x=oDUO xm s}vm|t ZQi 'OwW OQ=w |rrN pqODU= C}rm x@ xmu}= uwO@ "CU=
Ow@ Oy=wN |U=U= Q}eDt m+ p pt=W 22�3 |=Q@ |U=U= Q=OQ@ Qy 'wQu}= R= "OvDUy |]N

"OW=@|t m+ p |x@DQt R= |a@ Qt T} QD=t x}=B Qy w
xm OyO|t Q=Qk xar=]t OQwt =Q GUB |=yO}k R= |Dr=L GUBT =y?=Dm QDW}@ QO
|UQQ@ =Q |rm Cr=L '=Hu}= QO "CU= l} Q@=Q@ QwmPt |=yO}k QO =yQ}eDt ?}=Q[ |t=tD

"OW=@ |]N xrO=at l} CU= umtt GUB O}k Qy xm s}vm|t
OvOQo ?DQt |DQwYx@ |DU}=@ =yO}k 'OwQQ=mx@ xr-=Ut pL |=Q@ GUBT xmu}= R= p@k "xHwD

"OwW xOQw; xr-=Ut |=yO}k |=yDv= QO GUB O}k p xm
|xawtHt R=xj xm s}�wo|t |Dkw "OQ}o|t Q=Qk xO=iDU= OQwt CtUk u}= QO xm |t�qa
(m+ p)� 1 |x@DQt R= |vwDU Q=OQ@ l} aj "j 2 St xm CU= |vat u=O@ u}= 'CU=St
R= pw= |xir-wt m 'aj Q=OQ@ QO "OW=@|t Ow}k x=oDUO QO xj Q}eDt ?} Q[ Q=OQ@ xm OW=@|t
l} QFm =OL wQu}= R= "OvOQo|t Qy=_ GUB |=yO}k R= QN; |xir-wt p w GUB Q}e |=yO}k
u}= 'CU= St R= uwDU l} aj s}�wo|t |Dkw OW=@|t QiY hr=Nt QN; |xir-wt p R= w[a
u}= OvW=@ QiY =@ Q@=Q@ aj |QN; |xir-wt p |t=tD Qo = u}vJsy "j 2 St xm CU= |vat u=O@

�#=QJ� CU= S0 R= aj xm CU= |vat u=O@
:xm CU= u; sRrDUt Qt= u}= 'OW=@ QiY hr=Nt aj s=m+ t |xir-wt Qo =

j 2 St
"OwW|t xO=O u=Wv In x@ n |x@DQt R= OL=w T} QD=t 'n |a}@] OOa Qy |=Q@

swO R=i w pw= R=i 14�3
|avYD |=yQ}eDt uOwRi= =@ =Q TmrBt}U VwQ pw= R=i 22�3 |=Q@ BFS l} uOwtv =O}B |=Q@
=Q=O |rY= xr-=Ut xm OQ=O =Q GUB Q=DN=U u=ty xr-=Ut pw= R=i "s}yO|t Q=Qk xO=iDU= OQwt
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|=Q@ |vOW |U=U= ?=wH l} OW=@ |vOW |rY= xr-=Ut Qo = pw= R=i |=yDv= QO "OW=@|t
EL@ u}=Q@=v@ "Owtv pL =Q xr-=Ut swO R=i uOQ@ Q=mx@ =@ u=wD|t xm OwW|t =O}B |rY= |xr-=Ut
xm |D=@U=Lt "CU= CUO QO xr-=Ut |=Q@ |vOW |U=U= ?=wH l} xm Ow@ Oy=wN CQwYu}O@
|U=U= ?=wH l} xm s}vm ZQi OwW s=Hv= TmrBt}U sD} Q=or= R= xrLQt l} QO CU= Q=Qk
|DU}=@ TmrBt}U VwQ uOQ@ Q=mx@ =@ xm |D=@U=Lt "CU= CUO QO 3 � 22 |=Q@ |vOW

:OW=@|t p}P KQW x@ OwW s=Hv=
Q=Qk =@ CU= umtt Q=m u}= "O}�=tv x@U=Lt Q_=vDt BFS QO =Q |U=U= |=yQ}eDt Q}O=kt �1

"OQ}o CQwY x=oDUO pL w QiY |w=Ut |U=U=Q}e |=yQ}eDt uO=O
"O} Qw; CUOx@ =Q Q_vOQwt x}=B Q_=vDt p;wO |U=U= ?=wH �2

R= xO=iDU= =@ =Q 1|@Uv Ct}k ?}=Q[ �2� QO p;wO |=Q@ pY=L ?=wH uOQ@ Q=mx@=@ �3
�cj � waj |va}� "O} Qw; CUOx@ |rY= |=yxO=O

CQwY QO "xv =} CU= |ivt=v j Qy <=R=@ xOt; CUO@ |=ycj �waj xm O}vm |UQQ@ �4
'CQwYu}= Q}e QO 'O}�=tv `]k =Q C=}rta wCU= xv}y@ pY=L ?=wH '?=wH uOw@C@Ft

"O}vm x}=B OQ=w =Q u; Q_=vDt Q}eDt w O} Q}o@ Q_vQO =Q |@Uv Ct}k u} QD|ivt
QO =yx}=B |]N ?}mQD ?}=Q[ uwDU u}= xm 'O}�=tv RwQx@ =Q xOvwWOQ=w Q}eDt uwDU �5

"OW=@|t |rY= uwDU V}=tv
sDN C=}rta wCU= OwOLt=v xr-=Ut "OvW=@C@Ft=v xOW RwQx@ uwDU |=[a= |t=tD Qo = �6
xOvwWGQ=N Q}eDt uOwtv XNWt CyH st}v|t xOa=k CQwYu}= Q}e QO "OOQo|t

"OOQo|t =QH=
xm |=xrLQt s} wQ|t Oa@ |xrLQt x@ """'x}=B T} QD=t Tma 'x}=B Q=OQ@ uOwtv RwQx@ =@ �7

"OOQo|t Q=QmD QmPr=jwi C=}rta |t=tD
|x@DQt R= |Q=m x}=B l} 'x}rw= |vOW |U=U= Q=OQ@ =@ GUBT =@ 22�3 |xr-=Ut pL QO
&OwW s=Hv= xrLQt u}= QO CU= Q=Qk xm |D=@U=Lt |t=tD "OwW|t xDN=U x}rw= |x}=B R= m
1) Relative Cost Coe�cients
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Q}}eD R= TB "OQ}PB|t CQwY �QmPr=jwi m |x@DQt |Q=m x}=B� |Q=m x}=B Tma uOQ@ Q=mx@ =@
"OOQo|t RwQx@ |Q=m x}=B Tma 'xrLQt Qy QO |U=U= Q=OQ@

O}it C=@U=Lt QO Q=}U@ xm OOQo|t GQO ,q}P |U=U= Q=OQ@ =@ x]@=Q QO syt xH}Dv OvJ
"OW=@|t

|U=U= Q}eDt l} pk=OL |DU}=@ 22�3 |=Q@ |U=U= Q=OQ@ Qy "x}[k 22�14�3
"OwW pt=W =Q (t = 1; : : : ; p)St R= xj Ovv=t

"�22�3 xr-=Ut |=Q@� OW=@ u; Q_=vDt x}=B B w |U=U= Q=OQ@ l} xB O}vm ZQi "u=yQ@
Q]U R= w[a l} pk=OL wQu}= R= "CU= OQivtQ}e w OW=@|t m + p |x@DQt R= B x}=B
s=(m+ t) Q]U QO ?}=Q[ (t = 1; : : : ; p) �#=QJ� OW=@ QiY hr=Nt |DU}=@ s=(p+ t)

"OvW=@|t QiY j 62 St xm xm|�=yxj |t=tD |=Q@ 22�3 xr-=Ut
pk=OL xB Qo = CU= s=(t+ p) Q]U QO QiYQ}e w[a l} pt=W |DQwY QO B TB
|=Q@ St R= Q}eDt l} pk=OL |DU}=@ xB wQu}= R= "OW=@ j 2 S 'xj Ovv=t Q}eDt l} pt=W

"OW=@ (t = 1; : : : ; p)t Qy

1|QwQ[Q}e w |QwQ[ |=yxawtHt 15�3
C@Uv =Q St |xawtHt 1 � t � p |=Q@ "OW=@ 22�3 |=Q@ |U=U= Q=OQ@ l} xB O}vm ZQi
St |xawtHt |=yQ}eDt R= QDW}@ =} wO pt=W xB 'xm|DQwY QO 's}�wo |QwQ[ QwmPt x}=B x@
w Q=OQ@ x@ C@Uv xm|DQwY QO 'Ov} wo |QwQ[Q}e =Q St |xawtHt '1 � t � p |=Q@ "OW=@

"OW=@ St R= Q}eDt l} pt=W \ki xB 'x}=B
|QwQ[ xm 22�3 R= x}=B l} x@ C@Uv St Ovv=t |=xawtHt l} xm O}W=@ xDW=O xHwD
|=v@t Q@ xm s} wW|t Qw;O=} ,=vt[ 'OwW |QwQ[Q}e Qo}O x}=B Q=OQ@ x@C@UvCU= umtt 'CU=
|=yxawtHt w |QwQ[ |=yxawtHt &=OH xDUO wO x@ (t = 1; : : : ; p) =ySt jwi h} QaD

"OOQo|tv S0 |xawtHt pt=W |Ov@xDUO u}= "OvOQo|t |Ov@xDUO |QwQ[Q}e
1) Essential an Inessential Sets
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|=yxawtHt O=OaD "OW=@ 22�3 |U=U= Q=OQ@l} xB O}vm ZQi "x}[k 23�15�3
"OW=@|t m QFm =OL xB x@ C@Uv |QwQ[

|DU}=@ xB 'p@k x}[k j@] OW=@ 22�3 |=Q@ |U=U= Q=OQ@ l} xB O}vm ZQi "u=yQ@
Q}eDt m + p u}vJsy "�t = 1; : : : ; p |=Q@� OW=@ xDW=O =Q Q}eDt l} pk=OL St Qy R=
Q}eDt wO R= QDW}@ =} wO xB =yu; R= xm St |=yxawtHt O=OaD wQu}= R= "CU= xB QO |U=U=

"OwW QDW}@ m R= Ov=wD|tv OW=@|t =Q=O =Q

1|O}rmQ}e w |O}rm |=yQ}eDt 16�3
xB 'p@k |x}[k j@] "OW=@ u; Q_=vDt x}=BB w 22�3 |=Q@ |U=U= Q=OQ@ l} xB O}vm ZQi
1 � t � p Qy |=Q@ "OW=@|t (t = 1; : : : ; p)St |xawtHt R= Q}eDt l} pk=OL pt=W
Qo = "O}t=v@ xB QO St R= |O}rm Q}eDt =Q u; w OW=@ St QO xm O}�=tv ?=NDv= xB R= Q}eDt l}

:|xawtHt x=ou; 'OW=@ |QwQ[ |xawtHt St

fxj j j 2 Stg

x=wNrO =Q =yQ}eDt u}= R= l} Qy u=wD|t w OW=@|t xB QO |U=U= Q}eDt QDW}@ =} wO pt=W
Q}eDt CQwYu}= QO 'OW=@ |QwQ[Q}e |xawtHt St Qo = O}W=@ xDW=O xHwD "Owtv ?=NDv=
x@ |oDU@ ,qt=m O};|t CUOx@ B R= xm |Q=m x}=B "OW=@|t u; QO xB Q}eDt =yvD |O}rm
xm 22�3 QO |rY= |=yuwDU "OOQo|t ?=NDv= |QwQ[ |=yxawtHt R= xm OQ=O |O}rm Q}eDt
Q_=vDt |O}rm uwDU "OwW|t xO}t=v x}=B QO |O}rm |=yuwDU 'OW=@|t |O}rm |=yQ}eDt Q_=vDt
xHwD "s}t=v|t x}=B QO s=t |O}rm uwDU =Q (t = 1; : : : ; p) =ySt xawtHt R= |O}rm Q}eDt
R= |O}rm Q}eDt I}y w OvOQo|t ?=NDv= (t = 1; : : : ; p)St R= '|O}rm |=yQ}eDt xm O}�=tv
|O}rmQ}e |=yQ}eDt 'OvW=@|tv |O}rm |=yQ}eDt xm |U=U= |=yQ}eDt "OOQo|tv ?=NDv= S0
|=yQ}eDt |rm O=OaD "Ov} wo |O}rmQ}e |=yuwDU =Q =yu; Q_=vDt |=yuwDU w OvwW|t xO}t=v

"OW=@|t m |O}rmQ}e
1) Key and Nonkey Variables
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1|Q=m x}=B uOQw; CUOx@ 17�3
O}vm ZQi xwqax@ &OW=@ u; Q_=vDt x}=B B w x}rw= |vOW |U=U= Q=OQ@ xB O}vm ZQi

'x}rw= x}=B |=Q@ "Ov=xOW ?=NDv= (t = 1; : : : ; p)St |xawtHt R= xB QO |O}rm |=yQ}eDt
:OOQo|t ?=NDv= Q} R CQwYx@ |Q=m x}=B

|=yQ}eDt xm 'O}�=tv?DQt |DQwY x@ =Q �B x}=B QO =Q u; Q_=vDt |=yuwDU w�xB |=yQ}eDt
|=yQ}eDt R= TB "OvQ}o Q=Qk |rw= uwDU p QO (t = 1; : : : ; p)St |=yxawtHt QO |O}rm
"O}�=tv ?DQt |k} Q] x@ =Q (t = 1; : : : ; p)St |xawtHt QO |O}rmQ}e |=yQ}eDt '|O}rm

:OOQo|t R=Qi= Q} R CQwYx@ B Q_=vDt x}=B 'QmPr=jwi VwQ =@ uOwtv ?DQt R= TB

B =

26666664
t = 1; : : : ; p ?}DQDx@ |O}rm |=yuwDU ... |O}rmQ}e |=yuwDU

P
... R

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

D
... Q

37777775
pw= Q]U m

QN; Q]U p

(23�3)

Q "CU= p� p u ; |x@DQt xm CU= |Q]k w OW=@|t OQivtQ}e T} QD=t l} D u; QO xm
:O}vm ZQi "OW=@|t uwDU Qy QO QiY hr=Nt w[a l} QFm =OL pt=W xm CU= |U} QD=t

T =

26664D
�1 ... �D�1Q

: : : : : : : : : : : : : :

0 ... Im

37775 (24�3)

D�1 R= xO=iDU= =@ T T} QD=t "OW=@|t OQivtQ}e m+ p |x@DQt R= `@ Qt T} QD=t l} T
:CU= |FrFt q=@ T} QD=t l} xm &CU= xOW xDN=U Q w

BT =

26664PQ
�1 ... S

: : : : : : : : : :

Ip
... 0

37775 (25�3)

1) Derivation oj the Working Basic
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T} QD=t S Qo = "OW=@|t m |x@DQt R= `@ Qt T} QD=t l} S = �PD�1Q+R u; QO xm
QO w Ow@ Oy=wN |]N |xDU@=w |xawtHt l} BT uwDU m |xawtHt x=ou; &OW=@ OQivt
?Q[pY=L� OW=@|t T w B uOw@ OQivt=v =@ Zk=vD xm 'OW=@|t OQivt T} QD=t BT xH}Dv
T} QD=t "OW=@|t OQivt=vT} QD=t S wQu}= R= "�OQivtQ}eCU= |U} QD=t 'OQivtQ}eT} QD=t wO
T} QD=t l} xmB uDW=O =@ "OW=@|t xr-=Ut |=Q@ |Q=m x}=B 'OW h} QaD jwi CQwYx@ xm |=S
uOwtv ?DQt =@ w B T} QD=t |O}rm |=yQ}eDt ?=NDv= =@ w OW=@|t (m+ p)� (m+ p)

xr}Uwx@ |Q=m x}=B w "OOQo|t R=Qi= 20�3 CQwYx@ |O}rmQ}e w |O}rm |=yQ}eDt

S = �PD�1Q+R

"Owtv x@U=Lt R}v Q} R CQwYx@ u=wD|t =Q S |Q=m x}=B "OwW|t x@U=Lt

|Q=m x}=B |x@U=Lt |=Q@ |WwQ 18�3
'|QN; O}k p xm OvOQo ?DQt |DQwYx@ |DU}=@ LP |=yO}k 'OW QmP ,q@k xm|Qw]u=ty
'pw= uwDU p xm s}U} wv@ |DQwYx@ |DU}=@ =Q x}=B Qw]u}ty "OvW=@ GUB |=yO}k x@ \w@ Qt
'CWPo xm |LQW x@ B uOwtv ?DQt R= TB "OvwW t = 1; : : : ; p?}DQDx@ |O}rm |=yuwDU
|O}rmQ}e uwDU u}rw= R= ẁQW =@ "CU= |O}rmQ}e |=yuwDU x@ \w@ Qt u; |QN; uwDU m

uwDU xm O}vm ZQi "O}yO s=Hv= |O}rmQ}e |=yuwDU =@ x]@=Q QO =Q Q} R C=@U=Lt 'B QO
uwDU 'O}yOv s=Hv= uwDU u}= |wQ |rta I}y 't1 = 0 Qo = "OW=@ St1 x@ \w@ Qt xOW ?=NDv=
pw= uwDU R= |@U=vt ?} Q[ �1 � t1 � p uwDU |va}� "O}�=tv ?=NDv= =Q |Oa@ |O}rmQ}e
w[a xm|Qw]x@ �|O}rmQ}e uwDU R= =Q |O}rm uwDU R= |@ Q[t |va}� O}vm sm uwDU u}= R= =Q
�OQ=O OwHw QiYQ}e w[a l} \ki uwDU u}= QO xm O}vm xHwD� OwW QiY uwDU u}= QiYQ}e
s=Hv= TB "O}yO s=Hv= Qo}O |O}rmQ}e |=yuwDU =@ =Q Q=m u}ty 'x@U=Lt u}= s=Hv= R= TB
hr=Nt w[a x@ =Q |O}rm |=yuwDU |=[a= '|O}rmQ}e |=yuwDU =@ x]@=Q QO jwi C=}rta
p}O@D BT T} QD=t x@ =Q x}=B 'x}=B |wQ jwi C=}rta xm CU= K[=w "O}�=tv s}UkD =yu; QiY
Q]U m QO `k=w m�m T} QD=t R= CU= CQ=@a |Q=m x}=B w "�25�3 QO BT � "O}=tv|t

     irmgn.ir



|Q=m x}=B |x@U=Lt |=Q@ |WwQ 18�3 261

"pY=L T} QD=t R= QN; uwDU m w pw=

x}=B l} R= =Q |Q=m x}=B l} xvwoJ xm s}yO|t K}[wD p=Ft u}= QO "p=Ft 24�18�3
(m+ 1)� (m+ p) xOW xO=O x}=B \ki p=Ft u}= QO wQu}= R= "s} Qw;|t CUOx@ xOW xO=O

"p = 5 w m = 4 =Hu}= QO "CU= xOt=}v pt=m Qw]x@ LP Q=DN=U w xOW ^wLrt
u; QO xm 'OW=@ x}=B Q=OQ@ xB = (x1; x2; x3; x4; x5; x6; x7; x8; x9) O}vm ZQi
x6 w x7 'x8 'x9 |=yQ}eDt "OvDUy x}=B u}= QO |O}rm |=yQ}eDt (t = 1; : : : ; 5)xt

:s} Q}o|t Q_vQO Q} R CQwYx@ =Q B x}=B "OvW=@|t x}=B u}= QO |O}rmQ}e |=yQ}eDt

|O}rm |=yuwDU |O}rmQ}e |=yuwDU

B =

0BBBBBBBBBBBBBBBBBBBBBBBBB@

1 2 2 4 �1 ... 2 �73 0 1
2 3 1 3 �2 ... 2 0 1 2
0 1 1 2 �3 ... 0 2 1 1
0 2 1 �1 2 ... 1 0 1 0
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

3 0 0 0 0 ... 1 �2 0 0
0 2 0 0 0 ... 0 0 4 0
0 0 �1 0 0 ... 0 0 0 �3
0 0 0 4 0 ... 0 0 0 0
0 0 0 0 �5 ... 0 0 0 0

1CCCCCCCCCCCCCCCCCCCCCCCCCA

GUB Q}e |=yQ]U |=[a=

GUB |=yQ]U |=[a=

(26�3)

GUB Q_=vDt |=yQ]U QO x7 w x6 |=yQ}eDt Q_=vDt |va} x}=B QO sDiy w sWW |=yuwDU
wQu}= R= '�sHvB Q]U QO |va} 'GUB Q_=vDt |=yO}k pw= Q]U QO� OvQ=O QiYQ}e |=[a=
|DU}=@ x7 w x6 'x1 |U=U= |=yQ}eDt u=}t R= "OvW=@ S1 R= xr-=Ut u}= QO |DU}=@ x7 w x6
Q}eDt 'S1 |xawtHt R= x7 w x6 'x1 |U=U= |=yQ}eDt u=}t R= "OvW=@ S1 R= xr-=Ut u}= QO
|O}rmQ}e |=yQ}eDt xm CU= K[=w VwQ u}ty =@ "OOQo|t ?=NDv= |O}rm Q}eDt u=wva x@ x1
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"OvW=@|t S2 w S1 |=yxawtHt R= x}=B QO �?}DQDx@� syv w sDWy |=yuwDU Q_=vDt x9 'x8
CUOx@ |=Q@ "OvW=@|tS3 w S2 |=yxawtHt R= ?}DQDx@ x5 w x4 |=yQ}eDt xr-=Ut u}= QO

"s}yO s=Hv= =Q Q} R C=}rta |DU}=@ |Q=m x}=B uOQw;
R= =Q swU uwDU 42 w sDiy uwDU R= =Q swO uwDU �23 'sWW uwDU R= =Q pw= uwDU 13
w swO w pw= |=yuwDU w s}�=tv j} QiD 9 uwDU R= =Q swU uwDU �34 xQNq=@ w sDWy uwDU
C=}rta s=Hv= R= TB "s}vm s}UkD �5 w 4'�1'2'3 O=Oa= x@ ?}DQDx@ =Q sHvB w sQ=yJ w swU

"CW=O Oy=wN 25�3 pmW x@ |DQwY B jwi

|O}rm |=yuwDU |O}rmQ}e |=yuwDU

BT =

0BBBBBBBBBBBBBBBBBBBBBBBBB@

13 11 �2 1 15
... 53 �53 �4 �5

23 32 �1 34 25
... 43 43 �5 �1

0 12 �1 24 35
... 0 2 �1 �2

0 1 �1 �14 �25
... 1 0 �3 �3

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

1 0 0 0 0 ... 0 0 0 0
0 1 0 0 0 ... 0 0 0 0
0 0 1 0 0 ... 0 0 0 0
0 0 0 1 0 ... 0 0 0 0
0 0 0 0 1 ... 0 0 0 0

1CCCCCCCCCCCCCCCCCCCCCCCCCA

GUB Q}e |=yQ]U |=[a=

GUB |=yQ]U |=[a=
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"OvDUy pL p@=k

"p;wO |=yQ}eDt |x@U=Lt |=Q@ |Q=m x}=B Tma uOQ@ Q=mx@ 27�18�3
?}=Q[ |rY= |Q]U Q=OQ@ CB w u; Q_=vDt x}=B B w 22�3 |U=U= Q=OQ@ xB O}vm ZQi

:O}vm ZQi "OW=@ 22�3 QO xB Q_=vDt Ct}k
w = (w1; : : : ; wm; wm+1; : : : ; wm+p)

:x=oDUO pL R= u=wD|t =Q w Q=OQ@ "OW=@|t 22�3 xr-=Ut Q_=vDt p;wO |U=U= ?=wH
wB = CB

:=@ CU= pO=at jwi x=oDUO xm "OQw; CUOx@
WBT = CBT

     irmgn.ir



266 TmrBt}U |=yVwQ `=wv= 3 pYi

:|va}

w

0BBB@PD
�1 ... S

: : : : : : : : : :

Ip
... 0

1CCCA = v = CBT (29�3)

:u}=Q@=v@

v = CBT = (v1; : : : ; vp; vp+1; : : : ; vp+m) (30�3)

"CU= x@U=Lt p@=k |oO=U x@
:OOQo|t pY=L 29�3 R=

(w1; w2; : : : ; wm) = (vp+1; : : : ; vp+m)S�1 (31�3)

w

(wm+1; : : : ; wm+p) = (v1; : : : ; vp)� (w1; : : : ; wm)PD�1 (32�3)

"OQw; CUOx@ =Q w Q=OQ@ u=wD|t |oO=U x@ B�1 w CB 'B uDW=O =@ wQu}= R=

24�18�3p=Ft QO xm OW=@ u=tyB w p = 5 wm = 4 O}vm ZQi "p=Ft 28�18�3
ZQi "OvO}OQo XNWt p=Ft u; QO xm OvDUy =yu=ty |O}rmQ}e w |O}rm |=yQ}eDt "OW xO=O

: O}vm
CB = (�1;�1; 2;�5; 5; 2;�7

3 ;�7;�4)

w
w = (wi j i = 1; : : : ; 9)

:TB

v = CBT = (�1
3 ;�

1
2 ;�2; 54 ;�1; 73 ;�3;�5;�10)

     irmgn.ir



|Q=m x}=B |x@U=Lt |=Q@ |WwQ 18�3 267

:s} Q=O OW xDio xJu; x@ xHwD =@ wQ u}= R=

(w1; w2; w3; w4) =(
7
3 ;�3;�5;�10)s�1

=(1;�1; 0; 2)

(w5; w6; w7; w8; w9) =(�1
3 ;�

1
2 ;�2;�5

4 ;�1)�
(1;�1; 0; 2)PD�1 =(0; 2; 1;�1; 0)

:R= Ow@ Oy=wN CQ=@a w Q=OQ@ TB

w = (1;�1; 0; 2; 0;�2; 1;�1; 0)

T} QD=t Tma uOQ@ Q=mx@ =@ =Q C=@U=Lt |x}k@ |DQwY xJ x@ 29�18�3
"O=O s=Hv= u=wD|t |Q=m x}=B

:s} Q=O B x}=B x@ C@Uv xj Q}eDt |=Q@ �?}=Q[ |@Uv Ct}k� �cj x@U=Lt |=Q@
�cj = cj � waj (j = 1; : : : ; n)

�22�3 |xr-=Ut |=Q@� OW=@|t xv}y@ |x}=B l} Q_=vDt B x}=B 'OvW=@ |ivt=v =y�cj |t=tD Qo =
Q}eDt xk "s} Q}o|t Q_vQO �ck < 0 =@ =Q xk Q}eDt CQwYu}= Q}e QO "s}OQo|t hkwDt

:OOQo|t RwQx@ Q} R CQwYx@ �aj Q=OQ@ "Ow@ Oy=wN xOvwWOQ=w

B�aj = aj (33�3)

:CWwv R}v Q} R CQwYx@ =Q jwi |xrO=at u=wD|t

BT (T�1�aj) = aj (34�3)

:s}yO|t Q=Qk
� = (�1; : : : ; �p; �p+1; : : : ; �p+m) = T�1�aj

     irmgn.ir



268 TmrBt}U |=yVwQ `=wv= 3 pYi

"CU= xOW x@U=Lt ,q@k xm CU= u=ty T u; QO xm

BT� = aj0BBB@PD
�1 ... S

: : : : : : : : : :

Ip
... 0

1CCCA� = aj

:|va}
(�1; : : : ; �p) = (am+1j ; : : : ; am+pj)

w

(�p+1; : : : ; �p+m) = s�1[(a1j ; : : : ; amj)�D�1(am+1j ; : : : ; am+pj)]

:=Hu; R= w
�aj = T (�1; : : : ; �p; �p+1; : : : ; �p+m)

|xr-=Ut OW=@|t OwOLt=v u}�=B R= |vOW x}L=v QO z x=ou; '�aj � 0 Qo = �aj |x@U=Lt =@
st}v|t xOa=k R= xO=iDU= =@ CQwYu}= Q}e QO "s}OQo|t hkwDt OQ=O |y=vDt=v |xv}y@ 22�3
|=yQ}eDt Q}O=kt Q=OQ@ �b s}vm ZQi "OOQo|t XNWt Q} R KQW x@ xOvwWGQ=N Q}eDt C@Uv

:s} Q=O CQwYu}= QO "OW=@ B x}=B Q_=vDt |U=U=

� = Min
� �bi

�aik
j �aik > 0

�
=

�br
�ark

(35�3)

XNWt OQix@ QYLvt Qw]x@ r xm|DQwY QO "Ow@ Oy=wN xOvwWGQ=N Q}eDt xr CQwYu}= QO
"Owtv ?=NDv= =Q |m} x=wNrO x@ u=wD|t &OOQov

|U=U= Q}O=kt uOwtv RwQx@ 19�3
|Q=m x}=B S w OW=@ 22�3 |xr-=Ut |=Q@ B x}=B Q_=vDt |vOW |U=U= Q=OQ@ xB O}vm ZQi
p w OW=@ k pt=W S� xm OW=@ u=vJ � O}vm ZQi "xOvwWOQ=w Q}eDt xk w u; R= GQNDUt

     irmgn.ir



|U=U= Q}O=kt uOwtv RwQx@ 19�3 269

"OW=@|t Sp R= xOvwWGQ=N Q}eDt w S� R= xOvwWOQ=w Q}eDt wQu}= R= "r 2 Sp xm OW=@ u=vJ
"OOQo |UQQ@ xv=o =OH |DU}=@ xm OQ=O OwHw Cr=L u}OvJ

"pw= Cr=L
"OW=@|tv |O}rm |=yQ}eDt R= x2 xOvwWGQ=N Q}eDt

ZQi "OW=@|t B |QN; uwDU m R= |m} B x}=B R= xOvwWGQ=N uwDU 'Cr=L u}= QO
u}= "OQ}o Q=Qk B uwDU s=p + g QO QO xr uwDU u}=Q@=v@ "OW=@ xB QO s=p + g 'xr O}vm

�22�3 QO� "OOQo u} Ro}=H xk uwDU =@ CU= Q=Qk uwDU
:TB "CU= xO}OQo R=Qi= |r@k CQwY u=tyx@ B O}vm ZQi

xOvwWGQ=N uwDU =

0BB@R::
Q

1CCA uwDU s=g

xOvwWOQ=w uwDU =

 
a0k
uk

!
'� 6= 0 Qo =� OW=@|t QiY hr=Nt w[a l} QFm =OL pt=W uk w "ak =

 
a0k
uk

!
u; QO xm

x}=B "�uk = 0 CQwYu}= QO � = 0 Qo = "OW=@|t QiYQ}e uk w[a s=� 'k 2 S� uwJ
ZQi "OOQo|t pY=L ak � PD�1uk =@ S QO uwDU s=g uOwtv u} Ro}=H =@ |Q=m O}OH

:O}vm
h =(h1; : : : ; hm)t

=s�1(ak � PD�1uk)

Tma CU=Q CtU s=h uwDU uOwtv OQ=w =@ u=wD|t |Q=m x}=B Tma 'Cr=Lu}= QO 'wQu}= R=
Q]U u=wvax@ g w |QwLt uwDU u=wvax@ h uDW=O ^wLrt =@ |QwLt pta s=Hv= =@ w S�1

"|QwLt
Tma uOwtv RwQx@ |=Q@ |QwLt uwDU xm 'h Q=OQ@ 'Cr=Lu}= QO O}W=@ xDW=O xHwD "xHwD
uwDU =@ xv OwW|t x@U=Lt 22�3 QO |rY= uwDU uOQ@ Q=mx@ =@ ,=t}kDUt OW=@|t |Q=m x}=B

     irmgn.ir



270 TmrBt}U |=yVwQ `=wv= 3 pYi

"xk Q_=vDt xOW RwQx@

O v W= @ u= t y B w xB w p = 5 wm = 4 s } v m ZQ i "p= F t 30�19�3
uw D U Q _= v D t x m x10 Q } e D t x m O } v m ZQ i "O vOw @ 24�18�3 p= F t QO x m
S0 R= x10 xm CU= K[=w "OW=@ xOvwWOQ=w Q}eDt '(�13 ; 53 ; 6; 2; 0; 2; 0; 0; 0) = a10
Q=OQ@ "OW=@ x9 x}=B R= xOvwWGQ=N Q}eDt xm O}vm ZQi "�#=QJ� "OW=@|t S2 R= w OW=@|tv

:Ow@ Oy=wN Q} R CQwYx@ O}OH |U=U=

xB1 = (x1; x2; x3; x4; x5; x6; x7; x8; x10)

w

h =(h1; h2; h3; h4)

=S�1[(�1
3 ;

5
3 ; 6; 2)� PD�1(0; 2; 0; 0)]

=(0; 2; 1;�1)t

sQ=yJ Q]U |QwLt Q]U OW=@|t xB QO |O}rmQ}e Q}eDt u}tQ=yJ 'xOvwWGQ=N Q}eDt uwJ
"Ow@ Oy=wN

S�1 |QwLt uwDU
84 33 48 �183 0
19 8 11 � 127

3 0
28 11 16 � 184

3 1
�2 �1 �1 14

3 �1
:s} Q=O |QwLt pta s=Hv= R= TB

O}OH |Q=m x}=B Tma �S�1 OwW|t h |QwLt uwDU
84 33 48 �183 0
19 8 11 � 127

3 0
28 11 16 � 184

3 1
�2 �1 �1 14

3 1

     irmgn.ir



|U=U= Q}O=kt uOwtv RwQx@ 19�3 271

"OOQo|t hPL |QwLt pta s=Hv= R= TB |QwLt uwDU
"swO Cr=L

CU= |QwQ[ |xawtHt QO |O}rm Q}eDt xOvwWGQ=N Q}eDt
|QwQ[ |xawtHt l} OW=@|t xOvwWGQ=N Q}eDt pt=W xm Sp |xawtHt 'Cr=Lu}= QO
xOvwWOQ=w Q}eDt "�CU= |QwQ[ |xawtHt Sp =QJ� OW=@|t xB |U=U= Q=OQ@ x@ C@Uv
QO "OW=@v � CU= umtt =} OW=@ � u=ty CU= umtt p w 'OW=@|t S� |xawtHt R= xk
|U=U= Q=OQ@ x@ C@Uv |O}rmQ}e |=yQ}eDt R= |[a@ 'Sp |xawtHt 'ZQi j@] Cr=Lu}=
CQwY xrLQt wO QO Cr=L u}= QO |Q=m x}=B T} QD=t Tma uOwtv RwQx@ "OQ=OQ@ QO =Q xB
OW=@|t Sp |xawtHt QO xm =Q �xOvwWGQ=N Q}eDt� xr |O}rm Q}eDt pw= |xrLQt QO "OQ}PB|t
xB Q=OQ@ x@ C@Uv� s}vm|t Zwa CU= |O}rmQ}e w CU= xawtHt u}= QO xm |Qo}O Q}eDt =@
xB0 |U=U= Q=OQ@ x@ p}O@D xB |U=U= Q=OQ@ 'xQ=@ wO uOwtv ?DQt R= TB �OwW|t xO}HvU
hqDN= "OW=@|t |m} xB0 w xB QO |U=U= |=yQ}eDt xawtHt xm O}�=tv xHwD "OOQo|t
"OW=@ xB0 |U=U= Q=OQ@ Q_=vDt x}=BB0 O}vm ZQi "OW=@|t =yu; uDiQo Q=Qk ?}DQD QO \ki
R= |O}rmQ}e uwDU l} =@ s=p |O}rm uwDU Z} waD =@ B R= B0 xm s} wW|t Qw;O=} ,=OOHt
w B |U=U= |=yuwDU uwJ "CU= xOW |O}rm '|O}rmQ}e uwDU xm 'CU= xOt; CUOx@ Sp
R= xOt; CUOx@ |Q=m x}=B R= CU= umtt &B0 R= xOW x@U=Lt |Q=m x}=B 'OvDUy Cw=iDt B0
=Q xr 'swO |xrLQt QO "s}�=tv|t x@U=Lt =Q B0 R= S�10 pw= |xrLQt QO "OW=@ Cw=iDt B

"s}�=tv|t xOvwWOQ=w Q}eDt =@ u} Ro}=H 'CU= |O}rmQ}e Q}eDt uwvm = xm
"pw= |xrLQt

QO xr Q}eDt uwDU 'B uwDU u}t=p u}=Q@=v@ 'OW=@|t Sp R= |O}rm uwDU xr uwJ
'OvW=@B QO Sp |O}rmQ}e |=yuwDU |t=tD p+ if ; : : : ; p+ j1 s}vm ZQi OW=@|t22�3
?}DQDx@ p + if ; : : : ; p + j1 'p |=yuwDU QO s=m + p Q]U QO xm s}vm ZQi xwqax@
QiYQ}e |=[a= =yvD '=[a= u}= xm CU= K[=w "dpf ; : : : ; dp2; dp1; dp0 R= OvW=@ CQ=@a =[a=
?=NDv= =Q B R= 'Sp |xawtHt |O}rmQ}e |=yuwDU R= |w[a "CU= B s=m+ p Q]U QO
p + j1 uwDU u}= O}vm ZQi "OwW Zwa Sp |O}rm uwDU =@ =Q u; CU= Q=Qk xm 'O}�=tv

     irmgn.ir



272 TmrBt}U |=yVwQ `=wv= 3 pYi

|D=tOkt T} QD=t "s}vm Zwa =Q B QO p+ j1 w p uwDU s}y=wN|t =t xrLQt u}= QO "OW=@
"O}�=tv h} QaD Q} R CQwYx@ =Q T2 'm�m

uwDU uwDU uwDU
j2 j1 j3

T2 =

2666666666666666664

1 0 : : : 0 : : : 0 : : : 0 : : : 0
0 1 0 0 0 0
...

...
...

...
...

...

0 0 0 0 0 0
... �dp2

dp1
: : : �dp0

dp1
: : : �dp3

dp1
: : :

0 0
...

...

0 0 1

3777777777777777775
CU= CQ=@a j1� j1 Q]U QO xmu}= RH �Im |va}� CU= |v=m} T} QD=t u=ty T2 T} QD=t
p |O}rm uwDU =@ uOW Z} waD p=L QO xm B x}=B T} QD=t QO p + j1 |O}rmQ}e uwDU R=
R= j1 Q]U QO uwDU |=[a= "OW=@|t ��dp0

dp1
� 'T2 R= j1 Q]U QO |Q]k w[a "OW=@|t

Q]U QO T2 QO |=[a= |t=tD (u = 2; : : : ; f) (�dpu
dp1

) R= OvDUy CQ=@a T2 T} QD=t
"OvW=@|t QiY Q@=Q@ j1

w S =Qu; xm B R= GQNDUt |Q=m x}=B u}@ xm �O}�=tv C=@F=� OQm C@=F u=wD|t |oO=U x@
:x]@=Q s}t=v|t S0 =Q u; xm B0 R= GQNDUt |Q=m x}=B

S0 = ST2

R= Ow@ Oy=wN CQ=@a Sp QO |O}rmQ}e w |O}rm |=yuwDU Z} waD QF= 'wQu}= R= "CU= Q=QkQ@
"O};|t CUOx@ Q} R x]@=Q R= xm S�1 |=Hx@ S�10 uOwtv u} Ro}=H

S�10 = T�12 S�1

�(AB)�1 = B�1A�1 O}vm xHwD�

     irmgn.ir



|U=U= Q}O=kt uOwtv RwQx@ 19�3 273

Tma xm O}vm C@=F� OQm C@=F u=wD|t |oO=U x@ CU= |D=tOkt T} QD=t T2 uwJ
�|QwLt Q]k w[a RH� j1 Q]U |=[a= |t=tD xm O};|t CUOx@ CQwYu}O@ T2 T} QD=t

�"s}�=tv s}UkD |Q]k w[a Tma |ivt x@ =Q

"OW=@|t 24�18�3p=Ft Q=OQ@ xB w p = 5 wm = 4 O}vm ZQi "p=Ft 31�19�3
QO x1 Q}eDt "OOQo x1 u} Ro}=H w OwW xB Q=OQ@ OQ=w CU= Q=Qk x10 Q}eDt O}vm ZQi
OW=@|t xB QO |O}rmQ}e |=yQ}eDt x7 w x6 |=yQ}eDt w CU= |O}rm Q}eDt 'S1 |xawtHt
=} x6 w s}�=tv|t |O}rmQ}e Q}eDt =Q x1 Q}eDt =OD@= Cr=Lu}= QO "Ov=xOt; S1 |xawtHt R= xm
|O}rm Q}eDt u=wva x@ =Q x7 O}vm ZQi "s}vm|t |iQat S1 QO |O}rm Q}eDt u=wva x@ =Q x7
CQwYx@ xB |U=U= Q=OQ@ OOHt uOwtv ?DQt R= TB �S1 |xawtHt QO� s}�=tv|t |iQat

: Ow@ Oy=wN Q} R
xB = (x7; x2; x3; x4; x5; x6; x1; x8; x9)

Zwa =Q sDiy w pw= |=yuwDU xm Ot; CUOx@ CQwYu}O@ w OW=@|t B0 x}=B Q_=vDt xm
xm xB QO |O}rm |=yQ}eDt R= |rY= ?=NDv= =@ |Q=m x}=B Tma |va} 'S�1 Tma "s}Owtv
xm |DQwYx@ T2 |D=tOkt T} QD=t "OW xOQw; CUOx@ Ow@ xDiQo CQwY 24�18�3p=Ft QO
Q_=vDt |Q=m x}=B S0 Tma "CU= xOW xO=O ,q}P x7 =@ x1 Z} waD |=Q@ 'OW h} QaD q=@ QO

:CU= xOW xOQw; R}v B0

T2 =

2666664
1 0 0 0
12 32 0 0
0 0 1 0
0 0 0 1

3777775 T�12 =

2666664
1 0 0 0
�13 23 0 0

0 0 1 0
0 0 0 1

3777775

S�10 = T�12 S�1 =

2666664
84 33 48 �183
�543 �7 �10 39
26 10 15 �1703
2 1 1 �143

3777775
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"OOQo|t p}tmD |QwLt pta u}= QO pw= |xrLQt CQwYu}O@ w
"swO |xrLQt

CU= |QwQ[ |xawtHt QO |U=U= Q}eDt xOvwWGQ=N Q}eDt
R= l} Qy R= Q}eDt l} pk=OL |DU}=@ 22�3 |U=U= Q=OQ@ Qy p@k |x}[k j@]
Q}eDt =yvD xr xOvwWGQ=N Q}eDt uwJ "OW=@ xDW=O |DU}=@ (1 � t � p) st |=yxawtHt
xJ 'OW=@ Sp R= |DU}=@ R}v xk xOvwWOQ=w Q}eDt �xB |U=U= Q=OQ@ QO� OW=@|t sp R= |U=U=
�#=QJ� Ow@ Oy=wNv 22�3 |U=U= Q=OQ@ xB 'xk =@ xr uOwtv u} Ro}=H =@ CQwYu}=Q}e QO

"Ov=t|t |k=@ Q}}eD uwO@ |Q=m x}=B Tma |va} S�1 wQu}= R=
'OvO}OQo RwQx@ |Q=m x}=B T} QD=t Tma '|U=U= ?=wH '|U=U= Q=OQ@ xmu}= R= TB

"OQ}PB|t CQwY sD} Q=or= xtD=N =D C=}rta

xOW KqY= TmrBt}U VwQ x@ C@Uv GUB |QDQ@ 20�3
|=Q@ "OW=@|t |Q=m x}=B Tma uOwtv RwQx@ 'TmrBt}U sD} Q=or= pL=Qt QO VWwm u} QDW}@
m+p |x@DQt R= |Q=m x}=B xm s} Qw@Ht '|rwtat xOW KqY= TmrBt}U =@ 22�3 xr-=Ut pL
xDW=O Q=mwQU m |x@DQt R= |Q=m x}=B l} =@ xm OR=U|t QO=k =Q =t GUBT "s}W=@ xDW=O

"CU= QD=Q=m Q=}U@ C=@U=Lt Q_v R= GUBT =@ 22�3 xr-=Ut pL wQu}= R= "s}W=@
uOwtv =Q=m w C=@U=Lt p}rkD CyH QO =yu; pY=L Q=DN=U R= =yLP QO xm |�=yVwQ
OQ@|t q=@ =Q Q=m u=tOv=Q 'lJwm |Q=m x}=B Tma uDW=Oxov =@ w O}=tv|t xO=iDU= 'C=}rta
xm |=xv}tR "OW=@|t =yVwQ u}= R= |m} GUBT "OQ=O s=v 1Twmat xOQWi |=yVwQ
"Ov}=tv|t xO=iDU= xr-=Ut pY=L Q=DN=U R= x]w@ Qt |]N |R} Qxt=vQ@ p�=Ut pL QO =yVwQ
CLD "�OW=@|t |SwrwvmD T} QD=t =} ?}=Q[ T} QD=t Q=DN=U x@ \w@ Qt pY=L Q=DN=U�
`@=vt x@ xv}tR u}= QO QDW}@ xar=]t CyH "OvwW|t xO}t=v 2|Q=DN=U |]N |R} Qxt=vQ@ u=wva

"OwW xaH=Qt ��
1) Copact Inverse Method 2) Structured Linear Programming
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xOW KqY= TmrBt}U VwQ =OD@= pYi u}= QO "swU pYi xYqN 32�20�3
CU= p}P KQW x@ u; xYqN xm O}OQo u=}@

B�1 w u; Q_=vDt B O}vm ZQi w O} Qw; CUOx@ |vOW |U=U= ?=wH l} "x}rw= sOk
:x]@=Q R= =Q w "OW=@ CUO QO

w = cBB�1

"O}yO p}mWD =Q Q} R xOW KqY= TmrBt}U pwOH w �b = B�1b O}yO Q=Qk w O}�=tv x@U=Lt
w cB�b

B�1 �b

"O}vm x@U=Lt |U=U=Q}e |=yQ}eDt |t=tD |=Q@ "|rY= sOk
zj � cj =waj � cj (j 2 NB)

zk � ck =Max
j2NBfzj � cjg

:CQwYu}=Q}e QO OW=@|t xv}y@ pwOH Q_=vDt ?=wH 'O} wW hkwDt zk � ck � 0 Qo =

�ak = B�1ak

QO
 
zk � ck

�ak

!
uwDU �ak 6� 0 Qo = "OQ=O |y=vDt=v xv}y@ xr-=Ut CQwYu}= QO �a � 0 Qo =

"OOQo|t Q} R pwOH uOt; OwHw x@ QHvt xm O}yO Q=Qk QwmPt pwOH CU=Q CtU
w cB�b

B�1 �b

zk � ck
�ak

"O}�=tv XNWt =Q xOvwWGQ=N Q}eDt xH}Dv QO w Q}eDt T}Ov= p}P |x]@=Q R=
�br
�ark

= Min
� �bi

�aik
j �aik > 0

�
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hPL ,qt=m =Q xk xOW xi=[= uwDU w O}�=tv RwQx@ =Q pwOH u}= |QwLt C=}rta s=Hv= =@
"O}vm Q=QmD =Q C=}rta w O}�=tv

pY=L |=yQ=OQ@ ?Q[pY=L CQwYx@ =QT} QD=tTma |QDw}Bt=m |=yOm xm OwW xHwD
�OOQo x_Lqt pYi uDt� "O}=tv|t x@U=Lt

wolf s=vx@ |w u=OQo =W R= |m} w n} RDv=O GQH QwUiwQB \UwD xOW KqY= TmrBt}U
"OW `=O@=

\UwD 'OwW|t xO}t=v p;wO TmrBt}U xm TmrBt}U |=yCv=} Q=w R= |Qo}O VwQ
QO u; R= xvwtv l} xm 'OQ=O |O=} R Q=}U@ |=yOQ@ Q=m VwQ u}= "�1954� OW `=O@= Lemke

"CU= p}P KQW x@ VwQ u}= xYqN w OW=@|t |QUm |R} Qxt=vQ@ QO xLiY VQ@
zj�cj � 0j Qy<=R=@ xm O}@=}@B Ovv=t x}=Bl} "x}rw= sOk "p;wOTmrBt}UVwQ xYqN
"�OW xDio CkO =@ pYi u}= QO |=x}=B u}vJ uOwtv =O}B VwQ� OW=@ |vOW p;wO x}=B |va}

"|rY= sOk
QO "CU= xv}y@ ?=wH pwOH Q_=vDt ?=wH 'O} wW hkwDt �b = B�1b � 0 Qo = �1
CQwYx@ ,qwtat ?=NDv= VwQ �br < 0 xm O}�=tv ?=NDv= r Ovv=t |Q]U CQwYu}=Q}e

:OW=@|t Q} R
�br = Minf�b : j �bi < 0g

|vOWv p=t}=QB w OwOLt=v p;wO Cr=L u}= QO "O} wW hkwDt �j Qy <=R=@� �arj � 0 Qo = �2
?=NDv= Q} R pwtQi j@] |QwLt uwDU u=wva x@ =Q s=k uwDU CQwYu}= Q}e QO "CU=

:O}�=tv
zk � ck

�ark
= Min

�
zj � cj

�arj
j �arj < 0

�
sOk QO �1� x@ w O}yO s=Hv= =Q |QwLt C=}rta '�ark |QwLt w[a uDW=O ^wLrt =@ �3

"O}OQoQ@ |rY=
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|xr}Uwx@ sD} Q=or= u}= "Ow@ p;wO�p=t}=QB sD} Q=or= 'O}OQo u=}@ pYi u}= QO xm |Qo}O sD} Q=or=
xm uywm Q=m =@ p;wO � p=t}=QB sD} Q=or= "�1956� OW `=O@= 2uwUQmrwi w 1OQwi w n} RDv=O
u}= "OW p}tmD w xOv=QwQB Ow@ xDiQo CQwY X}YND |xr-=Ut =@ x]@=Q QO 1955 p=U QO
xOQw; ,q}P VwQ u}= xYqN "CU= xOvRQ= Q=}U@ |OQ@ Q=m Q_v R= sy w |Qw�D Q_v R= sy VwQ

"OwW|t

"p;wO � p=t}=QB sD} Q=or= xYqN 33�20�3
"x}rw= sOk

: j Qy <=R=@ xm O}vm ?=NDv= u=vJ =Q w Q=OQ@

waj � cj � 0

"|rY= sOk
O}vm ZQi �1

Q = fj j waj � cj = 0g

"O}�=tv pL =Q CU= xOW 3OwOLt p=t}=QB |xr-=Ut x@ hwQat xm =Q Q} R |xr-=Ut

Min
X
j2Q

0xj + 1xa

s: t:
X
j2Q

ajxj + Ixa = b

xj � j 2 Q
xa � 0

"OW=@ OwYkt `@=D |xv}y@ Q=Okt x0 O}vm ZQi
1) Ford 2) Fulkerson 3) Reslicted Primal
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K.K.T \}=QW QO jwi |xr-=Ut pL R= pY=L ?=wH CQwY u}= QO 'x0 = 0 Qo =
OwOLt |xr-=Ut |xv}y@ ?=wH |va}� OW=@|t xv}y@ ?=wH xH}Dv QO &Ovm|t jOY

"�OW=@|t |rY= |xr-=Ut |xv}y@ ?=wH 'xOW
QmPr=jwi p=t}=QB xOW OwOLt xr-=Ut p;wO |xv}y@ ?=wH v� s}vm ZQi x0 > 0 Qo =

"OW=@
p=t}=QB w CU= OwOLt=v p;wO CQwYu}= QO "O} wW hkwDt �j Qy <=R=@� v�aj � 0 Qo = �2

:O}yO Q=Qk CQwYu}=Q}e QO "OW=@|t |vOWv

� = Min
j

��(waj � cj)
v�aj

j v�aj > 0
�

"pw= sOk x@ O}OQoQ@ "w + �v� =@ =Q w O}vm u} Ro}=H w

swU pYi C=v} QtD 21�3
"O}�=tv pL xOW KqY= TmrBt}U VwQ =@ =Q Q} R |xr-=Ut �1

Max Z = �2x2 +x3
s: t: x1 �2x2 +x3 � �4

x1 +x2 +x3 � 9
2x1 �x2 �x3 � 5
x1 ; x2 ; x3 � 0

"O}�=tv pL xOW KqY= TmrBt}U VwQ =@ =Q Q} R |xr-=Ut �2
Min x1 +6x2 �7x3 +x4 +5x5
s: t: x1 �14x2 +2x3 �14x4 = 5

�14x2 +3x3 �34x4 +x5 = 5
xj � 0 j = 1; : : : ; 5

|=yT} QD=t O=OaD 'T} QD=tTma |@ Q[pY=L CQwY =@ xOW KqY=TmrBt}U QO �3
|D=tOkt |=yT} QD=t O=OaD Qo = "OOQo|t xi=[= OL=wl} Q=QmD R= xrLQt Qy QO|D=tOkt
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xQ=@ wO '=]N uOW `tH R= |Q}owrH Q]=Nx@ T} QD=t Tma xm OQ=O CQwQ[ 'OwW O=} R
u=Wv 'OW=@ TmrBt}U sD} Q=or= R= |=xrLQt QO |=x}=B B O}vm ZQi "OOQo x@U=Lt
?r]t "O=O u=Wv |D=tOkt T} QD=t m ?Q[pY=L CQwYx@ u=wD|t =Q B xm O}yO

"O}yO K}[wD p=Ft l} =@ =Q

?Q[pY=LCQwYx@T} QD=tTma xm xOWKqY=TmrBt}UVwQ =@ =Q Q} R |xr-=Ut �4
xDW=O |@ Q[pY=L CQwYx@ B�1 |va}� O}�=tv pL OW=@ |D=tOkt |=yT} QD=t

"�OW=@

Min Z = 3x1 +4x2 +x3 +x4
8x1 +3x2 +4x3 +x4 � 7
2x1 +6x2 +x3 +5x4 � 3
x1 +4x2 +5x3 +2x4 � 8
xj � 0 j = 1; 2; 3; 4

"O}�=tv xO=iDU= x}=B |=Q@ 1 LU�uW} RwDm =i u; QO w O}vm pL ,=OOHt =Q jwi |xr-=Ut

"O}vm pL =Q=m VwQ l} =@ Q} R |xr-=Ut C = (c1; : : : ; cn) 2 Rn O}vm ZQi �5

Min Z(x) = Maxfcj j xj > 0g
s: t: Ax = b

x � 0

1) LU-Factorization of the basic
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"O}vm pL =Q Q} R p�=Ut Q=Ou=Qm |=yQ}eDt TmrBt}U sD} Q=or= uOQ@ Q=mx@ =@ �6

Max 2x1 +x2 +3x3
s: t: 3x1 +x2 +x3 � 12

�x1 +x2 � 5
0 � x1 � 3
0 � x2 � 6
0 � x3 � 6

Min x1 +2x2 +3x3 �x4
s: t: 2x1 �x2 +x3 �2x4 � 6

�x1 +2x2 �x3 +x4 � 8
2x1 +x2 �x3 � 2

0 � x1 � 3
1 � x2 � 4
0 � x3 � 10
2 � x4 � 5

LP QO Q=Ou=Qm |=yQ}eDt |=Q@ =Q xOW KqY= TmrBt}U sD} Q=or= 'u=wD|t xvwoJ �7
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:O} Q}o@ Q_vQO =Q Q} R Q=Ou=Qm |]N |R} Qxt=vQ@ |xr-=Ut #OQ@ Q=mx@
Max Z = x1 �x2

s: t: �x1 �x2 � 1
2x1 �x2 � 1

�2 � x1 � 1
x2 � 2

"O} Qw; CUOx@ =Q xv}y@ ?=wH "O}vm sUQ (x1; x2) xLiY QO =Q |vOW |x}L=v "hr=
#CU}v =QJ =} CUy =QJ #CU= uox@D ?=wH u}= =};

pwOH 'O}�=tv XNWt =Q B |Q=m x}=B (1; 1) = (x1; x2) |U-=Q |x]kv |=Q@ "?
'O}vm XNWt pwOH QO R}v =Q cBB�1 w B�1 'O}yO p}mWD =Q x]w@ Qt TmrBt}U
|wQ R= xv}y@ ?=wH uOQw; CUOx@ =D =Q Q=m w O} Qw; CUOx@ =Q |U=U= |=yQ}eDt Q}O=kt

"O}yO xt=O= pwOH
w b1 |DU}=@ |]}=QW xJ "O}yO u=Wv b2 w b1 x@ =Q O}k wO CU=Q CtU Q}O=kt "G

"Ov=t@ |k=@ xv}y@ 'xv}y@ ?=wH =D OvW=@ xDW=O b2
:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �8

Min cx

s: t: Ax = b

l � x � u

|r=N ZQi =@� |vOW |x}L=v |U-=Q \=kv |xawtHt O}yO u=Wv �CU= |y=vDt l�
"CU= xr-=Ut |=yBFS |xawtHt |w=Ut �u; uOw@v

Basic� |vOW |U=U= R=Qi= u}@ |=x]@=Q xJ 'Q=Ou=Qm |=yQ}eDt |]N |R} Qxt=vQ@ |=Q@ �9
u}@ |=x]@=Q xJ #OQ=O OwHw |U-=Q \=kv w �B;N1; N2� �Feasible Partition
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sy w |vox@D Cr=L |=Q@ sy� #CU= OwHwt Qw=Ht |U-=Q \=kv w Qw=Ht |U=U= ?=wH
"�OwW u=}@ ?r]t |vox@DQ}e

:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �10

Min cx

s: t: Ax = b

0 � x � u

|U-=Q x]kv |=Q@ pYi uDt QO Q=Ou=Qm |=yQ}eDt =@ x]@=Q QO xm |i} QaD O}yO u=Wv
:x=oDUO |U-=Q |x]kv h} QaD =@ s}DW=O

x+ xs = u

x � 0; xs � 0

"OW=@|t pO=at

sD} Q=or= l} 'Q=Ou=Qm |=yQ}eDt |=Q@ TmrBt}U sD} Q=or= xm C=}�RH QO O}yO u=Wv �11
Cr=L QO xr-=Ut xm O}yO u=Wv C=}�RH =@ "OW=@|t �|vox@DQ}e Cr=L QO� ?Q=kDt
=Q |wk |vOW |U=U= R=Qi= Q=Ou=Qm |=yQ}eDt |=Q@ wm} Rmr VwQ uOQ@ Q=mx@ =@ |vox@D

"Ovm|t ^iL

"OQ@ Q=mx@ u=wD|t xvwoJ 'Q=Ou=Qm |=yQ}eDt =@ LP |=Q@ =Q �Bland� Ovr@ |xOa=k �12
"O}yO K}[wD C=}�RH =@ =Q ?r]t
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:O}�=tv u=}@ Q} R xr-=Ut |=Q@ uO=Di= QwOx@ R= |Q}owrH CyH =Q wm} Rmr w Ovr@ VwQ �13

Max Z = 2x1 + x2

s: t: � 2x1 + 3x2 � 0
2x1 + 3x2 � 12
x1 � x2 � 1
0 � x1 � 1 ; 0 � x2 � 3

"O}vm pL �|DWBxrwm xr-=Ut� =Q Q} R xr-=Ut "hr= �14

Max 2x1 + 3x2 + 8x3 + x4 + x5

s: t: 3x1 + 7x2 + 12x3 + 2x4 + 7x5 � 100
x1; x2; x3; x4; x5 � 0

"O}�=tv O=yvW}B Q} R |xr-=Ut pL |=Q@ |rm sQi l} "?

Max c1x1 + c2x2 + � � �+ cnxn

a1x1 + a2x2 + � � �+ anxn � b
x1; x2; : : : ; xn � 0

"OvW=@|t |D@Ft O=Oa= =yaj w =ycj u; QO xm
#CU}J OvW=@ |k}kL OOa Qy =ycj w =yaj Qo = jwi |xr-=Ut xv}y@ ?=wH CQwY "G

"O}�=tv pL OW=@ Q=Ou=Qm =yQ}eDt xm|Dr=L QO G w ? Cr=L |=Q@ =Q xr-=Ut "O
xm Pi � Q w Q = f1; 2; : : : ; ng O}vm ZQi �15

i 6= j (i = 1; : : : ; r) Pi \ Pj = �

(j = 1; : : : ; r)
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w

r[
i=1

Pi = Q

"O} Qw; CUOx@ �j Qy <=R=@� 0 � cj u; QO xm 'Q} R |xr-=Ut pL |=Q@ =Q=m VwQ l}

Max
X
j2Q

cjxj

s: t: b00 �
X
j2Q

xj � b000

b0i �
X
j2Pi

xj � b00i i = 1; : : : ; r

0 � xj � uj j 2 Q

"O} Q@ Q=mx@ Q} R |xr-=Ut =@ x]@=Q QO =Q xOt; CUOx@ VwQ

Max 10x1 +6x2 +3x3 +5x4 +8x5
s: t: 30 � x1 +x2 +x3 +x4 +x5 � 100

2 � x1 +x2 � 50
70 � x3 +x4 +x5 � 80

0 � x1; x4; x5 � 30
0 � x2; x3 � 25
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"O}�=tv pL Q=Ou=Qm |=yQ}eDt TmrBt}U VwQ =@ =Q Q} R |xr-=Ut �16
Min 2x1 +6x2 �x3 �4x4 +x5
s: t: 2x1 +x2 +4x3 +x4 +x5 = 10

3x1 +8x2 �3x3 +x4 = 7
0 � x1 � 3
1 � x2 � 4
0 � x3 � 8
1 � x4 � 2
0 � x5 � 20

:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �17
Min x1 + 3x2 + 4x3
s: t: �x1 � 2x2 � x3 � �12

�x1 � x2 + 2x3 � �6
2x1 � x2 � 4x3 � �24

x1; x2; x3 � 0
O}k |iQat =@ "OW=@ b̂ < b C}r=ai Q=OQ@ =@ |avYD Q}eDt l} xa O}vm ZQi
|=Q@ �xOvvm ẁQW� |vOW |U=U= ?=wH l} xa = 1 uO=O Q=Qk =@ w 0 � xa � 1
l} Q=Ou=Qm |=yQ}eDt TmrBt}U VwQ uOQ@ Q=mx@ =@ "O};|t CUOx@ O}OH x=oDUO

"O}@=}@ |rY= |xr-=Ut |=Q@ |vOW |U=U= ?=wH
"O}�=tv pL Q=Ou=Qm |=yQ}eDt TmrBt}U VwQ =@ =Q Q} R p�=Ut �18

Min 6x1 + 2x2

s: t: x1 + x2 � 4
x1 � 2x2 � 0
x1 � 2 x2 � 1
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Max 6x1 + 4x2 + 2x3

s: t: 4x1 � 3x2 + 4x3 � 8
3x1 + 2x2 + 4x3 � 10
0 � x1 � 3
0 � x2 � 2
0 � x3

Max 6x1 + 4x2

s: t: x1 + 2x2 � 4
2x1 + 2x2 � 5
0 � x1 � 3
0 � x2 � 4

"OvDUy pO=at Q} R |xr-=Ut wO xm O}yO u=Wv �19
P1 : Min cx P2 Min cx

s: t: b1 � Ax � b2 s: t: Ax+ s = b2
x � 0 x � 0

0 � s � b2 � b1
"O}vm pL =Q Q} R |xr-=Ut ?r]t u}= uOQ@ Q=mx@ =@

Min 3x1 � 4x2

s: t: 3 � x1 + x2 � 5
�15 � 2x1 � 5x2 � 2
x1; x2 � 0
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:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �20
Min cx

s: t: Ax = b

x � 0
Q} R CqO=at xN � xN = 0 O}=R Ow}k uOwRi= R= TB "OW=@ |=x}=B B O}vm ZQi

"Ow@ Oy=wN xN pkDUt |=yQ}eDt ?ULQ@ |=yQ}eDt |t=tD V}=tv
z cBB�1N � cN cB�b

xB B�1N �b

xN �I 0
OQ=w =@ "OwQ|t V}B zk � ck ,qFt zj � cj u} QDC@Ft ?=NDv= =@ TmrBt}U VwQ
"Ovm|t lQD =Q x}=B xBr s}vm ZQi 'st}v|t |xOa=k uOQ@ Q=mx@ =@ w x}=B x@ xk uOW
Q} R CQwYx@ �ark |QwLt w[a =@ |vwDU QwLt pta s=Hv= =@ =Q QmPr=jwi |=yx}=Q;

"s}�=tv|t RwQx@
"�=Q |QwLt uwDU� s}vm|t s}UkD ��ark x@ =Q s=k uwDU �1

"O}�=Ri}@ s=j uwDU x@ w ?Q[ �arj OOa QO =Q �|QwLt uwDU� s=k uwDU �2
"O}vm xi=[= CU=Q CtU x@ w ?Q[ �br QO =Q s=k uwDU �3

|=yQ}eDt CU}r x@ =Q xBr w GQ=N |U=U=Q}e |=yQ}eDt CU}r R= =Q xk Q}eDt �4
"�xBr |U=U=Q}eDt |=Hx@�O}�=tv xi=[= |U=U=

"OwW|tv Zwa |Q]U KQ] I}y xm O}vm xHwD
hwQat 1|vwDU TmrBt}U VwQ x@ 'u; uOwtv RwQx@ w pwOH V}=tv R= VwQ u}=
|U=U=Q}e |=yQ}eDt ?ULQ@ =Q =yQ}eDt |t=tD V}=tv |QwLt pta O}yO u=Wv "CU=
cBB�1N � cN QmPr=jwi |QwLt pta xm O}vm C@=F XwYNx@ "OyO|t CUOx@

"O}=tv|t RwQx@ =Q cBB�1b w B�1b w B�1N w
1) Column Simplex Method
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TmrBt}U VwQ =@ =Q Q} R |xr-=Ut p@k xr-=Ut QO xOW KQ]t ?r=]t uDiQo Q_vQO =@ �21
"O}�=tv pL |vwDU

Max x1 + 2x2 + 3x3

s: t: 3x1 + 2x2 + 2x3 � 6
� x1 + 2x2 + 4x3 � 8
2x1 + x2 � x3 � 2
x1; x2; x3 � 0

=Q x}=B T} QD=t Tma CU= umtt =}; 20 |xr-=Ut QO xOW KQ]t ?r=]t x@ xHwD =@ �22
=Q Q=m u}= u=wD|t xvwoJ 'CU= u}vJ Qo = #OQw; CUOx@ |vwDU TmrBt}U pwOH R=

#O=O s=Hv=

R= OYQO CYW "O}=tv KQN |t=_v OY=kt |=Q@ QqO OQ=}r}t1 5 Oy=wN|t CrwO �23
?}DQDx@ =yu; Ct}k xm 'OW Oy=wN hQY lWwt w =t}B=wy 'lv=D O} QN CyH xHOw@
xm xOW xDiQo s}tYD "OW=@|t QqO Q=Ry OYDWy w QqO uw}rt 2 'QqO Q=Ry OYWW
u=wD|tv Qy=t u=@rN Ow@v Q]=Nx@ "OOQo |Q=O} QN =t}B=wy 200 w lv=D 200 pk=OL
|DU}=@ =t}B=wy x@ lWwt C@Uv |SD=QDU= Q_v R= "Owtv |Q=O} QN =t}B=wy 300 R= V}@
C=L}rUD u}= O} QN =@ =Q OwN |t=_v |�=v=wD Oy=wN|t CrwO "OW=@ [14 ; 12 ] xR=@ QO
=Q xv}y@ ?=wH "CU= 2w 3w 1 ?}DQDx@ =yu; |QwxQy@ xmu}= x@ xHwD =@ "O}=tv st} Rm =t

"O}@=}@

"CU= xOW xO}Wm Q} wYD x@ ptL QO TmrBt}U VwQ R= |m}i=Qo xO}= l} ,q}P �24
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-

6

3

6 ~

s

s
s

r s

x2

x1210

1

- xv}y@?=wH

xOvwWGQ=N w xOvwWOQ=w Q}eDt"O}�=tvXNWt xv}y@ |x]kv =D |Oa@ |=yx}=B w x}=B "hr=
"O}vm u}}aD xrLQt Qy QO =Q

xOW |] pL=Qt QO TmrBt}U VwQ =}; 'OW=@ OQix@ QYLvt xv}y@ ?=wH Qo = "?
#CU= xOwtv ?=NDv= =Q zj � cj u} QDC@Ft

:O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �25

Min cx

s: t: Ax = b

x � 0

V}=Ri= =@ TmrBt}U VwQ "OW=@B x}=B Q_=vDt |vOW |U=U= ?=wH l} x O}vm ZQi
"OwQ|t V}B OQ=O =Q zj � cj u} QDW}@ xm |U=U=Q}e Q}eDt

=yu; zj � cj xm |U=U=Q}e |=yQ}eDt |t=tD VwQ u; QO xm O}�=tv x�=Q= |WwQ "hr=
#OvOQo|t p}OaD CQwYu}= QO |U=U= |=yQ}eDt xvwoJ "OvwW xO=OV}=Ri=CU=C@Ft
|=yQ}eDt u=tRty V}=Ri= Q}UiD #O=O V}=Ri= =Q |U=U=Q}e |=yQ}eDt u=wD|t QOkJ

#CU}J |U=U=Q}e
O}v=wD|t xvwoJ 'OW=@ OwHwt C@Ft Q}eDt m R= V}@ 'CU= umtt '|Q=QmD QO "?

     irmgn.ir



290 TmrBt}U |=yVwQ `=wv= 3 pYi

#O}yO u=Wv pwOH QO =Q Q_=vDt x]kv
xDW=O |ivt zj � cj w C@Ft Q=Okt xj |U=U=Q}e Q}eDt CU= umtt |Q=QmD QO "G

#O}yO Vy=m =Q |U=U=Q}e Q}eDt Qo = ODi=|t |k=iD= xJ "OW=@
pL |=Q@|rt=m sD} Q=or= O}OQo KQ]t �G� =D �hr=� |=yOv@ QO xm|@r=]t uOQ@ Q=mx@ =@ "O
'OvOQo|t p}OaD u=tRty |U=U=Q}e Q}eDt u}OvJ u; QO xm |]N |R} Qxt=vQ@ |xr-=Ut
R=}Dt= sOa =} R=}Dt= #O}=xO}UQ xv}y@ ?=wH x@ xm O}�wo@ O}v=wD|t xvwoJ "O}�=tv |L=Q]

:O}yO K}[wD Q} R |xr-=Ut pL =@ =Q ?r]t "OW=@|t xJ VwQ u}=

Min �x1 �2x2 �x3
s: t: x1 +x2 +x3 � 12

x1 +2x2 � 6
x1 +x3 � 8
x1; x2; x3 � 0

|U=U=Q}e Q}eDt Qy |=Q@ "O} Q}o@ Q_vQO |U=U=Q}e |=yQ}eDt p}OaD |=Q@ =Q p}P VwQ "x
:O}vm ZQi 'xj

dj =

8>><>>:zj � cj xj > 0 Qo =
Maxf0; zj � cjg xj = 0 Qo =

:x]@=Q j@] =Q =y|U=U= w jwi |=yd j@] Q@ =Q |U=U=Q}e |=yQ}eDt

xB = b̂� �X
j2R

�ajdj

XNWt |DU}=@ � � 0 w |U=U= |=yQ}eDt Q}O=kt Q=OQ@ b̂ u; QO xm 'O}�=tv p}OaD
��� |xr-=Ut "O}�=tv xU}=kt �O� CtUk VwQ =@ =Q u; w xOwtv Q}UiD =Q VwQ u}= "OOQo

"O}�=tv pL R}v VwQ u}= =@ =Q
x1; x2 � 0 w a1x1+a2x2 � b O}k |xr}Uwx@ xmCU= |=x}L=vV}=tvp}P Q=Owtv �26
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xO=O u=Wv pmW QO xm OW=@ |=x]kv A(x01; x02) O}vm ZQi "CU= xO}OQo XNWt
"CU= xOW

-

6

x2

x1

x01 A

x02
a1x1 + a2x2 = b2-

=Q xr-=Ut u=wD|t xvwoJ "O}�=tv XNWt =Q |mtm Q}eDt Q=Okt �A x]kv� x]kv u}= QO
#O=O s}taD Q}eDt n =@ |Dr=L |=Q@

R= CU=Ovtkqa =yu; l =QwN x}yD =@ x]@=Q QO w= xm CU= |Q=OeQt |=Q=O |RQw=Wm �27
"CU= xOt; =yu; x@ \w@ Qt C=aq]= Q} R pwOH QO xm OW=@ Q=OQwNQ@ |D}i}m

l =QwN <=QH=
CQP |y=t QOwB =ir;=ir; R=}vOQwt pk=OL

u}�DwQB 8 4 4 10
C=QO}yw@ Qm 4 2 4 6
u}t=D} w 2 3 4 5
Ct}k $0 1 $0 06 $0 04

Tma |@ Q[pY=L CQwY =@ xOW KqY= TmrBt}U uOQ@ Q=mx@ =@ =Q xv}y@ \wrNt
"O} Q@ Q=mx@ |avYD Q}eDt l} \ki "O}�=tv XNWt T} QD=t

w A pOt R= p}@twD= x=oDUO 400 xm CU= xDU@ O=OQ=Qk |R=Up}@twD= xv=NQ=m l} �28
12 A pOt p}@twD= "O}=tv QO=Y QwWm R= GQ=N x@ =Q B pOt R= p}@twD= x=oDUO 500
ptL |=Q@ |DWm xU "O}=tv|t p=eW= =H ?amtQDt 15 'B pOt p}@twD= w ?amtQDt
\U=w= 'x} wv=S |=OD@= QO =y|DWm u}= "OvW=@|t Q=}DN= QO QwWm R= GQ=N x@ =yp}@twD=
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=Q A pOt ẁv R= p}@twD= \ki pw= |DWm "OvwW|t QOv@ OQ=w TQ=t x=t QN=w= w x} Qwi
wO Qy |twU w |twO |DWm "OW=@|t 450$ p}@twD= Qy ptL xv} Ry w Ovm|t ptL
p=eW= �=[i�|=H ?amtQDt Qy |=Q@ =yu; ptL xv} Ry xm Ovvm|t ptL =Q pOt ẁv
O}=tv ptL p}@twD= 200 Ov=wD|t \ki pw= |DWm OW=@|t 40$ w 35$ ?}DQDx@ xOW
"OW=@|t ?amtQDt 600 w 4500 ?}DQDx@ Q=@ ptL |=Q@ swU w swO |DWm |=[i w
200 w A pOt ẁv R= p}@twD= 250 pk=OL xm OW=@ xOwtv |] O=OQ=Qk QO xOvR=U Qo =
KQ] 'OyO p} wLD TQ=t QN=w= QO =Q x}k@ w x} Qwi \U=w= |=Q@ B pOt ẁv R= p}@twD=
VwQ uOQ@ Q=mx@ =@ "OOQo st}v|t |rm xv} Ry xm &OW=@ xvwoJ |DU}=@ p}@twD= p} wLD

"O} Qw; CUOx@ =Q xr-=Ut xv}y@ ?=wH 'xOW KqY= TmrBt}U
Q@Dm = 'Q@t=DBU 'CUo ; |=yx=t |=Q@ =Q OwN pwYLt O}rwD xt=vQ@ CU= p}=t |v=Btm l} �29
pwYLt u}= |=Q@ =[=kD w OvW=@|t |rYi xOW O}rwD pwYLt "O}=tv XNWt Q@t=wvw
C}iQ_ "OL=w 1200 '800 '600 '500 R= CU= CQ=@a ?}DQDx@ QwmPt |=yx=t |=Q@
s}tYD C} Q}Ot "OW=@|t QqO 25 OL=w Qy Ct}k x@ OL=w 600 xv=}y=t xv=NQ=m |rai
1100 xv=}y=t C}iQ_ =@ pwYLt O}rwD CyH |O}OH x=oDUO l} xm CU= xDiQo
=D O}OH x=oDUO p=LQyx@ "O}=tv ?Yv OL=w Qy |=Q@ QqO 30 O}rwD xv} Ry =@ w OL=w
|OwHwt OL=w 250 =@ O}rwD ẁQW xm s}vm ZQi "OW=@|tv ?Yv p@=k Q@t=wv \U=w=
�1q=m |Q=Oyov� |R=UxQ}NP xv} Ry Qo = "x=t QO OL=w 400 |R=UxQ}NP C}iQ_ w OW=@
xv} Ry xm O}�=tv XNWt |DQwYx@ =Q O}rwD xv}y@ |Wt\N 'OW=@ OL=w Qy |=Q@ QqO 3
OL=w 100 Q=m |=yDv= QO xmu}= ZQi =@ "OOQo st}v|t =[=kD p} wLD |=Q@ O}rwD |rm
Q=Ou=Qm |=yQ}eDt |=Q@ xOW KqY= TmrBt}U uOQ@ Q=mx@ =@ "OW=@ OwHwt Q=@v= QO q=m

"O}yO K}[wD xrLQt Qy QO =Q pL C=}�RH "O}�=tv pL =Q xr-=Ut

1) Holding Cost
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sQ=yJ pYi

|R} Qxt=vQ@ QO C}U=UL p}rLD
1|]N

xtOkt 1�4
s}W=@ xOwtv xrwtQi Q} R CQwYx@ =Q |rta |xr-=Ut l} O}vm ZQi

Min Z(x) = cx

s: t: Ax = b (1�4)

x � 0

pL TmrBt}U sD} Q=or= =@ =Q xr-=Ut "OW=@ m |x@DQ =@ m � n T} QD=t l} A u; QO xm
?}=Q[ |oOvR |k}kL p�=Ut QO "s} Qw;|t CUOx@ xr-=Ut |=Q@ |vOW xv}y@ ?=wH w s}�=tv|t
CUOx@ |�=yv xv}y@ ?=wH xmu}= R= TB "OvwW|t xOR ?} QkD |rta C=Oy=Wt =@ 'b w c 'A
|i=[= O}k xmu}= =} w OvwW Zwa |DU}=@ c w b 'A |=[a= xm OOQo swrat CU= umtt 'Ot;
1) Sensitive Analysis in Liner Programming

298
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Ea=@ 'Q=m |=OD@= R= xr-=Ut pL "OwW |iQat xr-=Ut x@ |O}OH Q}eDt =} 'OOQo xOwRi= xr-=Ut x@
C}U=UL p}rLD "Ow@ Oy=wNv Q=OQwNQ@ |@ wN u=tOv=Q R= Q=m w OOQo|t Ckw uOW hrD
|vOW xv}y@ ?=wH uOQw; CUOx@ CyH QO �OwW|t xO}t=v R}v |ov}y@ R= TB p}rLD�
c w b 'A |=[a= R= |[a@ u; QO xm CU= |rOt xDi=} p}OaD pOt� xDi=} p}OaD pOt |=Q@
Q=mx@ �OwW|t Qy=_ xr-=Ut QO |O}OH Q}}eDt =} OOQo|t xOwRi= xr-=Ut x@ |O}k =} Ovm|t Q}eD
s}�=tv|t ẁQW |t}Ok xr-=Ut xv}y@ ?=wH R= xm OQ}o|t s=Hv= CQwYu}O@ Q=m "OwW|t xDiQo
xr-=Ut "�s}UQ|t OwHw CQwY QO� xDi=} p}OaD |xr-=Ut xv}y@ ?=wH x@ |D=}rta s=Hv= =@ w
=ycj R= |m} ,qFt "s}W=@ xO=O u; QO Q}}eD l} xaiO Qy xm s} Q}o|t Q_vQO CQwYu}O@ =Q
CQwY xr-=Ut QO Q}}eD u}OvJ OW=@ Q=Qk Qo = "OOQo|t xOwRi= xr-=Ut x@ O}k l} =} Ovm|t Q}}eD
Q}}eD u}OvJ w O=O xaUwD =Q pOt u=wD|t xD@r= "s}yO|t xr-=Ut QO Q}}eD l} xaiO Qy 'OQ}o
|awv |QDt=Q=B |R} Qxt=vQ@ xr-=Ut QO "OW=@|t QDxO}J}B |tm 'Q=m u}= xm CiQoQ_vQO sy =@ =Q
|]N `@=D Qw]x@ Ct}k ?}=Q[ Q=OQ@ =} CU=Q CtU Q=OQ@ u; QO xm =Q C}U=UL p}rLD R=
s}O=O Q=Qk EL@ OQwt &O}=tv Q=}DN= =Q |k}kL Q}O=kt s=tD CUv=wD|t � xm � QDt=Q=B l} R=

" s} R=OQB|t xOW KQ]t xr-=Ut |UQQ@ x@ uwvm = "�|QDt=Q=B |R} Qxt=vQ@ |xr-=Ut�
:s}vm ZQi

S = fx jAx = b& x � 0g

xv}y@ x}=B ~B s}vm ZQi w OW=@|t �1� |xr-=Ut |vOW |=y?=wH |xawtHt Ck}kL QO
|=yQ}eDt ?}=Q[ w u; Q_=vDt |U=U= Q=OQ@ xm "OW=@ 1�4 xr-=Ut |=Q@ xOt; CUOx@ |�=yv

CU= u}vJ |U=U=
xB = (x1; : : : ; xm)

w

cB = (c1; : : : ; cm)

~x = ( ~B�1b; 0) ; ~w = c ~B
~B�1
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pwOH Q_=vDt xm O} Q}o@ Q_vQO =Q |=xr=Ut K}[wD |=Q@ OW=@|t 1�4 |xr-=Ut |=Q@ BFS l}
"OW=@|t Q} R

�1�4� xQ=tW pwOH
x1 x2 x3 x4 x5 x6 �z b

1 2 0 1 0 �6 0 11
0 1 1 3 �2 �1 0 6
1 2 1 3 �1 �5 0 13
3 2 �3 �6 10 �5 1 0
xj � 0 j = 1; : : : ; 6 "OOQo|t st}v|t z

|=Q@ xv}y@ |U=U= Q=OQ@ l} x ~B = (x1; x2; x3) TmrBt}U sD} Q=or= =@ xr-=Ut pL R= TB
|U=U= |=yQ}eDt Q}O=kt w ~B�1 Tma x@ \w@ Qt C=aq]= Q} R pwOH QO xm Ow@ Oy=wN xr-=Ut

"CU= xOW xO=O
�s}=xOwtv pL Twmat pwOH =@ xOW KqY= TmrBt}U VwQ =@ =Q xr-=Ut�

�2�4� xQ=tW pwOH
|U=U= |=yQ}eDt Twmat pwOH |U=U= |=yQ}eDt Q}O=kt

x1 �1 �2 2 0 3
x2 1 1 �1 0 4
x3 �1 0 1 0 2
�z �2 4 �1 1 �11

`@=D xv}y@ Q=Okt xm OW=@|t xr-=Ut |=Q@ xv}y@ ?=wH l} ~x = (3; 4; 2; 0; 0; 0)t u}=Q@=v@
z(~x) = 11 OwYkt

|O}OH Q}eDt s}vm ZQi �O}OH Q}eDt uOwRi=�1O}OH C}r=ai |iQat 1�1�4
�s}�=Ri=|t pOt x@ =Q xn+1 Ovv=t |O}OH C}r=ai Ck}kL QO� s}�=tv|t |iQat xr-=Ut x@ =Q
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xtOkt 1�4 301

pOt TB "OW=@ cn+1 OwYkt `@=D QO u; ?} Q[ w an+1 u; Q_=vDt Q=OQ@ "s}vm ZQi w
:Ow@ Oy=wN Q} R CQwYx@ xDi=} p}OaD

Min z(x) = cx+ cn+1xn+1

s: t: [A; an+1]x = b (2�4)

x � 0
u; QO xm

x = (xt; xn+1)

CU= CQ=@a 2�4 |xr-=Ut |=Q@ u; Q_=vDt BFS xm 'OW=@|t |vOW 2�4 |xr-=Ut |=Q@ ~B

:R=
x0 = (~xt; 0)

:s}W=@ xDW=O Qo = Ov=t|t xv}y@2�4 |xr-=Ut |=Q@ x0 &|ov}y@ u=R}t x@ xHwD =@
�cn+1 = cn+1 � ~wan+1 � 0

s}�=tv|t pL xOvwWOQ=w Q}eDt u=wva x@ xn+1 uOwtv OQ=w =@ =Q 2�4 xr-=Ut �cn+1 < 0 Qo =
?=wH x@ 'x}=B x@ xn+1 uOQw; =@ xm ODi=|t j=iD= ?re= �xOW KqY= TmrBt}U sD} Q=or= =@�
Q=mu}= xm |=xOvvm C}=tL |Qw�D I}y |rw "OQ}PB|t xtD=N Q=m w s}UQ|t 2�4 |xr-=Ut xv}y@
xm OW=@ xDW=O CQwQ[ CU= umtt p�=Ut R= |[a@ QO "OW=@|tv OwHwt O}=tv u}t[D =Q

"OW=@ |QwQ[ 2�4 xr-=Ut xv}y@ ?=wH x@ uO}UQ =D |QwLt pta u}OvJ

"u} QtD 2�1�4
1�4 |xr-=Ut xv}y@ Q=Okt |w=Ut =} QDlJwm 2�4 |xr-=Ut xv}y@ Q=Okt xm O}vm C@=F �1
`@=D Q=Okt |va} OwYkt `@=D |xv}y@ Q=Okt CU= CQ=@a xr-=Ut xv}y@ Q=Okt� OW=@|t
2�4 xr-=Ut |rw OW=@ OwOLt 1�4 xr-=Ut xm O} R=U@ |r=Ft "�xv}y@ ?=wH <=R=@ OwYkt

"OW=@ OwOLt=v u}�=B R=
1) Introduced a New Activitiy
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Q_v R= =Q ?r]t #OQ=O OwHw 2�4 w 1�4 |xr-=Ut |vOW |x}L=v u}@ |=x]@=Q xJ �2
"O}yO K}[wD ,qt=m =Q ?r]t p=Ft uOQw; =@ w u=}@ |Q@H

QO CU= |QwQ[ Q=}U@ u=oOvv=wN |=Q@ 'O};|t TQO uDt QO xm C=v} QtD pL xHwD
=Q ?r]t QOkJ xOvv=wN xm OwW xO}HvU xm CU= u; u} QtD uOQw; R= OwYkt Ck}kL
pL ,=k}kO =Q C=v} QtD ,=tDL EL@ xt=O= R= p@k OOQo|t x}YwD wQu}= R= "CU= xDiQo

"O}�=tv CW=OO=} =Q u; pL w xOwtv

Q}eDt O}vm ZQi "O} Q}o@ Q_vQO ,=OOHt =Q �1�4� |xQ=tW pwOH xr-=Ut "p=Ft 3�1�4
w a7 = (1; 2;�3)t u; Q_=vDt uwDU xm 'OOQo|t |iQat xr-=Ut x@ x7 Ovv=t |O}OH
: R= CU= CQ=@a '|r@k xv}y@ x}=B x@ C@Uv Q}eDt u}= |@Uv OwU ?} Q[ "OW=@|t c7 = �7

�c7 = c7 + (� ~w)a7 = �7 + (�2; 4;�1)(1; 2;�3)t = 2

O}OH |xr-=Ut xv}y@ ?=wH "OW=@|t xv}y@ 'x7 = 0 Q=Okt =@ |r@k xv}y@ ?=wH 'wQu}= R=
"OW=@|t ~z = 11 OwYkt `@=D xv}y@ Q=Okt w ~x = (3; 4; 2; 0; 0; 0; 0) R= CU= CQ=@a
"�xv}y@ ?=wH QO� OQ}PB|tv CQwY xDi=} p}OaD pOt QO O}OH C}r=ai K]U x7 Qo = 'u}=Q@=v@

Q}eDt "s} Q}o|t Q_vQO =Q �1�4� |xQ=tW pwOH Q_=vDt xr-=Ut ,=OOHt "p=Ft 4�1�4
|@Uv OwU ?}=Q[ "s}�=tv|t |iQat c7 = 4 w a7 = (3;�1; 1) Q=OQ@ =@ =Q x7 O}OH

|t}Ok |xr-=Ut xv}y@ x}=B x@ C@Uv O}OH Q}eDt

�c7 = c7 + (� ~w)a7 = 4 + (�2; 4;�1)(3;�1; 1)t = �7 < 0
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Oy=wNv xv}y@ &O}OH xDi=} p}OaD pOt QO '|r@k xv}y@ ?=wH 'O}OH Q}eDt |iQat =@ xH}Dv QO
: s} Q=O �2�4� xQ=tW pwOH x@ xHwD =@ '|QwLt pta s=Hv= w x}=B x@ x7 uOwtv OQ=w =@ "Ow@�

�a7
�c7

�
= ~B�1

�
a7
c

�
�

�a7
�c7

�
=

2666664
1 �2 2 0
1 1 �1 0
�1 0 1 0
�2 4 �1 1

3777775
2666664

3
�1
1
4

3777775 =

2666664
1
1
�2
�7

3777775
' x1 Q}eDt xm OOQo|t XNWt st}v|t xOa=k R= xO=iDU= =@ "CU= |QwLt uwDU 'uwDU u}=

"OW=@|t xOvwWGQ=N Q}eDt
�3�4� xQ=tW pwOH

|U=U= |=yQ}eDt Twmat pwOH |U=U= |=yQ}eDt Q}O=kt
x7 �1 �2 2 0 3
x2 2 3 �3 0 1
x3 �3 �4 5 0 8
�z �9 �10 13 1 10

QO "O}yO xt=O= xv}y@ ?=wH x@ uO}UQ =D =Q jwi xr-=Ut C=}rta xt=O= "u} QtD 5�1�4
"O} Qw; CUOx@ =Q xv}y@ x}=B Tma w xO=O s=Hv= CkO x@ =Q C=}rta |t=tD xrLQt Qy

1|w=Ut=v O}k l} uOwRi= 2�4
|O}k s}vm ZQi "OW=@ |xr-=Ut xv}y@ x}=B ~B O}vm ZQi ,=OOHt w Q_vQO =Q 1�4 xQ=tW xr-=Ut

s}�=Ri=|t xr-=Ut x@ Q} R CQwYx@

am+1x � bm+1 (3�4)

1) Introducing an Additional Inequality Constraint
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k
k1

am+1x = bm+1

R am+1x � bm+1
	S

S1)

�1�4� pmW
CU= umtt S x}L=v R= |]=kv 'xOW xOwRi= O}k u=wva x@ |w=Ut=v u}= uDW=O ^wLrt =@
O}OH x}L=v S1 s}vm ZQi "OwW QDlJwm CU= umtt x}L=v Qo}O CQ=@a x@ 'OOQo |vOWv
|rY= x}L=v Qo = 'wQu}= R= "OOQo x_Lqt �1�4� pmW "S1 � S xm CU= K[=w 'OW=@ |vOW
=} 'CU= |r=N =} xDi=} p}OaD |xr-=Ut |vOW x}L=v OW=@ xDW=O |vOW xv}y@ ?=wH �x}rw=�

:s} Q=O u}vJsy "OQ=O |vOW xv}y@ ?=wH
z(~x) = Minfz(x) j x 2 Sg � Minfz(x) j x 2 S1g

xv}y@ ?=wH O}OH O}k uOwRi= =@ ~x CQwYu}= QO 'O}=tv jOY 3�4 QO ~x |va} &~x 2 S1 Qo =
:|va} 'O}=tvv jOY xOW xOwRi= O}k QO ~x Qo = 'Qo}O hQ] R= "Ov=t|t |k=@

~xn+1 = �am+1~x+ bm+1 � 0 (4�4)

Oy=wN Q} R CQwYx@ xDi=} p}OaD |xr-=Ut "OW=@|t 3�4 Q_=vDt |mtm Q}eDt xn+1 u; QO xm
:Ow@

Min Z(x) =
nX
j=1

cjxj + 0xn+1

s: t:

"
A 0

am+1 1
#"

x

xn+1

#
=

"
b

bn+1

#
(5�4)

xj � 0 j Qy <=R=@
=@ "OW=@ 5�4 Q_=vDt (m+ 1)� (n+ 1) |x@DQt R= |SwrwvmD T} QD=t A O}vm ZQi
B x}=B x@ =Q ~B x}=B u=wD|t |r@k |U=U= |=yQ}eDt x@ |U=U= Q}eDt u=wva x@ xn+1 uOwRi=
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xDi=} p}OaD xr-=Ut |=Q@ |vOWv x}=Bl} ~B 1�4 j@] OW=@ (~xt; xn+1) Q_=vDt xm OQ=OCaUw
Oy=wN |r@k u=ty B O}OH x}=B x@ C@Uv xj |@Uv OwU u}=Q@=v@ &cn+1 = 0 uwJ "OW=@|t
=t= 'OW=@|t |vOW p;wO B O}OH x}=B u}=Q@=v@ (1; : : : ; n) j Qy <=R=@ �cj � 0 s} Q=O xm Ow@
TmrBt}U sD} Q=or= uOQ@ Q=mx@ =@ w x}rw= x}=B u=wva x@ B uOQ@ Q=mx@ =@ "CU}v |vOW p=t}=QB

:Ow@ Oy=wN u}vJ O}OH x}=B Tma uOQw; CUOx@ |ovwoJ "s}vm|t pL =Q xr-=Ut p;wO

~B =

2664a11 : : : a1m
...

am1 : : : amm

3775 B =

2666664
a11 : : : a1m 0

...

am1 : : : amm 0
am+1 1 : : : am+1m 1

3777775
u}=Q@=v@

B�1 =

26664
~B�1 ... 0

: : : : : : : : : : : : : : : : : : : : : : : : : :

�(am+1;1 : : : am+1;m) ~B�1 ... 1

37775
:xm CU= K[=w w "OQw; CUOx@ ~B�1 R= |v=U; x@ u=wD|t =Q B�1 u}=Q@=v@

( ~w; 0) = ~w

ZQi "O} Q}o@ Q_vQO =Q �1�4� xQ=tW pwOH Q_=vDt |xr-=Ut ,=OOHt "p=Ft 6�2�4
O}k O}vm

x1 � x2 + 3x3 � �7
jOY QmPr=jwi O}k QO ~x = (3; 4; 2; 0; 0; 0) xv}y@ ?=wH "OOQo|t xOwRi= xr-=Ut x@

:|va} &OW=@ jwi O}k Q_=vDt |mtm Q}eDt x7 s}vm ZQi "O}=tv|tv

x7 = �x1 + x2 � 3x3 � 7

xOW xOQw; O}k uOwRi= w pwOH x@ \w@ Qt C=aq]= 'OW=@|t Twmat pwOH xm Q} R pwOH QO
"CU=
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�4�4� xQ=tW pwOH
|U=U= |=yQ}eDt Twmat pwOH |U=U= Q}O=kt x4 |QwLt uwDU

x1 �1 �2 2 0 0 3 �1
x2 1 1 �1 0 0 4 1
x3 �1 0 1 0 0 2 2
x7 5 3 �6 1 0 �12 �4
�z �2 4 �1 0 1 �11 1

XNWt Q} R CQwYx@ xOvwWOQ=w x4 Q}eDt w OwW GQ=N x}=B R= |DU}=@ xm CU= |Q}eDt x7
"OOQo|t

�5�4� xQ=tW pwOH
x1 x2 x3 x4 x5 x6 x7 �z b

xOW RwQx@ sQ=yJ Q]U 0 0 0 �4 0 �3 1 0 �12
xOW RwQx@ Ct}k Q]U 0 0 0 1 3 8 0 1 �11
��cj
�a4j �a4j < 0 14 83

=O}B xt=O= QOku; CQwYu}= x@ C=}rta u}= "OOQo|t GQ=N x}=B R= x7 w OOQo|t x}=B OQ=w x4
"OUQ s=tD= x@ Q=m =D Ovm|t

"TQO uDt C=v} QtD 7�2�4
"O}yO xt=O= C=}rta uOW p}tmD =D =Q jwi |xr-=Ut �1

l} |iQat Ovv=t C}U=UL p}rLD QO p=t}=QB |xr-=Ut x@ O}k l} uOwRi= O}yO u=Wv �2
"OW=@|t u; p;wO |xr-=Ut QO Q}eDt

"OW=@|t Q} R \=kv pt=W S1 |U-=Q \=kv |t=tD O}vm C@=F �3
Ovm|t jOY 3�4 \QW QO xm CU= S T-=Q \=kv |t=tD "hr=
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|w=UD CQwYx@ |i=[= O}k l} |iQat 3�4 307

H xLiYQ@= |wQ ,qt=m =yp=} u; xm H xLiYQ@= =@ S |=yp=} `]=kD R= |]=kv "?
xm "OvQ}o|tv Q=Qk

H = fx j am+1x = bm+1g

'S1 6= � Qo = w Ovmv jOY 3�4 \}=QW QO xm 1�4 |vOW |xv}y@ |x]kv Qy Qo = �4
CQwYx@ 3�4 \}=QW QO xm xDi=} p}OaD |xr-=Ut |vOW xv}y@ ?=wH Qy xm O}vm C@=F

"OQ}o|t Q=Qk OW h} QaD 4�4 xr-=Ut QO xm H xLiYQ@= |wQ 'O}=tv jOY |w=UD

1|w=UD CQwYx@ |i=[= O}k l} |iQat 3�4
|i=[= O}k l} O}vm ZQi �1�4� |xQ=tW pwOH Q_=vDt |xr-=Ut x@ s}OQo|tQ@ ,=OOHt

"OOQo|t xOwRi= xr-=Ut x@ Q} R CQwYx@

am+1x = bm+1

:O}vm ZQi
H = fx j am+1x = bm+1g

xm |]=kv |t=tD xawtHt R= CU= CQ=@a xDi=} p}OaD |xr-=Ut |vOW |=y?=wH |xawtHt
CQwY u}= QO ~x 2 H O}vm ZQi "OOQo x_Lqt �2�4� pmW "OQ}o|t Q=Qk H \S = S2

"OW=@|t xDi=} p}OaD |xr-=Ut xv}y@ ?=wH ~x xm CU= K[=w
:x=ou; '~x 62 H Qo =

am+1~x 6= bm+1

O } k uOwR i= = @ =Q | r Y= |x r-= U t x= ou; "am+1~x > bm+1 O } v m ZQ i
"xn+1 � 0 u; QO xm O}yO Q}eD am+1x� xn+1 = bm+1

1) Intrducing an Additional Equality Constraint

     irmgn.ir
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(H)

B

A u
r s C
k2 t

�2�4� pmW

�O}�=tv Zwa xn+1 � 0 w am+1x+ xn+1 = bm+1 O}k =@ am+1~x < bm+1 Qo =�
Ow@ Oy=wN Q} R CQwYx@ xDi=} p}OaD xr-=Ut |va} 'O}OH xr-=Ut

Min z(x) = cx+Mxn+1

s: t:

"
A 0

am+1 �1
#�

x
xn+1

�
=
�

b
bm+1

�
x =

�
x

xn+1

�
� 0 (6�4)

CQwYx@ X ~B Q=OQ@ "OW=@|t |oQR@ Q=}U@ x=wNrO OOa M u; QO xm

xB = (x1; : : : ; xn; xn+1)

Ow@ Oy=wN CQ=@a u; Q_=vDt BFS "Ow@ Oy=wN 6�4 |xr-=Ut |=Q@ |vOW |U=U= Q=OQ@ l}
:R=

xt = (~xt; ~xn+1)

u; QO xm
~xn+1 = am+1~x� bm+1
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:R= Ow@ Oy=wN CQ=@a ~B u}vJsy

~B =

2666664
a11 : : : a1m 0

...
...

am1 : : : amm 0
am+1;1 : : : am+1;m �10

3777775
:Ow@ Oy=wN u}vJ ~B�1 Tma wQu}= R=

~B�1 =

26664
~B�1 0 ... 0

: : : : : : : : : : : : : : : : : : : : : : : : : : :

(am+1;1 : : : ; am+1;m) ~B�1 ... 1

37775
QO� pY=L xv}y@ ?=wH =D OOQo|t pL 6�4 xDi=} p}OaD |xr-=Ut B |vOW x}=B R= ẁQW =@

"O}; CUOx@ �OwHw CQwY
|xr-=Ut xv}y@ ?=wH ~x x=ou; ~xn+1 = 0 Qo = "S2 = � CQwYu}=QO ~xn+1 > 0 Qo =

"Ow@ Oy=wN xDi=} p}OaD

"TQO uDt C=v} QtD 8�3�4
:O}k �1�4� xQ=tW pwOH Q_=vDt xr-=Ut QO O}vm ZQi �1

x1 + x2 + x3 + x4 + x5 + x6 = 12

"O} Qw; CUOx@ =Q xDi=} p}OaD |xr-=Ut |vOW xv}y@ ?=wH "OW xOwRi= xr-=Ut x@
xO=O K}[wD q=@ QO xm nQR@ M VwQ |=H x@ p;wO TmrBt}U VwQ uOQ@ Q=mx@ =@ �2

"O}�=tv EL@ C=}�RH QO "Owtv pL =Q xr-=Ut u=wD|t xvwoJ 'OW
:CU= Q} R \=kv pt=W S2 xawtHt |U-=Q \=kv O}vm C@=F �3

"OvQ=O Q=Qk H xLiYQ@= |wQ xm S |U-=Q \=kv |t=tD "hr=
"OvQ=Ov Q=Qk H QO ,=t=tD xm |�=yp=} u; 'H =@ S |=yp=} `]=kD "?
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"OW h} QaD TQO uDt QO xm OvW=@ u=ty S2 w H O}vm ZQi �4
S1 =S \ fx j am+1x � bm+1g
S3 =S \ fx j am+1x � bm+1g

Q} R p�=Ut R= |m} |vOW u}y@ ?=wH l} pk=OL pt=W S2 O}vm C@=F S2 6= � Qo =
"OW=@|t

1) Min z(x) = cx

s: t: x 2 S1

2) Min z(x) = cx

s: t: x 2 S3

1OwYkt `@=D QO |U=U=Q}e |=yQ}eDt Ct}k C=Q}eD 4�4
Q}eDt l} xr O}vm ZQi "s} Q}o|t Q_vQO =Q �1�4� |xQ=tW pwOH Q_=vDt |xr-=Ut ,=OOHt
QO xr ?}=Q[ xm cr RH |U=U=Q}e |=yQ}eDt |t=tD ?}=Q[ s}vm ZQi w CU= |U=U=Q}e
s}y=wN|t 'OW=@ 1�4 |xr-=Ut xv}y@ x}=B ~B Qo = s}v=O@ s}y=wN|t "Ov=t@ C@=F OwYkt `@=D

:|va} Ov=t@ xv}y@ sy R=@ 1�4 |xr-=Ut |=Q@ ~B =D OW=@ QOkJ cr C=Q}eD xm s}v=O@
�cr = cr � ~war � 0

:|va}
cr � ~war

"OQm Ovy=wNv Q}}eD wQu}= R= 'OvW=@|t cr R= pkDUt =yQ}eDt |x}k@ Ct}k |@Uv OwU
|ivt u; |@Uv OwU xm CU= |U=U=Q}e Q}eDt =yvD xr 'OW=@v [ ~war;1) xR=@ QO cr Qo =
u=}=B =D TmrBt}U VwQ =@ =Q C=}rta w s}vm|t x}=B OQ=w =Q xr "� ~B x}=B x@ C@Uv� OW=@|t

"s}yO|t xt=O= Q=m
1) Cost Ranging of a Nonbasic Cost Coe�cieint
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"s} Q}o|t Q_vQO =Q �1�4� |xQ=tW pwOH Q_=vDt |xr-=Ut ,=OOHt "p=Ft 9�4�4
Q=OQ@ xm Ovm Q}}eD Ov=wD|t �CU= 10 u; |rai Q=Okt xm � QOkJ c5 s}v=O@ s}y=wN|t

:s}W=@ xDW=O |DU}=@ Qw_vt u}= |=Q@ "Ov=t@ |k=@ |U=U= xB = (x1; x2; x3)

c5 + (�2; 4;�1)(0;�2;�1)t � 0

:|va}
c5 � 7

"Ov=t|t xv}y@ x}=B [7;1) QO c5 Q=Okt Qo = Qo}O CQ=@a x@
x}=B Qo}O |r@k xv}y@ x}=B xm CU= K[=w "OQ}o|t OwN x@ =Q 6 Q=Okt c5 xm s}vm ZQi
OOQo|t XNWt st}v|t |xOa=k uOQ@ Q=mx@ =@ 's}vm|t x}=B OQ=w =Q x5 Q}eDt "CU}v xv}y@

:Ow@ Oy=wN Q} R CQwYx@ xOW RwQx@ O}OH pwOH w OOQo|t GQ=N x}=B R= x1 Q}eDt xm
�6�4� xQ=tW pwOH

|U=U= |=yQ}eDt Twmat pwOH |U=U= Q}O=kt
x5 �12 �1 1 0 32
x2 12 0 0 0 112
x3 �32 �1 2 0 72
�z �52 3 0 1 �192

"OW=@|t xDi=} p}OaD |xr-=Ut xv}y@ pwOH 'jwi pwOH xm Owtv |UQQ@ u=wD|t |oO=U x@

1|U=U= Q}eDt l} ?}=Q[ Q}}eD 5�4
?}=Q[ |t=tD s}vm ZQi "s} Q}o|t Q_vQO =Q �1�4� |xQ=tW pwOH Q_=vDt xr-=Ut ,=OOHt
u=wva x@ =Q c1 Qo = "OW=@|t x1 |U=U= Q}eDt ?} Q[ c1 "Ovv=t|t C@=F c1 RH OwYkt `@=D
XNWt 'Ov=t@ |k=@ xv}y@ x}=B ~B xm =Q u; C=Q}}eD xvt=O s}y=wN|t 's} Q}o@ Q_vQO QDt=Q=B l}
QO Q}}eD Ea=@ u; QO Q}}eD ẁv Qy 'OW=@|t |U=U= |=yQ}eDt R= |m} ?} Q[ c1 uwJ "s}�=tv
1) Cost Ranging of a Basic Cost Coe�cient
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|=yQ}eDt x}rm |@Uv OwU xm OOQo|t Ea=@ Qw]u}ty w OW Oy=wN ~B x}=B Q_=vDt p;wO ?=wH
QDt=Q=B K]U xOvyOu=Wv '
1 s}vm|t ZQi u=}@ QO p}yUD |=Q@ "O}=tv Q}}eD R}v |U=U=Q}e
|@Uv OwU w p;wO |=y?=wH |xOvyOu=Wv ?}DQDx@ �cj(
) w w(
1) s}vm ZQi w 'c1

:TB "OvW=@ ~B x}=B x@ C@Uv =yQ}eDt

w(
1) = (
1; c2; : : : ; cm) ~B�1

OwU 's} Q}o Q=mx@ =Q p;wO ?=wH u}= Qo = "OW=@|t 
1 R= |v}i; `@=D l} p;wO Q=OQ@ wQu}= R=
:Ow@ Oy=wN u}vJ =yQ}eDt |@Uv

�cj(
1) = cj � w(
1)aj j = 1; : : : ; n

xm 
1 C=Q}}eD |xvt=O =Pyr "OW Ovy=wN 
1 R= |v}i; `@=D OwN R}v �cj(
1) R= s=Om Qy TB
|ivt=v =y�cj(
1) xm 
1 C=Q}}eD |xvt=O R= CU= CQ=@a 'Ov=t@ u}y@ x}=B ~B Q}O=kt u; |=Q@

�#=QJ� "OW=@|t |r=NQ}e |xDU@ xR=@ C=Q}}eD |xvt=O u}= "Ovv=t@
"O} Q}o@ =Q c01 = 
1 Q=Okt ,qFt 'O@=} p}OaD xR=@ u}= R= GQ=N QO c1 xm OW=@ sRq Qo =
OOQo|t x@U=Lt |U=U=Q}e |=yQ}eDt |@Uv OwU |t=tD �cj(c01) |=ypwtQi uOQ@ Q=mx@ =@
QO TmrBt}U sD} Q=or= C=}rta w OwW|t x}=B OQ=w OW=@ |ivt u; |@Uv OwU xm |Q}eDt w

"O@=}|t xt=O= xv}y@ ?=wH x@ uO}UQ CyH

"s} Q}o|t Q_vQO =Q �1�4� |xQ=tW pwOH Q_=vDt |xr-=Ut ,=OOHt "p=Ft 10�5�4
QO� OW=@|t 3 u; Q=Okt xm 'OW=@ OwYkt `@=D QO x1 ?} Q[ |xOvyOu=Wv 
1 s}vm ZQi
R= |a@=D u=wvax@ (x1; x2; x3) |U=U= Q=OQ@ Q_=vDt p;wO ?=wH "�OW=@|t 3 Q[=L pwOH

:OW=@|t Q} R CQwYx@ 
1

w(
1) =(
1; 2;�3)( ~B�1)

=(�
1 + 5;�2
1 + 2; 2
1 � 5)
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:pwtQi uOQ@ Q=mx@ =@
�cj(
1) = cj � w(
1)aj

:Ow@ Oy=wN u}vJ |@Uv OwU Q=OQ@

�c(
1) = (0; 0; 0; 
1 � 2;�2
1 + 9; 2
1 + 2) � 0() 2 � 
1 � 9
2

OQ}o Q=Qk [2; 92 ] |xR=@ QO OwYkt `@=D QO x1 ?} Q[ xm |Dkw 'OW=@|t xv}y@ x}=B ~B u}=Q@=v@
pwOH QO u=WOwN |rai Q=Okt QO� Ovv=t|t C@=F OwYkt `@=D ?}=Q[ s=tD xmu}= ZQi =@

��1�4�
:Ow@ Oy=wN u}vJ xDi=} p}OaD p;wO ?=wH '5 x@ 3 R= c1 Q}}eD =@ '5 Q=Okt 
1 O}vm ZQi

w(
1 = 5) = (0;�8; 5)

Ow@ Oy=wN u}vJ Twmat pwOH 'Q}}eD u}= =@

�7�4� xQ=tW pwOH
|U=U= |=yQ}eDt Twmat pwOH |U=U= Q}O=kt (x5) |QwLt uwDU

x1 �1 �2 2 0 3 2
x2 1 1 �1 0 4 �1
x3 �1 0 1 0 2 �1
�z 0 8 �5 1 �17 �1

pwOH xm OOQo|t x}=B OQ=w x5 CyH u}= R= "OW=@|t ��1� =@ Q@=Q@ 'x5 xDi=} p}OaD |@Uv OwU
Oy=wN u}vJ |Oa@ |U=U= |=yQ}eDt x@ \w@ Qt C=aq]= w |QwLt C=}rta R= TB xOW RwQx@

Ow@

�8�4� xQ=tW pwOH
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|U=U= |=yQ}eDt Twmat pwOH |U=U= Q}O=kt
x5 �12 �1 1 0 32
x2 12 0 0 0 112
x3 �32 �1 2 0 72
�z �12 7 �4 1 �312

O}OH x}=B =}; xm O}�=tv |UQQ@ w 'OW=@|t 5 OwYkt `@=D QO x1 ?} Q[ xm O} Qw=}@ Q]=N x@
"O}yO xt=O= =Q sD} Q=or= CQwQ[ CQwY QO "O}=tv|t jOY s=DDN= u=R}t QO

s}y=wN|t �1�4� xQ=tW pwOH Q_=vDt xr-=Ut QO 1CU=QCtU C=Q}}eD 11�5�4
|xrY=i u}= |=Q@ xm =Q b1 ,qFt 'CU=Q CtU |=yC@=F R= |m} Q=Okt C=Q}}eD xvt=O s}vm u}at
=Q u; w O}�=tv |krD QDt=Q=B l} u=wva x@ =Q CU=Q CtU C@=F "Ov=t |k=@ xv}y@ x}=B ~B C=Q}}eD
"OW=@|t b1 = 11 xm OW=@|t �1�4� |xQ=tW pwOH QO �1 Q=Okt b1 "O}yO u=Wv �1 =@
b1 |w=Ut �1 QDt=Q=B Q=Okt |Dkw CU= xv}y@ x}=B ~B "O}=tvv Q}}eD b3 w b2 xm s}vm ZQi
p=t}=QB xr-=Ut xm �1 Q}O=kt |t=tD |=Q@ ~B u}=Q@=v@ "OW=@|t |vOW p;wO ~B wQu}= R= "CU=
� QDt=Q=B R= |a@=D =yx ~Bi |va} |U=U= |=yQ}eDt u}= Q=Okt w "Ov=t Oy=wN xv}y@ 'OW=@ |vOW

:Qo = CU= |vOW p=t}=QB ~B "Ow@ Oy=wN
x ~B(�1) = ~B�1(�1; b2; : : : ; bm)t � 0

|xDU@ xrY=i l} ?r]t u}= 'OvW=@|t |]N �1 ?ULQ@ =y|w=Ut=v u}= |t=tD uwJ
XNWt xrY=i u}= QO �1 Q}O=kt s=tD |=Q@ ~B uOv=t xv}y@ |=Q@ =Q� � �1 � �� CQwYx@

"Owtv Oy=wN
pL OW=@ jwi xrY=i R= GQ=N xm �1 = b1 |=Q@ =Q xr-=Ut xm OW=@ xDW=O CQwQ[ Qo =
p=t}=QB jwi Q=Okt |=Q@ |rw CU= |vOW p;wO ~B x}=B |=Q@ xr-=Ut xmu}= x@ xHwD =@ "s}�=tv
xO=O Q=Okt <=R=@ w Owtv pL =Q xr-=Ut u=wD|t p;wO TmrBt}U uOQ@ Q=mx@ =@ 'OW=@|tv |vOW

"OQm u}at xr-=Ut uOw@ |vOW CQwY QO =Q xv}y@ x}=B xOW
1) Right Hand Side Ranging
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|U=U= |=yQ}eDt Q}O=kt '�1�4� |xQ=tW pwOH Q_=vDt |xr-=Ut QO "p=Ft 12�5�4
"OW=@|t u}vJ �1 QDt=Q=B R= |a@=D u=wva x@ (x1; x2; x3)

~B�1

0BB@�1
6
13

1CCA =

0BB@�1 �2 2
1 1 �1
�1 0 1

1CCA
0BB@�1

6
13

1CCA
=

0BB@��1 + 14
�1 � 7
��1 + 13

1CCA
�CU= |vOW |U=U= Q=OQ@�() 7 � �1 � 13

"Ov=t|t xv}y@ (x1; x2; x3) |U=U= Q=OQ@ xm CU= |=xrY=i [7; 13] wQu}= R=

O}@=}@ �1�4� pwOH Q_=vDt |xr-=Ut |=Q@ |vOW xv}y@ ?=wH l} "u} QtD 13�5�4
"O}=tv|t Q}}eD 6 x@ 11 R= b1 |Dkw

|=yQ}eDt |=yuwDU QO A |m} SwrwvmD T} QD=t QO Q}}eD 14�5�4
aij "OW=@|tv x ~B Q=OQ@ QO |va} 'CU= |U=U=Q}e Q}eDt l} xj O}vm ZQi 1|U=U=Q}e
aj uwDU QO xm 'OW=@|t �|HwQN w |OwQw T} QD=t� |SwrwvmD T} QD=t |=[a= R= |m}
C@=F aij RH <=[a= |t=tD |SwrwvmD T} QD=t QO Qo = "�CU= xj Q_=vDt aj uwDU� O=O Q=Qk
"Ov=t@ xv}y@ ~B xv}y@ x}=B xm 'OW=@ Ov=wD|t QOkJ u; C=Q}}eD xvt=O 'O}=tv Q}}eD aij w Ovv=t@
Q[=L pwOH QO "s}yO u=Wv �ij x@ =Q u; w s}�=tv |krD QDt=Q=B l} u=wva x@ =Q aij Qo =
p=t}=QB QO aij QO C=Q}}eD 'OW=@|t |U=U=Q}e Q}eDt xj uwJ "OW=@|t aij u=ty �ij K]U
CQwYx@ 'O}=tv|t Zwa =Q xj Q}eDt |@Uv OwU =yvD '�ij QO Q}}eD "OyO|tv |Q}}eD ~B |vOW

:Q} R
�cj(�ij) = cj + (

X
r 6=i

(� ~wr)arj)� ~wi�ij

1) Change in The Input- output Coe�cient in a Nonbasic Column Vectors
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|=Q@ xDU@ |xrY=i l} Q}N= x]@=Q "Ov=t|t |k=@ xv}y@ x}=B ~B '�cj(�ij) � 0 xm|v=tR =D
xr-=Ut xv}y@ x}=B ~B 'OW=@ xrY=i u}= QO �ij C=Q}}eD Qo = xm|Qw]x@ 'O}=tv|t XNWt �ij
'OQ}o@ OW=@ jwi xrY=i R= GQ=N xm =Q a0ij Ovv=t |Q=Okt 'OW=@ Q=Qk �ij Qo = "Ow@ Oy=wN
|QwLt pta s=Hv= =@ xm OOQo|t |ivtxj Q}eDt |va} 'Q}eDt u}= |@Uv OwU xm CU= K[=w

"OQw; CUOx@ xr-=Ut |=Q@ u=wD|t =Q |Qo}O xv}y@ x}=B TmrBt}U sD} Q=or= QO

(�2) =@ Q@=Q@ 'a25 |rai Q=Okt �1�4� xQ=tW pwOH Q_=vDt xr-=Ut QO "p=Ft 15�5�4
"OW=@|t

�c5(�25) =10 + (�2; 4;�1)(0; �25;�1)t

=11 + 4�25 � 0() �25 � �11
4

"�25 � �114 Qo = Ov=t |k=@ xv}y@ x}=B ~B u}=Q@=v@
x5 Q_=vDt xOW RwQx@ uwDU "O@=} Q}}eD (�3) x@ (�2) |rai Q=Okt R= �25 O}vm ZQi
|Q}eDt uOwtv GQ=N w x5 Q}eDt uOwtv OQ=w =@ "(4;�2;�1;�1)t R= Ow@ Oy=wN CQ=@a

"s}yO|t xt=O= sDN xrLQt =@ =Q Q=m O};|t CUOx@ st}v|t |xOa=k R= xm

1|U=U= |=yuwDU |=[a= R= |m} ?} Q[ QO Q}}eD 6�4
Q=Okt R= =Q a11 s}y=wN|t OW=@ 1�4 xr-=Ut |=Q@ x ~B QO |U=U= Q}eDt l} 'x1 O}vm ZQi

"s}v=UQ@ a011 x@ =Q u; w s}yO Q}}eD OwN |rai
(a11; a12; : : : ; am1)t = a1u} Ro}=Ha01 = (a011; a12; : : : ; am1)t xDi=}p}OaDuwDU
x1 u} Ro}=H x01 u}=Q@=v@ "OW=@ O}OH |vwDU Q=OQ@ C}r=ai K]U x01 O}vm ZQi "OOQo|t

"s}t=v|t xOW KqY= |xr-=Ut '=Q xDi=} Q}}eD O}OH |xr-=Ut "OOQo|t
uwDU =@ x01 Q}eDt O}OH xr-=Ut QO "O} R=U@ |rY= pwOH uO=O CaUw =@ =Q O}OH |xr-=Ut
Q=}U@ OOa =Q x1 ?} Q[ w O}yO Q=Qk c1 =Q u; ?} Q[ OwYkt `@=D QO w O} Q}o@ Q_vQO a01
1) Change in a Basic Column Input- Output Coe�eint
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"OOQo|t Q} R CQwYx@ |=xr=Ut uOt; OwHw x@ Ea=@ Q=m u}= "O}yO Q=Qk M nQR@
Min c1x01 + c2x2 + � � �+ cnxn +Mx1

s: t: a01x1 + a2x2 + � � �+ anxn + a1x1 = b1

x1; : : : ; xn; x01 � 0

Q_v OQwt ?r]t xr-=Ut u}= pL =@ xm "Ovm|t |R=@ =Q |avYD Q}eDt l} Vkv x1 Ck}kL QO
"OOQo|t O}=a

QO sDU}U l} |xar=]t QO 1C}U=UL p}rLD |rta |=yOQ@ Q=m 16�6�4
pwYLt |@=} RQ= QO u=wD|t =Q C}U=UL p}rLD l}vmD '|]N |R} Qxt=vQ@ |xr-=Ut |Q}oQ=mx@
Q=mx@ O}OH `@=vt |Q}oQ=mx@ =} w O}OH |SwrwvmD |iQat QO VwQ u}= u}vJsy "OQ@ Q=mx@ O}OH

"OwW xaH=Qt pYi QN; `@=vt x@ Qt= C=}�RH R= `q]= |=Q@ "OwW|t xDiQo

sQ=yJ pYi C=v} QtD 7�4
"O} Q}o@ Q_vQO =Q Q} R TmrBt}U pwOH �1

cj

x1 x2 x3 x4 x5 x6 x7 x8 R:H:S

1 0 2 2 1 2 �1 0 9
0 1 3 1 3 2 0 �1 19
35 30 60 50 27 22 0 0

"OvW=@|t |mtm |=yQ}eDt x8 w x7 |=yQ}eDt jwi pwOH QO
=Q x}=U |=yCt}k "CU= jwi xr-=Ut xv}y@ x}=B B = [a5; a6] xm O}�=tv |UQQ@ �1

#OQ=O u} QoO |xv}y@ xr-=Ut =}; "O} Qw; CUOx@
`@=D |xv}y@ Q=Okt =}; 'a9 =

�24� u; QO xm OOQo|t xOwRi= xr-=Ut x@ x9 Q}eDt �2
�OW=@|t c9 = 7 Q=Okt� #Ovm|t Q}}eD OwYkt

1) Practical Applications of Sensitivity Analysis
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#Ovmv Q}}eD xv}y@ ?=wH =D OW=@ QOkJ c9 �3
#Ovmv Q}}eD xv}y@ ?=wH =D Ovm Q}}eD |=xrY=i xJ QO c4 �4

QOkJ � (� � 0) 9+� x@ OwW|t p}O@D CU=Q CtU 9 OOa xm O}vm ZQi �5
#Ov=t@ |vOW [a5; a6] x}=B =D OW=@

#Ovm|t Q}}eD xv}y@ ?=wH =}; 'OOQo|t p}O@D �34� x@ a3 O}vm ZQi �6
#Ov=t@ |vOW ?=wH =D OW=@ QOkJ O}=@ � 'OwW p}O@D 19 + � x@ 19 Qo = �7

:CU= xOW xO=O hrDNt |}=}t}W pqL x@ \w@ Qt |=yxO=O Q} R pwOH QO �2
|=ypqL

1 2 3 4 xOWxDU=wN
�sQowr}m Qy QO |}=}t}W 1xO=t 180 120 90 60 � 90
sQowr}m Qy QO |}=}t}W 2 xO=t 3 2 6 5 � 4
sQowr}m ?ULQ@ CvU x@ Ct}k 16 12 10 11

x6 w x5 "(j = 1; 2; 3; 4) OW=@ j ?}mQD QO j ẁv pqL R= |QUm xj O}vm ZQi
"Ow@ Oy=wN Q} R CQwYx@ x}rw= pwOH "OvW=@|t |mtm |=yQ}eDt
x1 x2 x3 x4 x5 x6 b

1 1 1 1 0 0 1
180 120 90 60 �1 0 90
3 2 6 5 0 1 4
16 12 10 11 0 0

x}rw= pwOH
=Q u; Tma w O}vm XNWt =Q xv}y@ x}=B "O} Qw; CUOx@ =Q xr-=Ut |xv}y@ ?=wH �1

"O} Qw; CUOx@
?=wH l} |ov}y@ |=Q@ O}=R ptmt \}=QW uOQ@ Q=mx@ =@ w xDWwv =Q xr-=Ut p;wO �2

"O} Qw; CUOx@ p;wO |=Q@
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xv}y@ Q=Okt 'Q=Okt xJ Ovm =O}B p}rkD 88 x@ CU=Q CtU Q=OQ@ QO 90 Q=Okt Qo = �3
"Ovm|tQ}}eD OwYkt `@=D

Q}}eD Ov=wD|t xrY=i xJ QO � Q=Okt (� 2 R) OwW p}O@D 90 + � x@ 90 Qo = �4
"Ov=t@ |k=@ |vOW ?=wH =D Ovm

XNWt |DQwYx@ =Q � C=Q}}eD xvt=O � + 4 x@ p}O@D '4 CU=Q CtU QO Qo = �5
"Ovmv Q}}eD xv}y@ xm O}vm

"O} Q}o@ Q_vQO =Q Q} R |xr-=Ut �3

Min Z = �2x1 �4x2 �x3 �x4
s: t: x1 +3x2 +x4 � 8

2x1 +x2 � 6
+x2 +4x3 +x4 � 6

xj � 0 j = 1; 2; 3; 4

"O} Qw; CUOx@ =Q xv}y@ |x}=B Tma w x}=B 'x7 w x6 w x5 |=yQ}eDt |iQat =@
s=Om 's}yO V}=Ri= =Q �CU=Q CtU Q=OQ@� b Q=OQ@ |=yxir-wt R= |m} s}y=wN@ Qo = �1

#s}vm ?=NDv= |DU}=@ =Q
x}=B � R= |Q}O=kt =} Q=Okt xJ <=R=@ (� � 0) 8 + � x@ p}O@D b1 = 8 Qo = �2

#Ov=t Ovy=wN xv}y@ pY=L
#Ow@ Oy=wN QOkJ OwYkt `@=D xv}y@ Q=Okt b1 = 20 Qo = �3

Ov=wD|t u; |xr}Uw x@ xm CU= xOwtv |Q=O} QN |O}OH x=oDUO |v=Btm l} �4
b4 = �25+ �4 w pwYLtu}= Q=Oktx8 O}vmZQi "O}=tv O}rwD |O}OHpwYLt
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